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PREFACE 


This book is designed for students of higher and secondary technical schools. 
It treats of the basic methods of theoretical mechanics and their spheres of 
application. It also briefly examines motion in a gravitational field (artificial 
satellites and elliptical trajectories), the motion of bodies with variable mass 
(e.g., rockets), the elementary theory of gyroscopic motion, and other topics. 
These questions are of such importance today that no course of mechanics, 
even a short one, can neglect them altogether. 

The organisation of this book is based on the profound conviction, borne 
out by many years of experience, that the best way of presenting study mate¬ 
rial, especially when it is contained in a short course, is to proceed from the 
particular to the general. Accordingly, in this book, plane statics comes before 
three-dimensional statics, particle dynamics before systems dynamics, rectilinear 
motion before curvilinear motion, etc. Such an arrangement helps the student 
to understand and digest the material better and faster, and the teaching 
process itself is made more graphic and consistent. 

Alongside of the geometrical and analytical methods of mechanics the book 
makes wide use of the vector method as one of the main generally accepted 
methods which, furthermore, possesses a number of indisputable advantages. As 
a rule, however, only tho-e vector operations are used which are similar to 
corresponding operations with scalar quantities and which do not require addi¬ 
tional acquaintance with many new concepts. 

Considerable space—more than one-third of the total volume of the book — 
is given to examples and worked problems. They were chosen with an eye to 
ensure a clear comprehension of the relevant mechanical phenomena, and 
they embrace all the main types of problems and methods of problem solution. 
The problem solutions contain instructions designed to assist the student in his 
independent work on the course. In this respect, the book should prove useful 
to students from many fields interested in advancing their knowledge of the 
subject. 



INTRODUCTION 


The progress of technology confronts the engineer with a wide 
variety of problems connected with structural design (buildings, 
bridges, canals, dams, etc.), the design, manufacture and opera¬ 
tion of various machines, motors and means of locomotion, such 
as automobiles, steam engines, ships, aircraft and rockets. Despite 
the diversity of problems that arise, their solution, at least in 
part, is based on certain general physical principles common to 
all of them, namely, the laws governing the motion and equilib¬ 
rium of material bodies. 

The science which treats of the general laws of motion and 
equilibrium of material bodies and of their resulting mutual in¬ 
teractions is called theoretical mechanics. This science constitutes 


one of the scientific bedrocks of modern engineering*. 

By motion in mechanics we mean any change in the relative 
positions of material bodies in space which occurs in the course 
of time. By mechanical interaction between bodies is meant such 
reciprocal action which changes or tends to change the state of 
motion or the shape of the bodies involved (deformation). The 
physical measure of such mechanical interaction is called force. 

Fheoretical mechanics is primarily concerned with the general 
laws of motion and equilibrium of material bodies under the ac¬ 


tion of forces to which they are subjected. 

According to the nature of the problems treated, mechanics is 
divided into statics, kinematics, and dynamics. Statics studies the 
laws of composition of forces and the conditions of equilibrium 
of material bodies subjected to the action of forces. Kinematics 
deals with the general geometrical properties of the motion of 
bodies. Finally, dynamics studies the law's of motion of material 
bodies under the action of forces. 


Mechanics in (he broad sense of tlie term, may be defined as tlie science 
winch deals with the solution of all problems connected with the motion or 
equilibrium oi material bodies and tlie resulting interactions between them. 
T heoretical mechanics, as a part of general mechanics, treats only of the gener¬ 
al lavs of motion and interaction of material bodies, i e., laws which apply 
equally, for example, to the Earth’s motion around the Sun, or to the flight 
. ;! r< , • Father brandies of mechanics cover a variety of general and spe¬ 

cialised engineering disciplines treating of the design and calculation of specific 
structures, motors and other machines and mechanisms or their parts. All 
these disciplines are based on the laws and methods of theoretical mechanics. 
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II 


According to the nature of the objects under study, theoretical 
mechanics is subdivided into: a) mechanics of a particle, i.e., 
of a body whose dimensions can be neglected in studying its mo¬ 
tion or equilibrium, and systems of particles; b) mechanics of a 
rigid body, i.e., a body whose deformation can be neglected in 
studying its motion or equilibrium; c) mechanics of bodies of 
variable mass (i.e., bodies whose mass changes with time); 
d) mechanics of deformable bodies (the theories of plasticity and 
elasticity); e) mechanics of liquids (fluid mechanics); f) mechan¬ 
ics of gases (aerodynamics).. 

The general course of theoretical mechanics conventionally 
treats of the mechanics of particles and rigid bodies and the gen¬ 
eral laws of motion of systems of particles. 

The emergence and development of mechanics * as a science are 
inseparable from the development of the productive forces of 
society and the level of industry and technology at each stage of 
this development. 

The study of the so-called simple machines (the pulley, the 
winch, the lever, and the inclined plane) and the general study 
of equilibrium of bodies (statics) began in ancient times when 
the requirements of engineering were limited mainly to the needs 
of building construction. The fundamentals of statics are already 
found in the works of Archimedes (287-212 B.C.), one of the 
great scholars of antiquity. 

Compared with statics, dynamics developed at a much later 
stage. The credit of laying the foundations of dynamics goes to 
Galileo Galilei (1564-1642) and Sir Isaac Newton (1643-1727). The 
fundamental laws of so-called classical mechanics, now known as 
Newton’s laws, were formulated by Newton in his "Mathematical 
Principles of Natural Philosophy” published in 1687. Newton’s 
laws have since been confirmed by a tremendous amount of 
practical evidence in the course of the technological advance of 
human society. This permits us to regard as conclusive our con¬ 
cepts of mechanics based on Newton’s laws; and the engineer can, 
therefore, confidently rely on them in his practical work**. 

* The term “mechanics” first appears in the works of Aristotle (384-322 B.C.), 
the great philosopher of antiquity. It is derived from the greek word prpravg, 
which has the meaning of “structure”, “machine”, "device”. 

** Subsequent scientific developments have revealed that at velocities 
approaching that of light the motion of bodies is governed by the mechanical 
lawsofthe theory of relativity, while the motion of "elementary” particles (elec¬ 
trons, positrons, etc.) is described by the laws of quantum mechanics. These 
discoveries, however, only served to define more accurately the spheres of 
application of classical mechanics and reaffirm the validity of it", laws for the 
motion of all bodies other than “elementary” particles at all velocities not 
approaching the velocity of light, i.e., for motions with which engineering 
and celestial mechanics are primarily concerned. 
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•In the 18th century, analytical methods, i.e., methods based 
on the application of differential and integral calculus, began to 
develop rapidly in mechanics. The methods of solving problems 
of particle and rigid body dynamics by the integration of differ¬ 
ential equations were elaborated bv the great mathematician 
and mechanic Leonhard Euler (1707-1783). Among the other ma¬ 
jor contributions to the progress of mechanics were the works of 
the outstanding French scientists Jean d’Alembert (1717-1783), 
who enunciated his famous principle for solving problems of dy¬ 
namics, and Joseph Lagrange (1736-1813), who evolved the gener¬ 
al analytical method of solving problems of dynamics on the 
basis of d’Alembert’s principle and the principle of virtual work. 
Today analytical methods predominate in solving problems of dy¬ 
namics. 

Kinematics emerged as a special branch of mechanics only in 
the first half of the 19th century under pressure from the grow¬ 
ing machine-building industry. Today kinematics is essential in 
studying the motion of machines and mechanisms. 

In* Russia, the study of mechanics was greatly influenced by 
the works of the great Russian scientist and thinker Mikhail 
Lomonosov (1711-1765) and of Leonhard Euler, who for many 
years lived and worked in St. Petersburg. Prominent among the 
galaxy of Russian scientists who contributed to the develop¬ 
ment of different divisions of theoretical mechanics were 
M. V. Ostrogradsky (1801-1861), the author of a number of im¬ 
portant studies in analytical methods of problem solution in 
mechanics; P. L. Chebyshev (1821-1894), who started a new 
school in the study of the motion of mechanisms; S. V. Kova¬ 
levskaya (1850-1891), who solved one of the most difficult prob¬ 
lems of rigid body dynamics; A. M. Lyapunov (1857-1918), who 
elaborated new methods of studying the stability of motion; 
1. V. Meshchersky (1859-1935), who laid the foundations of the 
mechanics of bodies of variable mass; K. E. Tsiolkovsky 
(1857-1935), who made a number of fundamental discoveries in 
the theory of jet propulsion; and A. N. Krylov (1863-1945), who 
elaborated the theory of vessels and contributed much to the 
development of the theory of gyroscopic instruments. 

Of tremendous importance to the further study of mechanics 
were the works of N. E. Zhukovsky (1847-1921), the “Father of 
Russian aviation'’, and his best pupil S. A. Chaplygin (1869-1942). 
Zhukovsky’s special contribution was in the field of applying 
methods of mechanics to the solution of actual engineering prob¬ 
lems. Zhukovsky’s ideas have greatly influenced the teaching of 
theoretical mechanics in Soviet higher technical educational estab¬ 
lishments. 



PART ONE 

STATICS OF RIGID BODIES 


Chapter 1 

BASIC CONCEPTS AND PRINCIPLES 

1. The Subject of Statics. Statics is the branch of mechanics 
which studies the laws of composition of forces and the condi¬ 
tions of equilibrium of material bodies under the action of forces. 

Equilibrium is the state of rest of a body relative to other 
material bodies. If the frame of reference relative to which a 
body is in equilibrium can be treated as fixed, the given body 
is said to be in absolute equilibrium; otherwise it is in relative 
equilibrium. In statics we shall study only absolute equilibrium. 
In actual engineering problems equilibrium relative to the earth 
or to bodies rigidly connected with the earth is treated as abso¬ 
lute equilibrium. The justification of this premise will be found 
in the course of dynamics, where the concept of absolute equilib¬ 
rium will be defined more strictly. And there, too, we shall examine 
the concept of relative equilibrium. 

Conditions of equilibrium depend on whether a given body is 
solid, liquid or gaseous. The equilibrium of liquids and gases is 
studied in the courses of hydrostatics and aerostatics respectively 
General mechanics deals essentially with the equilibrium of solids* 

All solid bodies change their shape to a certain extent when 
subjected to external forces. This is known as deformation The 
amount of deformation depends on the material, shape and 
dimensions of the body and the acting forces. In order to ensure 
the necessary strength of engineering structures and elements, tlie 
material and dimensions of various parts are chosen in such a 
way that the deformation under specified loads would remain tol¬ 
erably small*. This makes it possible, in studying the general 
conditions of equilibrium, to treat solid bodies as undeformable 
or absolutely rigid, ignoring the small deformations that actually 
occur. An absolutely rigid body is said to be one in which the 


I-or example, the material and the diameter of rods in various structures 
are so chosen that, under the working loads, they would extend (or contrail) 
by no more than one-thousandth of their original length. Deformations of a 
similar order are tolerated in bending, torsion, etc. 
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distance between any pair of particles is always constant. In solv¬ 
ing problems of statics, in this book we shall always consider 
bodies as absolutely rigid, and will simply refer to them 
as rigid bodies. It will be shown at the end of § 3 that the laws 
of equilibrium of absolutely rigid bodies can be applied not only 
to solid bodies with relatively small deformation, but to any 
deformable bodies as well. Thus the sphere of application of rig¬ 
id body statics is extremely wide. 

Deformation is of great importance in calculating the strength of 
engineeringstructures and machine parts. These questions are studied 
in the courses of strength of materials and theory of elasticity. 

For a rigid body to be in equilibrium (at rest) when subject¬ 
ed to the action of a system of forces, the system must satisfy 
certain conditions of equilibrium. The determination of these con¬ 
ditions is one of the principal problems of statics. In order to 
find out the equilibrium conditions for various force systems and 
to solve other problems of mechanics one must know the prin¬ 
ciples of the composition, or addition, of forces acting on a rigid 
body, the principles of replacing one force system by another 
and, particularly, the principles of reducing a given force system 
to as simple a form as possible. Accordingly, statics of rigid 
bodies treats of two basic problems: (1) the composition of forces 
and reduction of force systems acting on rigid bodies to as 

simple a form as possible, and (2) determination of the conditions 
for the equilibrium of force systems acting on rigid bodies. 

The problems of statics may be solved either by geometrical 
constructions (the graphical method) or by mathematical calculus 
(the analytical method). The present course discusses both meth¬ 
ods, but it should always lie borne in mind that geometrical 
constructions are of special importance in solving problems of 
mechanics. 

2. Force. The state of equilibrium or motion of a given 

body depends on its mechanical interactions with other bodies, 
i e., on the loads, attractions or repulsions it experiences as 
a result of such interactions. In mechanics, the quantitative meas¬ 
ure <■/ the mechanical interaction of material bodies is called force. 

Quantities employed in mechanics are either scalar, i.e., pos- 
sessing magnitude alone, or vector, i.e.. quantities which besides 
magnitude are also characterised by direction in space. 

Force is a vector quantity. Its action on a body is character¬ 
ised by (1) its magnitude, (2) its direction, and (3) its point of 
application. 

1 he magnitude of a force is expressed in terms of a standard 

force accepted as a unit. In statics, the unit of force is the 
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kilogram (1 kg*). Static forces are measured with dynamometers, 
which are described in the course of physics. The direction and 
the point of application of a force depend on the nature of the 
interaction between the given bodies and their respective posi¬ 
tions. The force of gravity acting on a body, for example, is 
always directed vertically downwards; the forces with which two 
smooth contacting spheres act on each other are normal to both 
their surfaces at the points of contact and are applied at those 
points, etc. 

Force is represented graphically by a directed straight line 
segment wjth an arrowhead. The length of the line (AB in Fig. 1) 
denotes the magnitude of the force to some scale, the direction 
of the line shows the direction of the force, 
its initial point (point A in Fig. 1) usually 
indicating the point of application of the force, 
though sometimes it may be more convenient 
to depict a force as “pushing” a body with its 
tip (as in Fig. 4c). The line DE along which 
the force is directed is called the line of aclion 
of the force. We shall denote force, as all vector quantities, by 
a boldface-type letter (F) or by overlined standard-type letters 

(AB). The absolute value of a force is represented by the symbol 
|A 7 (two vertical lines “flanking” a vector) or simply by a stand- 
art-type letter (F). (In handwriting overlined letters are used.) 

We shall call any set of forces acting on a rigid body a force 
system. We shall also use the following definitions: 

1. A body not connected with other bodies and which from 
any given position can be displaced in any direction in space is 
called a free body. 

2. If a free rigid body subject to a force system is at rest, 
the system is said to be balanced. 

3. If a force system acting on a free rigid body can be replaced 
by another force system without disturbing the body’s initial 
condition of rest or motion, the two systems are said to be equiv¬ 
alent. 

4. If a given force system is equivalent to a single force, that 
force is the resultant of the system. Thus, a resultant is a single 
force capable of replacing the action of a system of forces on a 
rigid body. 

A force equal in magnitude, col I inear with, and opposite in 
direction to the resultant is called an equilibrant force. 

• Physicists often distinguish between the force unit and the mass unit by 
denoting the kilogram force by the symbol kO and the kilogram mass by kg. 
In this book “kilogram” shall always refer to force. 
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5. Forces acting on a rigid body can be divided into gr °“P! 
external and internal forces. External forces represent the act o 
of other material bodies on the particles of a given body. Inter- 
rial forces are those with which the particles of a given body act 

° 6. A force applied to one point of a body is called a concert^ 
trated force. Forces acting on all the points of a given volume or 
given area of a body are called distributed forces. 

A concentrated force is a purely notional concept, insofar as 
it is actually impossible to apply a force to a single point ot 
a body. Forces treated in mechanics as concentrated are in lact 
the resultants of corresponding systems of distributed forces. 

Thus, the force of gravity acting on a rigid body, as conven¬ 
tionally treated in mechanics, is the resultant of the gravitation¬ 
al forces acting on its particles. The line of action of this resul¬ 
tant force passes through the body’s centre of gravity*. 

3. Fundamental Principles. All theorems and equations in 
static** are deduced from a few fundamental principles, which are 
accepted without mathematical proof, and are known as the prin- 
ciples, or axioms, of statics. The principles of statics represent 

general formulations obtained as a result oi 

_ S F a vast number of experiments with, and obser- 

/C/yK 1 vations of, the equilibrium and motion of bod- 

ies and which, furthermore, have been con- 
/ s' sistently confirmed by actual experience. Some 

\y B Js of these principles are corollaries of the fun- 

^ damental laws of mechanics, which will be 

examined in the course of dynamics. 

Fig. 2. 1st P r i n c i p 1 e. A free rigid body subjected 

to the action of two forces can be in equilibrium 
if, and only if, the (wo forces are equal in magnitude (F l = F i ), 
collinear , and opposite in direction (Fig. 2). 

The 1st principle defines the simplest balanced force system, 
since we know from experience that a free body subjected to the 
action of a single force cannot be in equilibrium. 

2nd Principle. The action of a given force system on a rig f- 
id body remains unchanged if another balanced force system is 
added to, or subtracted from, the original system. 

This principle establishes that two force systems differing 
from each other by a balanced system are equivalent. 


* The determination of the centre of gravity of bodies will be discussed in 
Chapter 8. Meanwhile it may be noted that if a homogeneous body has 
a centre of symmetry (e.g.. a rectangular beam, a cylinder, a sphere, etc.) its 
centre of gravity tb in the centre of symmetry. 
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Corollary of the 1st and 2nd Principles. The 
point of application of a force acting on a rigid body can be trans¬ 
ferred to any other point on line of action of the force without altering 
its effect. This is known as the principle of transmissibility. 

Consider a rigid body with a force F applied at a point A 
(Fig. 3). Now take an arbitrary point B on the line of action of 

the force and apply to that point two 
equal and opposite forces F, and F. 
such that F, =F and F t = — F. This 
operation does not alTect the action of 
F on the body. From the 1st principle 
it follows that forces F and F. also 
form a balanced system and thus cancel 
each other*, leaving force F,. equal 
to F in magnitude and direction, with 
the point of application shifted to 
point B. 

Thus the vector denoting force F can 
at any point along the line of action 
a sliding vector). 



Fig. 3. 

be regarded as applied 
(such a vector is called 


8 

I- 


6 


a ) 


r, 




a 


This principle holds good only for forces acting on absolutely rigid 
bodies. In engineering problems it can be used only when we 
determine the conditions of 
equilibrium of a structure with- f Ig r 
out taking into account the r / 
internal stresses experienced A 
by its parts. ^ 

For example, the rod AB A 

in Fig. 4 a will be in equilib- - 

rium if F l =F t . It will re- ^ 
main in equilibrium if both Fig. 4. 

forces are transferred to point 

C (Fig. 4b) or if force F, is transferred to point B and force F 2 
to point A (Fig. 4c). The stresses in the rod, however, differ in 
each case. In the first case the rod is in tension, in the second 
there is no internal stress, and in the third it is in compres¬ 
sion**. Consequently, the principle of transmissibility cannot be 
employed in determining internal stresses. 



* We shall denote cancelled or transferred forces in diagrams by a dash 
across the respective vectors. 

** For the rod to be stretched (or compressed) with a force F t . the force 
should be applied at one end of the rod, with the other end supported rigidly 
or constrained by a force F z = — F ,, as in Fig. 4. The tension (or thrust) is 
the same in both cases and is equal to F t , and not to 2 F t as is sometimes 
erroneously supposed. 




18 


Basic Concepts and Principles 


ICh. 1 


3rd Principle (the Parallelogram Law). Two 
forces applied at one point of a body have as their resultant a force 
applied at the same point and represented by the diagonal of a par¬ 
allelogram constructed with the two given forces as its sides. 

Vector /?, which is the diagonal of the parallelogram with 
vectors F, and F 2 as its sides (Fig. 5), is called the geometrical 

sum of the vectors F, and F a : 

" R = F t +F t . 

Hence, the 3rd principle can also 
be formulated as follows: The resultant 
of two forces applied at one point of a 
body is the geometrical (vector) sum cf 
those forces and is applied at that 
point. 

It is important to discriminate between the concepts of a sum 
of forces and their resultant. Consider, say, a body to which two 
forces F, and F 2 are applied at points A and B (Fig. G). The 
sum of the two forces can be found by laying them ofT from any 
point in the body. In Fig. 6, force 
Q is the sum of forces F, and F a 
(Q = F,+F 2 , as the diagonal of the 
corresponding parallelogram). But Q 
is not the resultant oi the two for¬ 
ces, for it will be readily observed 
that Q alone cannot replace the 
action of F, and F„ on the body. 







i\ 

! \ 
1 

1 

1 

1 

f 

1 


Moreover, forces F, 
shall learn later in 
resultant at all. 

4th P r i n c i pi e. 
oj one material body 


and Fj, as we 
§ 47, have no 


Fig. 6. 




To any action 

on another there is always an equal and op¬ 
posite reaction, or. reaction is always equal to 
f' action. 

The law of action and reaction is one 
of the fundamental laws of mechanics, it 
follows from it that when a body A acts 
on a body B with a force F, body B siniul- 
Fig. 7. taneously acts on body A with a force F" 

equal in magnitude, collinear with, and op¬ 
posite in sense to force F (F — F) (Fig. 7). Forces F and F', 

however, do not form a balanced system as they are applied to 
d i f f e r e n t bodies. 

I ntemal l orccs. It lollows from the 4th principle that 
any two particles of a rigid body act on each other with forces 





equal in magnitude and opposite in sense. Since in studying the 
general conditions of equilibrium a body can be treated as rigid 
all internal forces (according to the 1st principle) form a bal¬ 
anced system and (according to the 2nd principle) can be neglected 

?t n n,ct° n y n the t eX i er ? a ,' f ° rces acti " y on a « iven solid body or 
structure have to be taken into account. Unless otherwise express- 

ly stated, the term "force" will henceforth be used in the sense 
ol “external force . 

f ,u th ^ rin f, ip , le , (Pr , inci P ,e of Solidification). If a 
freely deformable body subjected to the action of a force Js'em is 

w equilibrium the state of equilibrium will not be disturbed if 
the body solidifies (becomes rigid). 

The idea expressed in this principle is self-evident, for obvi¬ 
ously, the equilibrium of a chain will not be disturbed if its links 
are welded together, and a flexible string will remain in equilib- 
rium if it turns into a bent rigid rod. Since the same force sys¬ 
tem acts on a reposing body before and after solidification, the 
oth principle can also be formulated as follows: If a freely deform¬ 
able body is in equilibrium, the forces acting on it satisfy the 
conditions for the equilibrium of a rigid body; for a deformable 
body however, the^e conditions , though necessary, may not be suf- 


F °r example, for a flexible string with two forces applied at 

its ends to be in equilibrium, the same conditions are necessary 

as for a rigid rod (the forces must be of equal magnitude and 

directed along the string in opposite directions). These conditions 

though, are not sufficient. For the string to be in equilibrium 

the forces must be tensile, i.e., they must stretch the body as 
shown in Fig. 4 a. 3 

I he principle of solidification is widely employed in enuineer- 
mg problems It makes it possible to determine equilibrium 
conditions by treating a flexible body (a belt, cable, chain etc ) 
or a collapsible structure as a rigid body and to apply to’it the 
methods of rigid-body statics. If the equations obtained for the 
solution of a problem prove insufficient, additional equations 
must be derived which take into account either the conditions 
for the equilibrium of separate parts of the given structure or 
their deformation (problems requiring consideration of deformation 
are studied in the course of strength of materials). 


4. Constraints and Their Reactions. As has been defined above 
a body not connected with other bodies and capable of displace* 
ment in any direction is called a free body (e.g. a ballon,, 
floating in the air). A body whose displacement in space is re¬ 
stricted by other bodies, either connected to or in contact with 
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it, is called a constrained body. We shall call a constraint 
anything that restricts the displacement of a given body in space. 

Examples of constrained bodies are a weight lying on a table 
or a door swinging on its hinges. The constraints in these cases 
are the surface of the table, which prevents the weight from fall¬ 
ing, and the hinges, which prevent the door from sagging from 
its jamb. 

A body acted upon by a force or forces whose displacement 
is restricted by a constraint acts on that constraint with a force 
which is customarily called the load or pressure acting on that 
constraint. At the same time, according to the 4th principle, 
the constraint reacts with a force of the same magnitude and 
opposite sense. The force with which a constraint acts on a body , 
thereby restricting its displacement , is called the force of reaction 
of the constraint (force of constraint ), or simply the reaction of 
the constraint. 

The procedure will be to call all forces which are not the 
reactions of constraints (e.g., gravitational forces) applied or 
active forces. Characteristic of active forces is that their magni¬ 
tude and direction do not depend on the other forces acting on 
a given body. The difference between a force of constraint and an 
active force is that the magnitude of the former always depends 
on the active forces and is not therefore immediately apparent: 
if there are no applied forces acting on a body, the forces of 
constraint vanish. The reactions of constraints are determined by 
solving corresponding problems of statics. The reaction of a con¬ 
straint points away from the direction in which the given constraint 
prevents a body's displacement. If a constraint prevents the dis¬ 
placement of a body in several directions, the sense of the reac¬ 
tions is not immediately apparent and has to be found by solving 
the problem in hand. 

1 he correct determination of the direction of forces of constraint 
is of great importance in solving problems of statics. Let us 
therefore consider the direction of the forces of constraint (reac- 
tions) of some common types of constraints (more examples are 
given in § 26). 

1. Smooth Plane (Surface) or Support. A smooth 
surface is one whose friction can be neglected in the first approx¬ 
imation. Such a surface prevents the displacement of a body 
perpendicular (normal) to both contacting surfaces at their point 
of contact (big. 8 a)'*. Therefore, the reaction N of a smooth sur - 

In Figs 8-11, the applied forces acting on the bodies are not shown. 
In the cases illustrated in Figs 8 and 9, the reactions act in the indicated 
directions regardless of the applied forces and irrespective of whether the bod¬ 
ies are at rest or in motion. 
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face or support is directed normal to both contacting surfaces at 
their point of contact and is applied at (hat point. If one of the 
contacting surfaces is a point (Fig. $6) the reaction is directed 
normal to the other surface. 



Fig. 8. Fig. 9. 

2. String. A constraint provided by a flexible inextensible 
string (Fig. 9) prevents a body M from receding from the point 
of suspension of the string in the direction AM. The reaction T 
of the siring is thus directed along the string towaids the point of 
suspension. 

3. Cy 1 i n dr ie a 1 Pin (Bearing). When two bodies are 
joined by means of a pin passing through holes in them the 
connection is called a joint or hinge. The axial line of the pin 



Fig. 10. 


is called the axis of the joint. Body AD in Fig. 10a is hinged 
to support D and can rotate freely about the axis of the joint 
(i e., in the plane of the diagram); at the same time, point A 
cannot be displaced in any direction perpendicular to the axis. 
Thus, the reaction R of a pin can have any direction m the plane 
perpendicular to the axis of the joint (plane Axy in Fig. 10a). In 
this case neither the magnitude R nor the direction (angle a) of 
force R are immediately apparent. 
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4. B a 1 1-a n d-Soc ke t and Step Bearing. This type of 
constraint prevents displacement in any direction. Examples of 
such a constraint is a ball-pivot with which a camera is attached 
to a tripod (Fig. 106) and a step bearing (Fig. 10c). The reac¬ 
tion R of a ball-and-socket joint or a pivot can have any direction in 
space. Neither its magnitude R nor its angles with the *, y> and 

z axes are immediately apparent. 

5. Rod. If a thin rod with two forces 
applied at its tips is in equilibrium, the 
forces, according to the 1st principle, must 
be collinear and directed along the axis 
of the rod (see Figs 4a and 4c). Conse¬ 
quently, a rod subjected to forces applied 
at its tips, where the weight of the rod as 
compared with the magnitude of the forces 
can be neglected , can be only under tension 
or under thrust. Hence, if in a structure such a rod AB is used as 
a constraint (Fig. 11) the reaction N will be directed along its 
axis *. 



Wsyxv/s//y/.M-'M. :■/////%. 

Fig. 11. 


5. Axiom of Constraints. The equilibrium of constrained bod¬ 
ies is studied in statics on the basis 1 of the following axiom: 
Any constrained body can be treated as a free body detached from 


its constraints, provided the latter 

5 



are represented by their reactions. 



12 . 


For example, the beam AB of weight P in Fig. 12a, for which 
surface OP, support D, and cable KO are constraints, can be regard¬ 
ed as a free body (Fig. 126) in equilibrium under the action of 
the given force P and the reactions N A , N n , and T of the con¬ 
straints. 1 he magnitudes of these reactions, which are unknown, 

Su;ctl\ speaking, this is possible only if the ends of the rod are fas« 
b ind with pins. Actually, however, the reaction of a rod may be regarded as 
directed along its axis even it the ends are welded (e.g., in trusses composed 
ol triangles). 
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can be determined from the conditions for the equilibrium of the 
forces acting on the now free body. This is the basic method of 
solving problems of statics. 

The determination of the reactions of constraints is of practical 
importance because, from the 4th principle, if we know them, 
we shall know the loads acting on the constraints, i.e., the bas¬ 
ic information necessary to calculate the strength of structural 
elements. 


Chapter 2 

CONCURRENT FORCE SYSTEMS 

6. Geometrical Method of Composition of Concurrent Forces. 

In studying statics we shall proceed from simple systems to 
complex systems. Let us commence, then, with systems of concur¬ 
rent forces. Forces whose lines of action intersect at one point are 
called concurrent (see Fig. 16a). A system of concurrent forces 
acting on a rigid body can be replaced by an equivalent force 
system applied at the same point (A in Fig. 16a). 

The problem of determining the resultant of concurrent forces 
is reduced, according to the 3rd principle of statics, to the com¬ 
position of the given forces. 

1) Composition of Two Forces. The resultant R of 
two concurrent forces F t and F t is determined either by the par¬ 
allelogram rule (Fig. 13a) 
or by constructing a force 
triangle (Fig. 13b), which 
is in fact one-half of the 
corresponding parallelo¬ 
gram. To construct a force 
triangle lay oil a vector 
denoting one of the forces 
from an arbitrary point 
A t , and from its tip lay off a vector denoting the second force. 
The vector R joining the initial point of the first vector 
with the terminal point of the second vector denotes the resultant 
force. 

The magnitude of the resultant is expressed by the formula 



R * = F\ -|- F\ — 2 F t F t cos (180° — a), 
where a is the angle between the two forces. Hence, 



K = V F) +ft + 2F,F, cos a. 
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The angles p and y which the resultant makes with the com¬ 
ponent forces can be determined by the law of sines. As sin 
(180’ — a) —since, we have 

F \ _ T* ___ R ( 2 ) 

sin y sin P sin a * 

If the point of intersection of the forces Z 7 , and F 2 is outside the body 
{Fig. 14a). the resultant can be found by mentally extending the body as 
shown by the dashed line. Now we can transfer the forces to point O, con¬ 
struct a force parallelogram, and apply the 
resultant force/? at any point C of the body 
on the line of action of R. 

If the lines of action of the component 
forces Z 7 , and F« intersect outside the dia¬ 
gram (Fig. 146), a point through which their 
resultant passes can be found by applying 
at points A and B two balanced forces P, and 
P., (/>, = — p 2 ) directed along AB. According 
to" the 2nd principle, this does not affect 
the action of forces Z 7 , and Z 7 . on the body. 
By separately compounding Z 7 , and P, and F 2 
and P t we obtain a force system equivalent 
to the Z 7 ,. Z 7 , force system and consisting of 
two forces whose lines of action intersect at 
C. Consequently, the resultant R also passes 
through that point. The vector R can now be 
determined bv constructing a force triangle 
(Fig. 146). 

2) Composition of Three Non-Coplanar Forces. 
The resultant R of three concurrent non-coplanar forces F x> F t > 
F s is represented by the diagonal of a parallelepiped with the 
given forces for its edges (the parallelepiped 
hra.'). This rule can be verified by successively 
applying the parallelogram law (Fig. 15). 

3) Composition of a System of 

Forces. By consecutively applying the par¬ 
allelogram law we can draw the following 
conclusion: The resultant of any number of 
concurrent forces is the geometrical sum of those 
forces und is applied at their point of intersec¬ 
tion. The geometrical sum R of all the 
forces of a system is called the principal vector of that system. The 
principal vector of a force system can be determined either by suc¬ 
cessively compounding the forces of the system according to the 
parallelogram law, or by constructing a force polygon. The lat¬ 
ter method is simpler and more convenient. In order to find the 
resultant of forces F x> F 2 , F s . F n (Fig. 16a) lay olT to scale 

from an arbitrary point O (Fig. 16 b) a vector Oa denoting 



Fig. 1C- 
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force Z 7 ,. Now from point a lay off vector ab denoting force/ 7 ,, 

from point b lay off vector be denoting force F t , and so on; from the 

tip m of the penultimate vector lay off vector rnn denoting 

force F n . Vector On = R , laid off from the initial point of the 
first vector to the tip of the last vector, represents the geomet¬ 
rical sum, or the principal vector, of the component forces: 

R = F l +F 2 + ...+F„ or R='£F k . '(3) 

The magnitude and direction of R do not depend on the 
order in which the vectors are laid ofl. It will be noted that the 
construction carried out is in 
effect a consecutive applica¬ 
tion of the triangle law. 

The figure constructed in 
Fig. 166 is called a force 
polygon (or, generally speak¬ 
ing, a vector polygon). Thus, 
the geometrical sum, or the 
principal vector, of a set of 
forces is represented by the clos¬ 
ing side of a force polygon 
constructed with the given forces as its sides (the polygon law). In 
constructing a vector polygon, care should be taken to arrange 
all the cortiponent vectors in one sense along the periphery of 
the polygon, with vector R being drawn in the opposite sense. 

If the force R found by constructing a force polygon is applied 
at point A of the body in Fig. 16a, it will replace the action 
of all the given forces: i.e., it is their resultant. 

7. Resolution of Forces. To resolve a force into two or more 
components means to replace it by a force system whose result¬ 
ant is the original force. This problem is indeterminate and can 

be solved uniquely only if 
additional conditions are 
stated. Two cases are of 
particular interest: 

1) Resolution of a 
Force Into Two Co m- 
ponenls of Given Di¬ 
rection. Consider the 
resolution of force F in 
Fig. 17 into two compo¬ 
nents whose lines of action are parallel to AB and AD (the 
forces and the lines are coplanar). The task is to construct a par- 



Fig. 17. 
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allelogram with force/ 7 as its diagonal and its sides respectively 
parallel to AB and AD. The problem is solved by drawing 
through the beginning and tip of F lines parallel to AB and AD. 
Forces P and Q are the respective components, as P-\~Q=F . 

The resolution can also be carried out by applying the tri¬ 
angle law (Fig. 176). For this, the force F is laid off from an 
arbitrary point and lines parallel to AB and AD are drawn 
through its initial and terminal points to their point of inter¬ 
section. Forces P and Q replace F if applied at point A or at 
any other point along the line of action of F. 

2) Resolution of a Force Into Three Components 
of Given Direction. If the given directions are not coplan- 
ar the problem is determinate and is reduced to the construc¬ 
tion of a parallelepiped with the given force F as its diagonal 
and its edges parallel to the given directions (see Fig. 15). 

The student is invited to consider for himself the resolution 
of a given force F into two components P and Q coplanar with 
F if their magnitudes are given and P Q ^ F. The problem has 
two solutions. 

Solution of Problems. The method of resolution of forces 
is useful in determining the pressure on constraints induced 
by applied forces. Loads acting on rigid constraints are deter¬ 
mined by resolving the given forces along the directions of the 
reactions of the constraints as, according to the 4th principle, 
a force acting on a constraint and its reaction have the same 
line of action. It follows, then, that this method can be applied 
only if the directions of the reactions of the respective con¬ 
straints are immediately apparent. 

Problem 1. Members .4C and BC of the bracket in Fig. 18a are joined 
together atu! attached to the wall with pins. Neglecting the weight of the 
members, determine the thrust in BC if the suspended load weighs P, 
£BAC — 9U\ and /_ABC — a. 

Solution. Force P acts on both members, and the reactions are directed 
along them. The unknown thrust is determined by applying force P at point C 
and resolving it along AB and BC. Component S, is the required force. From 
triangle CDL we obtain: 



From the same triangle we find that member AC is under a tension of 

S t = P tan a. 

The larger the angle o, the greater the load on both members, which 
increases rapidly as a approaches 90 \ For example, at P=100 kg and a = 85*. 
S, =5sl,tr>0 kg and S,=i=i.l40 kg. Thus, to lessen the load angle a should be 
made smaller. 

We see from these results that a small applied force can cause very large 
stresses in structural elements (see also Problem 2). The reason for this is that 
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forces are compounded and resolved according to the parallelogram law: a diag¬ 
onal of a parallelogram can be very much smaller than its sides. If. therefore, 
in solving a problem you find that the loads or reactions seem too big as compared 
with the applied forces, this does not necessarily mean that your solution is 
wrong. 

Finally, beware of a mistake frequently made in applying the method of 
force resolution. In Problem 1 we have to determine the force of thrust 



Fig. 18. 


acting on member BC. If we were to apply force P at C (Fig. I8/>) and resolve 

it into a component Q t along BC and a component Q t perpendicular to it we 
should obtain: 

Qi = P cos a, Q t = P sin a. 

Although force P was resolved according to the rule, component Q , is not 
he required force acting on BC because not all of force Q t acts on AC Actually 

force Q, acts on both members and. consequently, it increases the load acting 
on BC and adds to Q x . 

This example shows that if a force is not resolved along the reactions «>| 
the respective constraints the required result cannot be obtained 

.„ Prol ? le ™ ?■ A la "'P f weight P = 20 kg (Fig. 19) hangs from two cables 
AC and BC forming equal angles a = 5° with 

the horizontal. Determine the tensions in 
the cables. 

Solution. Resolve force P applied at 
C into components directed along the ca¬ 
bles. The force parallelogram in this case is 
a rhombus whose diagonals are mutually per¬ 
pendicular and bisecting. From triangle uCb 
we obtain 

“ 2 ~ — T, sin a, 

whence 

P 


t, = t 2 = 


2 sin a 


115 kg. 



00. 


the cables (for instance, at cr = 1 T =s= 578 

the cable absolutely horizontally it would break, for. at a —* 0 T— 

Problem 3. Neglecting the weight of rod AB and crank OB of the recipro¬ 
cating gear in Fig. 20. determine the circumferential force at B and the load 
on axle O of the crank caused by the action of force P applied to piston A if 
the known angles are a and p. 

So I u t i o n. In order to determine the required forces we have to know 
the force Q with which the connecting rod AB acts on pin B. The magnitude 
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of Q can 
direction 


be found by resolving force P along AB and AD (AD being the 
in which piston A acts on the slides). Thus we obtain: 



P 

cosa ' 


Transferring force Q to point B and resolving it as shown in Fig. 20 into 
the circumferential force F and the load R on the axle, we obtain: 

F = Q sin y. R = Q cos y. 

Angle y * s an external angle of triangle OB A and equals a + P* Hence, 
we finally obtain: 

F — P sin (cc + R = P cos < a + 

cos a ’ cos a 


As 180 ,J and a<90°. force F is always greater than zero, i.e., it 

is always directed as shown in the diagram. Force R, however, is directed 
from B to O only as long as a-j-P<90 : ‘; at a-j-p>90°, R reverses its sense. 
At a P — 90 J , R = 0. 


F 



This example shows that the method of force resolution can be employed 
even if the forces act on a body which is not in equilibrium. In such cases 
the load on a constraint is determined by resolving the applied force along the 
reaction of the constraint and the direction of the displacement of the point 
at which the force is applied (point B in Fig. 20). The pressure on a con¬ 
straint. a* determined by this method, is called a static load, as in calculat¬ 
ing it the masses, velocities and accelerations of moving bodies are not taken 
into account. In actual physical situations such calculations can be employed 
only i! the velocities and accelerations are small. If the masses, velocities and 
accelerations of the moving bodies are taken into account, the determined 
forces are called dynamic loads and are calculated by the methods of 
dynamics t§ lbl). 

8. Projection of a Force on an Axis and on a Plane. Let us 
now discuss analytical (mathematical) methods of solving prob¬ 
lems of statics. These methods are based on the concept of the 
projection of a force on an axis. 

The projection of a force on an axis is a scalar quantity which 
is the product of the magnitude of the force and the cosine of ihe 
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angle between the direction of the force and the positive direction of the 
axis. It follows from this definition that the projections of a giv¬ 
en force on any parallel axes of same sense are equal. This is 
useful in calculating the projection of a force on an axis not 
coplanar with that force. We shall denote the projection of a 
force F on an axis Ox by the symbol F x . For the forces in 
Fig 21 we have 41 : 

F X = F cos a, Q X = Q cosa, = — Qcos<p. (4) 

It is apparent that the projection of a force on an axis is posi¬ 
tive if the angle between the direction of the force and the 

D 


4 
* 

a T x 2 a ~Q X c x 

Fig. 21. 

positive direction of the axis is acute, and negative if the angle is 
obtuse; if the force is perpendicular to the axis its projection is zero. 

The diagram shows that the projection of a force on an axis 
is equal to the length of the line segment between the projec¬ 
tions of its ends taken with the 
appropriate sign (F =AB.=ab, 

Qx — — D t E =— de). 

The projection of a force F on a 

plane Oxy is a vector F xy = OI3 l 
comprised between the projections 
of the initial and terminal points 
of the forceF on the plane (Fig. 22). 

Thus, unlike the projection of a 
force on an axis, the projection 
of a force on a plane is a vector Fig. 22. 

quantity characterised by both 

magnitude and direction in that plane. The magnitude of the 
projection is F Xy = F cosO, where 0 is the angle between the 
direction of force F and its projection F Xy . 

In some cases it may prove easier to find the projection of 
a force on an axis by first finding its projection on a plane 

• The positive direction of an axis shall be taken to mean the direction, 
from point O (the origin) towards the letler x denoting the given axis We 
shall use arrowheads in diagrams only to show the direction of vectors. 
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through that axis. Thus, in the case shown in Fig. 22 we find that 
F x — F xy cos (p = F cos 0 cos cp, F y = F xv sm cp = F c° s 0 sin cp. 

9. Analytical Method of Defining a Force. For the analytical 
definition of a force we select a system of coordinate axes Oxyz 
as a frame of reference for defining the direction of our force in 
space. In mechanics right-hand coordinate systems are usually 

employed, i.e., systems in which a 
counterclockwise rotation about Oz 
carries Ox into Oy by the shortest 
way (Fig. 23). We can construct the 
vector denoting force F, rf we know 
, the magnitude of the force F and the 
& angles a, p, y it makes with the 
coordinate axes. The quantities F, 
a. p, y define the given force F. 
The point A at which the force is 
applied must be defined addition¬ 
ally by its coordinates x, £/, z. 

For the solution of problems of 
statics it is often more convenient 
by its projections or by its rectangular com- 

to the coordinate axes, which are in fact 

those axes. Let us show that force F is com¬ 
pletely defined if its projections F x , F , F z on the axes of a car¬ 
tesian coordinate system are known. From formula (4), we have 

F x = F cos a, F v = F cos p, F Z = F cos y. 

• 

Squaring through and adding these equations, we obtain 

F), -j- Fy + F] ----- F 2 . since cos 2 a cos 2 p -f- cos 2 y—\, whence, 



1 
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Fifi. 23. 

to define a force 
ponents parallel 
its projections on 


cos a 


r = \ n -i- f; + r) 

cos p = ^. 


cos y 


Fz 

F 


( 5 ) 


Fqs. (5) give the magnitude of a force and the angles it makes 
with the coordinate axes in terms of its projections on the giv¬ 
en axes, i.e., they define the force. It should be noted that 
m the first equation the sign before the radical is always posi¬ 
tive as the formula gives only the magnitude of the force, and 
not its direction. 

If the initial point of a force F is not at the origin of a coor¬ 
dinate system, its rectangular components F x , F v , F z resolved 
parallel to the axes are equal in magnitude to the projections 
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of the force on the respective axes (see Fig. 23). It follows then 
that the vector of a force can be constructed geometrically ac¬ 
cording to the parallelepiped rule if its rectangular components 
or projections on the axes of a coordinate system are known. 

If a set of given forces is coplanar, each force can be defined 
by its projections on two coordinate axes Ox and Oy. Then 
Eqs. (5) take the form: 

F = VF : x -\-F z y . cos a = -~ , cos p = F p- . (G) 

The force can be constructed graphically according to its x 
and y components or projections by the parallelogram law. 

10. Analytical Method for the Composition of Forces. Opera¬ 
tions with vectors can be expressed in terms of operations with 
their projections by the follow¬ 
ing geometrical theorem: The 
projeclion of the vector of a sum 
on an axis is equal to the alge¬ 
braic sum of the projections of the 
component vectors on the same 
axis. For if s = a l -f- a t + a t -\- a x 
(Fig. 24), then 

a lx =ab, a xx = be, a $x = cd t 

a AX = — de\ s x = ae Fig. 24. 

and, adding the first four equalities, we obtain, as could be ex¬ 
pected from the diagram, that 

«,x + a tx + + a xx = ae = s x , 

which proves the theorem. With any number of components we 
have: 

if s = then = (7) 

Now consider the composition of forces. Take a system of 

forces F t , F t . F n defined by their projections and denote the 

sum (theprincipal vector) of these forces by the symbol R(R = ^]F b ). 
It follows, then, by Eqs. (7) that 

^= 2 ^ ^= 2 ^- ( 8 ) 

Knowing R x , R v , and R z we have from Eqs. (5) 

* = ^R'x + Rl + Rli 

cos a = ^ , cos p = ~ , cos Y = • 

Eqs. (8) and (9) provide an analytical solution for the problem 
of the composition of forces. 
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For coplanar forces the respective equations are 


*,= 2 ^- *,= 2 ^ 


ky* 

_ Rx D R v > (10) 

R=V Rl + R*v cosa = cos p = • J 

If the forces are defined by their scalar magnitudes and their 
angles with the coordinate axes, it is first necessary to determine 
their projections on the coordinate axes. 

Problem 4. Determine the sum of three forces P, Q, F whose respective 
projections are: 

P x = 6 kg, P y = 3 kg. P z = 12 kg; 

Q x — 3 kg. Q y = — 7 kg, Q z = 1 kg; 

F x = 5 kg. F y = 2 kg. F z = — 8 kg. 

Solution. From Eqs. (8) we find R x = 6 + 3-1-5 = 14 kg; Ry = 3 
— 7_j_2 = — 2 kg; R- = 12 — 1 — 8 = 5 kg. Substituting these quantities in tqs. 

(9) we obtain: 


14 


R = \\ 4 2 -f - (— 2)* -f- 5 s = 15 kg; cosa = y=; cosp = 


2 

15 


cos Y = 


1 


and finally: R = 15 kg. a = 21°, p = 97°40'. y = 70°30\ 

% 

Problem 5. Determine the resultant of the three coplanar forces in Fig. 
25n if F = 17.32 kg. 7=10 kg, P = 24 kg. cp = 30°, i|* = 60°. 

Solution. Compute the projections of the given forces: F x = F cos <p — 15 kg; 

T x = — T cos ip = — 5 kg. P x = 0 : F y — 
=— F sin tp = — 8.66 kg; T v — T sin vji — 
= 8.66 kg; P v = -P = -’24 kg. Then, 
bv Eqs. (10),/? v = 15-5=10 kg. R y = 
— _ 8.66-f- 8.66 — 24 = — 24 kg. whence 



R = \ 10* -{- ( — 24)* = 26 kg; cos a= 

5 12 
_ 13 , cos P | 3 , 

and finally: 

/? = 26 kg, a = 67 c 20', p=157°20\ 

To solve the problem graphically, 
choo.-e a scale (e.g., 1 cm corresponds 

to 10 kg) and construct a force polygon with forces P, F, and T as its sides 
(Fig. 251>). Side ml represent- to scale the direction and magnitude of the result¬ 
ant R. If on measuring we find that ad=s= 25 cm, then R 25 kg, with an 
error of 4°/ 0 lo the exact solution. 


11. Equilibrium of a System of Concurrent Forces. It follows 
from the laws of mechanics that a rigid body subjected to the 
action of an external set of mutually balanced forces can either 
be at rest or in motion. We shall call this kind of motion “mo¬ 
tion under no forces”, “inertial** or “coasting” motion, of which 
uniform rectilinear translatory motion is an example. 

From this we derive the important conclusion that forces act¬ 
ing on bodies at rest and on bodies in inertial ’ motion 
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equally satisfy the conditions of equilibrium treated of in statics 
(see Problem 6). It is also obvious that the equilibrium of forces 
acting on a free rigid body is a necessary but insufficient condi¬ 
tion for the equilibrium (rest) of the body. The body will remain 
at rest only if it was at rest before the moment when the bal¬ 
anced forces were applied. 

For a system of concurrent forces acting on a body to be in 
equilibrium it is necessary and sufficient for the resultant of the 
forces to be zero. The conditions which the forces themselves 
must satisfy can be expressed in either graphical or analytical form. 

1) Graphical Conditions of Equilibrium. Since 
the resultant R of a system of concurrent forces is defined as the 
closing side of a force polygon constructed with the given forces, 
it follows that R can be zero only if the terminal point of the 
last force of the polygon coincides with the initial point of the 
first force, i.e., if the polygon is closed. 

Thus, for a system of concurrent forces to be in equilibrium it 
is necessary and sufficient for the force polygon drawn with these 
forces to be closed. 

2) Analytical Conditions of Equilibrium. Analyt¬ 
ically the resultant of a system of concurrent forces is deter¬ 
mined by the formula 

R = VRl + R'„ + Rl 

As the expression under the radical is a sum of positive com¬ 
ponents, R can be zero only if simultaneously R x = 0, R v = 0, 
R, = 0, which follows from Eqs. (8), i.e., when the forces acting 
on the body satisfy the equations 

2^*=°. 2^=0. 2^=°- (ii) 

Eqs. (11) express the conditions of equilibrium in analytical 
form: The necessary and sufficient condition for the equilibrium of 
a three-dimensional system of concurrent forces is that the sums of 
the projections of all the forces on each of three coordinate axes 
must separately vanish. 

If all the concurrent forces acting on a body lie in one plane, 
they form a coplanar system of concurrent forces. Obviously, for 
such a force system only two equations are required to express 
the conditions of equilibrium: 

2 F», = 0. 2 /r *y = °- (12) 

Eqs. (11) and (12) also express the necessary conditions (or 
equations) of equilibrium of a free rigid body subjected to the 
action of concurrent forces. 
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3) The Theorem of Three Forces. The following the¬ 
orem will often be found useful in solving problems of statics: 
If a free rigid body remains in equilibrium under the action of 
three non parallel coplanar forces, the lines of action of those forces 
intersect at one point. 

To prove the theorem, first draw two of the forces acting on 
the body, say F, and F,. As the theorem states that the forces 

are not parallel and lie in the same 
plane, their lines of action intersect 
at some point A (Fig. 26). Now at¬ 
tach forces F, and F 2 to point A and 
replace them by their resultant R. 
Two forces will be acting on the body: 
R and F 8 , which is applied at some 
point B of the body. If the body is 
to be in equilibrium, then, according 
to the 1st principle, forces R and F, 
rig 26. must be directed along the same line. 



i.e., along AB. Consequently, force 
r 3 also passes through A, and the theorem is proved. 

It should be noted that the reverse is not true, i.e., if the 
action lines oi three forces intersect at one point, the body on 
vhich they are acting is not necessarily in equilibrium. Thus, 
the theoiem expresses a necessary, but 
not 'Sufficient, condition for the equi- ^X/T 

librium of a free rigid body acted / JL 

upon by three forces. / \ 

h x a m p ! i\ Consider a beam AB (Fig. 27) 'yy/S,77. 

ningi.] at and reclining on a ledge at D. By / 

p‘!>!.ie:iig the constraints with their reactions / 6 

can treat the beam as a free body in equi- / \p y 

1 inrii:in under the action of tlirce forces. The 1 ^ 

lines .a! acti. ii of two of them, P and N D , are Afar Y ^ 

l.riV.n. and t:ie\ intersect at Consequently, the (s 

i ac:n .] p , !.j (he hinge applied at A must also ' y/// ' 

I’; 1 ." tlu ongli /\, i e., it i> directed along AK. In Fig. 27. 

tii. ca-e Ine tiieorem of three forces has helped 

1,3 in d' tcimine tiie unknown direction of the reaction of hinge A. 


Fig. 27. 


I “ • Problems Statically Determinate and Statically Indeter¬ 
minate. In problems where the equilibrium of constrained rigid 
bodies is considered, the reactions of the constraints are unknown 
quantities. I heir number depends on the number and type of the 
constraints. A problem of statics can be solved only if'the num¬ 
ber oi unknown reactions is not greater than the number of equi- 
lil'jiuiu equations in which they are present. Such problems are 
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called statically determinate, and the corresponding systems of 
bodies are called statically determinate systems. 

Problems in which the number of unknown reactions of the 
constraints is greater than the number of equilibrium equations 
in which they are present are called statically indeterminate, and 
the corresponding systems of bodies are called statically indeter¬ 
minate systems. 

An example of a statically indeterminate system is a weight 
hanging from three strings lying in one plane (Fig. 28). There are 
three unknown quantities in this problem 
(the tensions T x , T y T 3 of the strings), but 
only the two equations (12) for the equilib¬ 
rium of a coplanar system of concurrent 
forces. 

It can be seen that the static indeter¬ 
minateness of a problem is a result of the 
presence of too many constraints. In the 
present case two strings are sufficient to 
keep the weight in equilibrium at any val¬ 
ues of angles a and ji (see Problem 2, 

Fig. 19), and the third string is redundant. 

We shall be concerned only with statically determinate prob¬ 
lems, i.e., problems in which the number of reactions is the 
same as the number of equilibrium equations involving them. For 
the solution of statically indeterminate problems the assumption 
of the rigidity of the bodies under consideration must be given u;> 
and their deformations taken into account. Problems of this kind 
are solved in the courses of strength of materials and statics of 
structures. 

13. Solution of Problems of Statics. The solution of problems 
of statics involves the determination of loads acting on supports 
and stresses appearing in structural elements in conditions of 
equilibrium, as well as the determination of the general condi¬ 
tions of equilibrium of a structure not rigidly constrained. 

In the simplest cases such problems can be solved by the meth¬ 
od of force resolution (§7). Usually, however, a more general 
method of solution is applied, which is based on the examination 
of the conditions of equilibrium of a body acted upon by unknown 
forces or their equivalents. Any structure is actually an associa¬ 
tion of several connected bodies. Hence, in proceeding with the 
solution of a problem by this method it is necessary to isolate the 
specific body whose equilibrium should be examined in order to 
obtain the unknown quantities. 

The solution consists of the following steps: 



2* 
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1. Choose the body whose equilibrium should 
be examined. For the problem to lend itself to solution, the 
given and required forces, or their equivalents, should all be ap¬ 
plied to the body whose equilibrium is being examined (for instance, 
if the problem is to determine a load acting on a support, we 
can examine the equilibrium of the body experiencing the reaction 
of the support, which is equal in magnitude to the required load). 

If the given forces act on one body and the required on an¬ 
other, it may be necessary to examine the equilibrium of each body 
separately, or even of some intermediary bodies as well 

2. Isolate the body from its constraints and 
draw the given forces and the reactions of the 
removed constraints. Such a drawing is called a free-body 
diagram and is drawn separately, as in Fig. 12 b*. In drawing the 
reactions, the points brought up in § 4 in connection with the re¬ 
actions of constraints should be taken into account. 

3. State the conditions of e q u i 1 i b r i u m. The state¬ 
ment of these conditions depends on the force system acting ori 
the free body and the method of solution (graphical or analytical). 
Special cases of stating the equilibrium conditions for different 

force systems w ill be examined in the respective chapters of this 
cou rse. 

4. Deter m i n e the unknown quantities, verify 
the answer and analyse the results. In solving a prob- 

't is important to have a carefully drawn diagram, which 
helps to choose the correct method of solution and prevents errors 
in stating the conditions of equilibrium. All computations should 
be carried nut in strict order. 

The computations should, as a rule, be written out in general 
(algebraic) form. This provides formulas for determining the un¬ 
known quantities which can then be used to analyse the results. 
Solution in general form also makes 't possible to catch mistakes 
i y checking the dimensions (the dimensions of the terms in each 
side of an equation should be the same). If the problem is solved 

in general form, the numerical values should be substituted in 
the final equations. 

In this section we shall discuss equilibrium problems involving 
concurrent forces. They can be solved by either the graphical or 
the analytical method. 


When sufficient experience is gained, the student may mentally isolate 
‘ * camming and draw the given forces and the reactions of the 

r ! w ! g °Vn e body . I .l and on jt a,one > on the general diagram (as in 

u e i i‘ h f e T lhbr, V m of two ct more structural elements has to 
L examined, it u bc^t to draw a free-body diagram. 
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a) The graphical method is suitable when the total 
number of given and required forces acting on a body is three. 
If the body is in equilibrium the force triangle must be closed 
(the construction should start with the known force). By solving 
the triangle trigonometrically we obtain the unknown quantities. 

b) The analytical method can be applied for any num¬ 
ber of forces. Before writing the conditions of equilibrium—which 
for a coplanar system of concurrent forces will be in the form of 
the two Eqs. (12), and for a three-dimensional system, the three 
Eqs. (11)—the coordinate axes must be chosen'. The choice is 
arbitrary, but the equations can be simplified by taking one of 
the axes perpendicular to an unknown force. The beginner is 
advised to commence his solution by determining the projections 
of all the forces on each of the coordinate axes and tabulating 
the information (see Problems 6, 10, and 11). 

Other suggestions are offered in the sample problems below. 


Problem 6. A load of weight P lies on a plane inclined at a degrees to 
the horizontal (Fig. 29a). Determine the magnitude of the force F parallel to 
the plane which should be applied to the load to keen it in eouilihrium and 
the pressure Q exerted by the load 
on the plane. 

Solution. The required 
forces act on different bodies: F on 
the load, and Q on the plane. To 
solve the problem we shall deter¬ 
mine instead of Q the reaction N 
of the plane, which is equal to Q 
in magnitude and opposite in sense. 

In this case the given force P and 
the required forces F and 7V all act 
on the load, i.e., on one body. 

Now consider the equilibrium of the 
load as a free body (Fig. 296). 
with the applied forces P and F 
and the reaction N of the constraint (the plane). The required forces can 
be determined by employing either the graphical or the analytical method of 
stating the equilibrium conditions of the body. 

Graphical solution. If the body is in equilibrium, the force tri¬ 
angle with P, F, and N as its sides must be closed. Start the construction with 
the given force: from an arbitrary point a lay off to scale force P (Fig. 29c). 
Through its initial and terminal points draw straight lines parallel to the direc¬ 
tions of the forces F and N. The intersection of the lines gives us the third 
vertex c of the closed force triangle abc, whose sides be and ca denote the re¬ 
quired forces in the chosen scale. The direction of the forces is determined by 
the arrow rule: as the resultant is zero, no two arrowheads can meet in any 
vertex of the triangle. 

The magnitudes of the reguired forces can also be computed (in which case 
the diagram need not be drawn to scale). Observing that angle /_ a be =-«, we 
.have 



F = P sin a, N = P cos a. 
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Analytical method. Since the force system is coplanar, only two 
coordinate axes are needed. To simplify the computation, take axis Ox perpen¬ 
dicular to the unknown force N. Compute the projections of all the forces on 
each of the coordinate axes and tabulate the information *: 


Fk 

P 

F 

l\f 

Fkx 

P sin a 

- F 

0 

F fty 

— P cos a 

0 

N 


From Eqs. (12) we obtain 


which give: 


P sin a. — F —0, 
P cos a -{- N = 0, 


F = P sin «, /V =.- P cos a 


The iorce exerted by the load on the plane is equal in magnitude to the cal¬ 
culated force iV=Pcosct and opposite in sense. 

It will be noted, that the force F needed to hold the load on the inclined 
riane is less than its weight P. Thus, an inclined plane represents a simple 
machine which makes it possible to balance a large force with a smaller one. 

As was shown in the beginning of § II, these results hold equally good for 
a body at rest or in motion “under no forces”. It follows, then, that in order 
t*' pii^h the load with uniform velocity up a smooth surface the same force 
I- - Psina has to be applied which * is needed to keep it in equilibrium; 
similarly, the same force F = P: sin a has to be applied to brake the load if we 
wMi it to slide with uniform velocity down the plane. For either motion to 
take place the load must receive an initial velocity, otherwise the force 

• ,-ff Psiunc acting on it will keep it at rest. The force exerted on the plane 

Will in all cases be P cos cc. 

A general conclusion can be drawn from the solution of the above problem: 
In problems <>/ statics solved by the equations of equilibrium , the forces exerted 
bn a hint;/ on :ts constraints should be replaced by the reactions of the constraints 
>:ctinq on the body, which are equal in magnitude and opposite in sense to the 

applied forces. In solving problems by the method of force resolution (§ 7) the 

forces exerted by the constraints are determined directly. 

Problem 7. The rod AB in Fig. 30a is hinged to a fixed support at A. 

Attached to the rod at B is a load P = 10 kg and a string passing over a pul- 

h v at C with a load Q= 14.1 kg tied to the other end of the string. The axes 

ci the pulley C and the pin A lie on the same vertical and AC — AB. Ne- 

p < cling the weight of the rod and the diameter of the pulley, determine the 
angle a at which the system will be in equilibrium and the stress in the rod AB. 

i ii 1 l ° n \ < - ons *der the conditions for the equilibrium of rod AB, to 
winch all the given and required forces are applied. Removing the constraints 

i he table should be tilled by vertical columns: first compute the x and u 
projections of P, then of F, etc. The use of tables reduces the possibility of 
mistakes in the equations. The beginner will find tables especially useful until 
nt acquires the necessary experience in operating with force projections. 
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and treating the rod as a free body (Fig. 30ft), draw the forces acting on it: 
the weight of the load P, the tension T in the string, and the reaction R , of 
the hinge, which is directed along AB, since in the present case the rod can 
only be in tension or in compression (see § -1). If the friction of the rope on 
the pulley is neglected, the tension in the string can be regarded as uniform 
throughout its length, whence T=Q. 



Fig. 30. 

For the graphical method of solution, construct a closed force triangle abc 
with forces P, T . R A as its sides (Fig. 30c) starting with force P. As trian¬ 
gles abc and ABC are similar, we have ub = be and /_abc = a. Hence, as 

7 1 = Q = 2P sin ~ , 

R a = P and sin \ = i£p • 

It follows from these results that at a < 180° equilibrium is possible only 
if Q < 2P and that the rod will be compressed with a force equal to P at any 
values of Q and a. 

The case of a=180° should be examined separately. It is apparent that in 
this case equilibrium is possible at any values of P and Q. If P>Q the roJ 
will be stretched with a force P — Q, if Q > P the rod will be compressed with 
a force Q — P. 

Substituting the numerical values, we obtain ^^=10 kg. a = 90° (the rod 
is horizontal). 

Note that force Q (the weight of the load) was not directly included in the 
equilibrium condition (in the force triangle), as it is applied to the load and 
not to the rod whose equilibrium was considered. 

Further on in this book we shall not draw frec-body diagrams, 
but in picturing the forces acting on a given body it should always 
be visualised as free, as in Figs 29 b, 30 b, and \2b. 

Problem 8. A crane held in position by a journal bearing A and a thrust 
bearing li carries a load P (Fig. 31). Neglecting the weight of the structure, 
determine the reactions R A and R. t of the constraints if the jib is of length 
/ and Ali — h. 

Solution. Consider the equilibrium of the crane as a whole under the 
action of the given and required forces. Mentally remove the constraints A and B 
and draw the given force P and the reaction R A of the journal bearing perpen¬ 
dicular to AB. The reaction R /{ of the thrust bearing can have any direction 
in the plane of the diagram. But the crane is in equilibrium under the action 
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of three forces and consequently their lines of action must intersect in one point. 
This is point E, where the lines of action of P and R A cross. Hence, the reac¬ 
tion R n is directed along BE. 

To solve the problem by the graphical method draw a closed triangle abc 
with forces P. R A , R n as its sides, starting with the given force P. From the 

similarity of triangles abc and ABE we 
obtain: 



Ra_± 
P ~~ h 


Rh_ 1 

P ~ 


r 


n 2 + 1 2 

h 


whence 


r.,={p. r„= y^i+^p. 


From triangle abc we see that the di¬ 
rections of the reactions R A and R B were 
drawn correctly. The loads acting on the 
journal bearing A and the thrust bearing 
B are respectively equal in magnitude to R.\ and R but opposite in sense. 
The greater the ratio l.h the greatei the load acting on the constraints. 

This problem is an example of the application of the theorem of three forces. 

Note the following conclusion arising from it: If the statement of a problem 
gives the linear dimensions of structural elements, it is more convenient to solve 
the force triangle by the rule of similarity; if the angles are given (Problem 6), 
the formulas of trigonometry should be used. 

Problem 9. A horizontal force P is applied to hinge A of the toggle-press 
in Fig. 32a. Neglecting the weight of the rods and piston, determine the force 
exerted by the piston on body M when the 
given angles are cc and p. 

Solution. First consider the equilib¬ 
rium of the hinge A to which the given 
force P is applied. Regarding the hinge as a 
free body, we find that also acting on it are 
the reactions 7?, and R 2 of the rods directed 
along them. Construct a force triangle (Fig.326). 

In angles are <p-=90°—a, if = 90°—p, 
y = ct -j— By the law of sines we have: 


P - 

sin <j> sin y 
Now 


/?.= 


P cos a 
sin (a -f- p) 




N 


c) 


consider the equilibrium of the 
piston, regarding it as a free body. Acting 

on it are three forces: /?, = — 7?, exerted by 

rod AB , the reaction N of the wall, and the 

reaction Q of the pressed body. The three forces are in equilibrium, consequently 
they are concurrent. Constructing a triangle with the forces as its sides (Fig. 32c), 
\\e find: 

Q = R[ cos p. 

Substituting for 7?, its equivalent 7?,, we finally obtain: 

P cos a cos p P 


Q = 


sin(a-j-p) tan a-f-tan p* 
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The force with which the piston compresses the body ,\f P(Iln i n 

magnitude and opposite in sense. • ,S e(,ual to ,n 

From the last formula we see that with a constant applied force P the ores 
sure Q increases as the angles « and fi diminish. P e 

If the rods CM and AB are of equal length, then a = p and 0 = 0 5 P cot.. 
The following conclusion can be drawn from this solution- h, i, 

the given force or force, are applied ,,,, body an ' d foZZ hZl 

act on another; ,n such cases the equilibrium of the first h r ■/ ) 

and the force with which it acts on the other body is found- then the sec md h'F* 
examined and the required quantities arc obtained. ' 6 ec,md btdl J 



Fig 33. 


Problem 10. Rods AH and PC of the bracket in Fig. 33 a are joined togeth- 
er and at ached to the w-all by hinges. Over the pulley a? B passes a string 

w?.Lh! U n° Ni V ‘i ICh . ,S fastenet ! to the wal1 while the other supports a load o? 
,. glt . Q- Neglecting the weight of the rods and the diameter of the pullev 
determine the reactions of the rods if angles a and p are given. 

♦ Ut ‘?. n ; Consi,,er the equilibrium of the pulley with the section DE of 

inn, St nf n fh Wl,,Ch . ,S con ,- t . act .' vith il *- folate the body and draw the reac- 
Il. \ the co P s fraints (I-ig. 336). Acting on the pulley and the segment of 

hanH nn ? P f as * S , ing °Y Cr ,tare foi,r external forces: the tension Q in the right- 
3 lhe str,ng ; the tension T in the left-hand part of the string, which 

dir«.?t U , ? ^ ’/! n ‘ a 8 n| tude (/ = Q), and the reactions R , and /?. of the rods 

L ♦ ei l a .° ng the rods - Neglecting the diameter of the pulley, the force- can 

method 1 of as . c , oncurrent - As there are more than three forces the analytical 
method of solution is more convenient. Draw the coordinate axes as shown in 
the diagram and compute the * and y projections of all the forces: 

sectiol^o^tho^fHni 1 ‘■ 4 . best 1 U \ tr . eat ,he pullc >' as one ,,0,] y together with the 
tinner .i ? 1 , nng ' Vl h whlc, ‘ 11 in contact. The unknown reciprocal ac- 

balanced ntern b Jf i*™ lhe P , ul , ,cy distributed along arc de constitute a system of 

« 3 rnrnl Ilf f 3,,d do not enter into ,llL ' equilibrium conditions (see 

j corollai V of (lie* 4tli nri tirinloV QIiamI.I uia (.... i i .. .... * ■ ,r-. 


S 3 rArr.il*- It TV. " Ul 1,110 Wie equiiinrium conditions (see 

33r’ C ;n°. i' y ° l<? ? 1 P rinci P le )- Should we treat the pulley separately (Fig. 

t hr ’ , ftn a rger .. J,ca ,e ), we would have to consider the forces exerted by the 
be found hi* P n « Cy a ? ng ,he arc de - ,he resultant of which would have to 

lOUnCl I) V ;in( 1 1 1 in n u \* nv iu.._.. .1; *:__r . • 1 .1 • f 


be found » 1 “ ""K l,R arc ae. me resultant oi which would have to 

DF Til h a dd'tionally examining the conditions of equilibrium of section 

the rilr d hread (applying the principle of solidification). This would make 
uv calculations much more involved. 
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Fh 

Q 

T 


*2 

F kx 

0 , 

- T cos p 

ft, sin a 

~ ft: 

F ky 

— Q 

Tsin P 

ft, cos a 

0 


Now apply the formulas of equilibrium (12) and write the corresponding 
equations, substituting for T the equal quantity Q: 

— Q cos (5 -f- ft| sin a — ft 2 = 0 
— Q -f— Q si n p -|— /?, cos a = 0. 

From the second equation we find: 

1 — sin 6 


*.= 


cos a 


Q. 


Substituting this value of ft, into the first equation and transposing, we ob¬ 
tain: 

R _ Q sina - cos (a — ft) 

It follows from the expression of ft, that at any acute angles a and p, 
R } 7> 0. This means that the reaction ft, is always directed as shown in the 
diagram. The force which the pulley exerts on the rod is directed in the oppo¬ 
site direction (rod BC is under thrust). For ft, we obtain a different result. 
Let us assume that angles a and p are always acute. Since 

sin ct — cos (a — p) = sin cc — sin (90° — a -{- p), 

the dilference is positive if a > (90° — a-f-P) or if 2ct > 90°-f-p. Hence, at 

c' ^ I r, , ft, > 0, i.e., the reaction ft, is directed as shown in the 

\ 1 J 

t • 

diagram. But if a < ^ -15 3 -j- ~ , ft, < 0, and the reaction ft 2 is of opposite 

seu-e and is directed from .-1 to B. In the first case rod AB is in tension, in 

the second it is in compression. At a = -15° -f- , ft, = 0. 

The following conclusions are important: 1) If a system includes pulleys 
uilii Mring-. pacing over them, in writing the equations of equilibrium a pulley 
l . f l< ’ se< -t l , 'i '7 the cable with which it is in contact should be treated as a 
sinpie body. It the friction of the cable on the pulley or the friction of the 
pul It \ axle can be. neglected, the tension in both portions of the string is equal 
in niu<:n:!'u.e and directed away from the pulley — otherwise the string would slip 

in the direction o: the greater tension or the pulley would turn (see also Prob¬ 
lem 13). 

2) If m drawing the reactions of constraints, any reaction is pointed in the 
“■ n n d direi tion, this will show up immediately in the force polygon of a graphical 
solution (the arrowhead rale); in art analytical solution the sign of the respective 
reaction will be negative. 

\\ henexer po'sible. however, the forces should be directed correctly. In Prob¬ 
lem S. tor instance, the direction of the reaction of bearing A can be deter¬ 
mined by the following consideration: if the bearing is removed, force ft will 
tend to overturn the crane to the right, consequently, force JR A , which replaces 
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the action of the bearing, should be directed to the left in order to keep the 
crane in equilibrium. 

Problem 11. The vertical pole OA in Fig. 34 is anchored down by guy 
wires AB and AD which make equal angles a = 30° with the pole; the angle 
between the planes AOB and AOD is q =60 3 . 

Two horizontal wires parallel to the axes Ox 
and Oy are attached to the pole, and the 
tension in each of them is P= 1U0 kg. Ne¬ 
glecting the weight of all the elements, deter¬ 
mine the vertical load acting on the pole and 
the tensions in the guy wires. 

Solution. Consider the equilibrium of 
point A to which the guys and horizontal wires 
are attached. Acting on it are the reactions 
P, and P 2 of the horizontal wires (P, = P. = P). 
the reactions /?, and R 3 of the guys, and the 
reaction /?, of the pole. The force system is 
three-dimensional, and the analytical method 
of solution is most suitable. Draw a coordinate 
system as shown in the diagram, compute the 
projections of all the forces on each of the 
axes, and tabulate the information (the x 
and y projections of R 3 are calculated as ex¬ 
plained at the end of § 8): 



From the equilibrium l£qs. (11) we have: 

— P -f- R 3 sin o' sin (p = 0. 

— P Rz sin a -f- R 3 sin a cos (p = 0, 
R x — R z cos a — R 3 cos a = 0, 



solving which we obtain: 



P 

sin a sin q/ 



I — cot lf> 
sin a 



1 -f- tan 



cot rt. 


The results show that at (p < 45°, R t < 0, and the reaction R t is ol opposite 
sense than shown in the diagram. As a wire cannot be in compression, it follows 
that the guy AD should be anchored in such a way that angle q> would be 
greater than 45°. Substituting the scalar quantities in the equations, we obtain: 


fl, = 231 kg; R t = 85 kg; R t = 273 kg. 


14. Moment of a Force About an Axis (or a Point). We 
know from experience that a force acting on a body tends either 
to displace it in some direction or to rotate it about a point. 
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The tendency of a force to turn a body about a point or an axis 
is called the moment of that force. 

Consider a force F applied at a point A of a rigid body (Fig. 35) 
which tends to rotate the body about a point 0 . The perpendicu¬ 
lar distance h from 0 to the line of action of F is called the 

moment arm of force F 
about the centre 0. As 
the point of application of 
the force can be trans¬ 
ferred arbitrarily along its 
line of action, it is appar¬ 
ent that the rotational 
action of any force depends 
only on 1) the magnitude 
of the force F and its mo¬ 
ment arm h\ 2) the aspect 
of the plane of rotation 
through the centre 0 and 
the force F\ 3) the sense of the rotation in that plane. 

For the present we shall limit ourselves to coplanar force 
systems, in which the plane of rotation is the same for all the forces 
and does not have to be specifically defined. The sense of rotation 
is denoted by () °r (—), assuming it to be positive in some 
particular direction. 

1 bus we may formulate the concept of moment of a force as 
a measure of the tendency of the force to turn the body on which 
it acts: 7 he moment of a force F about a centre 0 is defined as 
the product of the force magnitude and (he length of the moment 
arm taken LL'iih appropriate sign. 

We shall denote the moment of a force F about a centre 0 
b> the symbol m 0 (F). Thus, 


Fig. 35. 


m 0 (F) = -\- Fh . (13) 

We shall call a moment positive if the applied force tends to 
rotate the body counterclockwise, and negative if it tends to ro¬ 
tate the body clockwise. Thus, the sign of the moment of the 
force F about 0 is ( 4 -) in Fig. 35u, and (—)in Fig. 35b. If the force 
is measured in kilograms and its perpendicular distance from the cen¬ 
tre in metres, the dimension of the moment is kilogram-metre (kg-m). 

Note the following properties of the moment of a force: 

1) 1 he moment of a force does not change if the point of 
application of the force is transferred along its line of action. 

2) I he moment of a force about a centre 0 can be zero only 
if the force is zero or if its line of action passes through 0 (i.e., 
the moment arm is zero). 
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3) The scalar magnitude of the moment of a force is 
sented by twice the area of the triangle OAB (Fig 356): 

m 0 (F) = ± 2 area* of /\OAB. 

This follows from the fact that 


rep re- 


tU) 


area of A OAB 


-i- AB-h = ± F-h. 


4)-The moment of a force F about a centre 0 defines a point 
on the line of action of the force at a distance from O: 

/,_ d»o(^>l 

n— F 

where h is laid off perpendicular to vector F in the direction 
defined by the sign of the moment. 

15. Varignon’s Theorem of the Moment oi a Resultant. The 
moment of the resultant of a coplanar system of concurrent forces 
about any centre is equal to the algebraic sum of the moments of 
the component forces about that centre (Varignon’s theorem*). 

Consider a coplanar system of concurrent forces F t , F 2 ,..., 
F n applied at the point A (Fig. 36). Denoting their resultant R, 
take an arbitrary point O and draw axis Ox * 
perpendicular to OA as shown. For any force 

of the system, F,, for example, we have ^- -* B 

m 0 (F l ) = 2 areas A OAB = OA-Ob, or ^ /to 

m 0 (FA =OA-F lx , (15) r ** 

where F. x = Ob is the projection of force F t c r> 

on axis Ox. “to 

Equation (15) is valid also when force F 
passes below OA. In this case the moment * 

will be negative, because the projection F x 
will be negative. F,J? - 36 - 

To prove the theorem, note that /? = VF fr . 

From the theorem of the projection of a sum ol forces on an 
axis we have = Multiplying through by OA we obtain: 

' ~ 0A-R x = 2(0A-F kx ) 

or, by Eq. (15), 

m 0 (R) = ^ l rri 0 (F lt ). (16) 

Eq. (16) is the mathematical expression of Varignon’s theorem. 


* Pierre Varignon (1654-1722), a celebrate.I French mathematician and 
mechanic, who outlined the fundamentals of statics in his book “Projet d’une 
nouvelle mecanique.” (1087). 



•4G 


Concurrent Force Systems 


|Ch. 2 


16. Equations of Moments of Concurrent Forces. The analyt¬ 
ical conditions for the equilibrium of concurrent forces can be 
expressed in terms of either their projections or their moments. 
Let us demonstrate that the necessary and sufficient conditions 
for the equilibrium of a coplanar system of concurrent forces are: 


= 0, 2 m c (F k ) 


(17) 


where B and C are arbitrary points not coll inear with the -point 
A where the forces intersect (Fig. 37). 

The necessity of these conditions is apparent since, for exam¬ 
ple, if 2 m B {f r k)¥ z 0 then, by Eq. (16), m ? (R) =^= 0, whence R=^=0, 

F and equilibrium is impossible. 

(n ^Let us P rove the sufficiency of these con- 

ditions. If the conditions (17) are fulfilled, 
\ f then according to Varignon’s theorem, 

( ... -^ r*- # m n {R) = 0 and m c (R) = 0, which is possible 

V ; _ j ,c J only if R = 0 or if the line of action of R 

passes through both B and C. The latter 
condition being impossible, as the resultant 
Fig. 37. of the concurrent forces must pass through A 

(Fig. 37), which is stipulated as not col linear 
with B and C. Thus, Eqs. (17) can be valid only if the resultant 
R = 0, i.e., if the force system is in equilibrium. 

\i is apparent that satisfaction of only one of the conditions 
(17) is insufficient for equilibrium. 

In solving problems with Eqs. (17) the equations can be made 
to contain a single unknown quantity each 
by taking the centres of moments on the V 

lines of action of the unknown forces. 


Problem 12. Solve Problem 7 with the equa¬ 
tion' of moments. 

Solution. Introducing the symbol a — 
— A fi — AC, take points A and C as the centres 
oi the moments (Fig. 38). Drawing perpendiculars 
and ,-1/C from A to the lines of action of forces 

7 and P, we obtain: AE = a cos-^ ’/1/C=asma, 

whence m A (T) = Ta cos , m A ( P) = — Pa sin a. 
Furthermore, m 4 (Ar.,)=0. The moments of the 




Fig. 38. 


lorces about C are computed similarly. From the equilibrium Eqs. (17) we obtain: 

y. (Fk) = Ta cos ~ — Pa sin a = 0, 

,n c (F k ) R a a sin a — Pa sin a = 0. 
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As T=Q, we obtain from the first equation: 

Q-2P sin cos |-=0 
whence angle a, which defines the position of equilibrium, has two values: 

a= 180° and sin = ~ . 


From the second equation we find that at ct ^ 180°, R A = P. 

Problem 13. In Problem 10 determine the reaction ft, by means of the 
equations of moments. 

Solution. Taking the moments about C (see Fig. 336) and assuming 
CB =a, we obtain: 

2 m c (P*) = 7a cos (a — fi) -f- ft 2 a cos a — Qa sin a = 0. 

whence, as T=Q, we immediately find: 

sin a — cos (a — p) 

ft , = Q -- 

cos a 


The reaction ft, can be found by taking the moments about A. 

The equations of moments can thus also be used to verify answers obtained 
by other methods. 

Note that the validity of the equality T = Q can be verified by writing an 
equation of moments about the centre of the pulley (this equation, as will be 
proved in § 24, also holds good for non-concurrent forces). In this case we 
obtain Tr — Qr = 0, where r is the radius of the pulley, or f=Q. 


Chapter 3 

PARALLEL FORCES AND COUPLES IN A PLANE 

17. Composition and Resolution of Parallel Forces. Let us 
find the resultant of two parallel forces acting on a rigid body. 
Two cases are possible: 1) the forces are of same sense, and 2) the 
forces are of opposite sense. 

1) Composuion of Two Forces of Same Sense. 
Consider a rigid body on which two parallel forces P, and p, are 
acting (Fig. 39). By applying the 1st and 2nd principles of statics 
we can replace the given system of parallel forces with an equiv¬ 
alent system of concurrent forces Q, and Q 2 . For this, apply two 
balanced forces P, and P 2 (P, = — P 2 ) directed along AB at points 
A and B, compound them with forces P, and F 2 according to the 
parallelogram law, transfer the resultants Q t and Q 2 to point O 
where their lines of action intersect, and resolve them into their 
initial components. As a result we have applied at point 0 two 
balanced forces P, and P t , which can be neglected, and the two 
forces P, and p, directed along the same line. Now transfer the 
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latter two forces to C and replace them by their resultant R of 
magnitude 

R = ( 18 ) 

Thus, force R is the resultant of the parallel forces F, and F 
applied at points A and B. To determine the position of C con¬ 
sider the triangles OAC t Oak , 
and OCB , Omb. From the similar¬ 
ity of the respective triangles 
it follows that: 

AC P. . Rr p t 

K 

BC-F t , as P 



r, and § 


2* 
pro- 


arifid r Z‘,! a ' ! ‘ 0f 'T r?l lel f0rces °f the same sense acting 
a rigid body equal to the sum of their magnitudes, par- 

t to them t cind of samp ' 


Thus, 
on 

a/Id fn them , and of same sense; the 
line of action of the resultant lies be¬ 
tween the points of application of the 
component forces, its distances from the 
points being inversely proportional to the 
magnitudes of the forces. 

-) Composition of Two For¬ 
ces of Opposite Sense. Consider 
t he concrete case of F, >/•'. (Fig. 40). 
lake a point C on the extension of 
/Cl and apply two balanced forces R 
and R parallel to the given forces F 
and F 2 . The magnitudes of R and R' and 
chosen to satisfy the equations: 


OC ~ 

or AC-F y 

From the property of 
portions, and taking into^ac- 
count that BC + AC = AB and 
J r^t = R, we obtain: 

bc = ac^ab 

F, F 2 g * ( iy ) 



the location of C are 


R = — (20) 

BC AC AB 

~bT~~f1~~r' < 21 ) 

Coniipounding forces F 2 and R\ we find from Eqs. (18) and (19) 
that their resultant Q is equal in magnitude to F.4-/?' i.e it 
is equal to force F y and applied at A. Forces F. and Q are bal¬ 
anced and can be discarded. As a result, the given forces F. and F 
are replaced by a single force R, their resultant. The magnitude 
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and point of application of the resultant is determined by Eqs. 
(20) and (21). Thus, the resultant of two parallel forces of opposite 
sense acting on a rigid body is equal in magnitude to the difference 
between their magnitudes , parallel to them , and has the same sense 
as the greater force; the line of action of the resultant lies on an 
extension of the line segment connecting the points of application of 
the component forces , its distances from the points being inversely 
proportional to the forces. 

If several parallel forces act on a body, their resultant, if 
any, can be found by consecutively applying the rule of compo¬ 
sition of two forces, or by a method which will be examined 
in Chapter 4. 

3) Resolution of Forces. The above formulas can be 
used to solve problems on the resolution of a given force into 
two forces parallel to it and of same or opposite sense. The prob¬ 


lem becomes determinate when 
additional conditions are given 
(e.g., the lines of action of both 
required forces or the magnitude 
and line of action of one of them). 


H 04 04 - 


- 03 


* 


4 


T Q, 


ft 

Fig. 41. 


is 


Problem 14. Determine the forces 
exerted by the horizontal beam in 
Fig. 41 on the supports A and B if the 

weights lying on the beam are P l = P 2 = 80 kg and the weight of the beam 
neglected. 

Solution. First replace the forces P x and P 2 with their resultant 
R = 160 kg through point D. By resolving R along the directions of the reactions 
of the supports (see § 7), we obtain the required forces Q x and Q 2 exerted by the 

beam on the supports. From the equations 



Q 

DB 


R 

AB 


and Q t = R — Q l 


we find: 


Q, = 100 kg, Q 2 = 60 kg. 


Problem 15. A beam AB of length 1 = 2.5 m 
parses through a wall of thickness a =0.5 m 
(Fig. 42). Suspended from end B of the 
beam is a load of weight P = 3 t. Neglecting the 
weight of the beam, determine the forces acting 
on the wall, assuming them applied at points A 
and D. 

Solution. Resolve force P into forces Qp and Q A along the reactions 
of the constraints D and A. As force P does not lie between the required forces, 
they must be of opposite sense, and Q D . as being closer to P, is greater 
than Q a and of the same sense as P. From the equations 


Fig. 42. 


Qo__P 
l a 


and P = Q d — Q a 


50 


Parallel Forces and Couples in a Plane 


[Ch. 3 


we obtain: 


Q D = -^ P= 15 t, = 12 t 



Fig 13. 


The results can be verified by the proportion: 

Qa „ P 

l — a a 

18. Force Couples. Moment of a Couple. A couple is a set of 
two parallel forces of same magnitude and opposite sense acting 
on a rigid body (Fig. 43). Clearly, a force system constituting 
a couple is not in equilibrium (see 1st principle). Furthermore, 

unlike previously examined systems, a 

couple has no resultant. For if, say, the 
couple in Fig. 43 had a resultant Q, the 
force system F, F' and Q' = —Q would have 
to be in equilibrium, which is impossible 
because F + F' + Q'=^=0 (as F+ F' = 0, and 
Q'^0). It will be shown later that for any 
system of forces to be in equilibrium their 
geometrical sum must be zero. Thus, a 
couple cannot be replaced or balanced 

.. f by a single force. For this reason the 

properties of the couple as a special mode of mechanical inter* 
action between bodies are the subject of a special study, 
the plane through the lines of action of both forces of a couple 

ca , ptoue of action of the couple. The perpendicular dis¬ 

tance il between the lines of action of the forces is called the 
iinn oj the couple. I he action of a couple on a rigid body is a 
tendency to turn it; it depends on: 1). the magnitude F of the 
inices oi the couple and the perpendicular distance d between 
thrni; 2) the aspect of the plane of action of the couple, and 
6) tlie sense of rotation in that plane. A couple is characterised 
• 1 s m,, [Pcnt. In this chapter we shall discuss the properties of 
couples ot coplanar forces. For this case the following definition 
c.ui he given in analogy with that of the moment of a force (§ 14): 

I he moment <>f a couple is defined as a quantity equal to the 
p r u i m l U) Ihc magnitude of one of the forces of the couple 
and the perpendicular distance between the forces (the length of 
:hc moment arm) taken with the appropriate sign *. Denoting 

1 ;si> concept should not be confused with the moment of a force. The 

concept of moment of a force presumes a point about which the moment is 

hi .til 1 he moment of a couple is defined only by its forces and the perpendic- 

‘ 1 ;‘ en V is not associated with any point in the plane. 

reonu ru L « P p - Wa Y by the eminent French mathematician and 

geometrician Louis Poinsot (1777-1859). 
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the moment of a couple by the symbol m or At, we have: 

m = ± L Fd. (22) 

The moment is said to be positive if the action of the couple 
tends to turn a body counterclockwise , and negative if clockwise. 
The dimension of the moment of a couple is the same as the 
moment of a force (kilogram-metre). It is apparent that the mo¬ 
ment of a couple is equal to the moment of one of its forces 
about the point of application of the 
other (Fig. 43): 

rn = m B F = ni A (F'). (23) 

Let us prove the following theo¬ 
rem of the moments of the forces of 
a couple: The algebraic sum of lhe 
moments of the forces of a couple about 
any point in its plane of action is 
independent of the location of that 
point and is equal to the moment of the 
couple. For, taking an arbitrary point F 'g- h. 

O in the plane of a couple (Fig. 44), 

we find: m 0 (F) = — F -Oa, m 0 (F') = F'-Ob . Adding the two equa¬ 
tions and noting that F' = F and Ob — Oa = d, where d is the 
couple arm, we obtain: 

m 0 (F) + m 0 (F') = m. (24) 

This theorem will be found useful in computing the moments 
of couples about any centre. 

19. Equivalent Couples. Before stating the conditions neces¬ 
sary for two couples to be equivalent let us prove the following 
theorem: A couple acting on a rigid body can be replaced by any 
other couple of the same moment lying in lhe same plane without 
altering the external effect on that body. Let there be a couple 
(F, F') acting on a rigid body and let the perpendicular distance 
between its two forces be d t . Now apply the forces of the couple 
at arbitrary points A and D on their respective lines of action 
(Fig. 45), draw through the points two arbitrary parallel lines 
AD and BE and denote the distance between them d t . Resolve 
F along BA and AD into forces Q and P , and F’ along AB and 
BE into forces Q' and P\ Obviously P= — P' and Q= — Q'. 
Forces Q and Q' are balanced and can be discarded, and the 
couple ( F, F') is replaced by the couple (P. P') with different 
force magnitude and couple arm. Forces Q and Q' can, obviously, 
be applied at any points D and their lines of action. 

Since points A and B and the J^ect^prte of AD and BE are 




i 
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arbitrary, the location of the couple ( P , P') in the plane is also 
arbitrary. Let us now show that the moments of the two couples 
are equal. As force F is the resultant of forces P and Q t from 
Varignon’s theorem 

(F ) = m B (P) + m B (Q). 



Let us now prove another theorem: The external effect of a couple on a rigid 
b> du remains the same if the couple is transferred from a given plane into any 
other parallel plane. 

Consider a couple < F, F') lying in plane / (Fig. 47). Now take a plane // 
parallel to the given plane, and in it a line DE equal and parallel to AB. At 
points D and E apply two pairs of balanced forces such that F x = F 2 =zF and 

~ F 2 ~ F . Note that ABDE is a parallelogram the diagonals of which bisect 
at their point ol intersection C. Compound now the parallel equal forces F and 
F 2 and replace them with their resultant R = 2F applied at the middle or AE, 

i.e.. at C. The resultant of forces F' and f\ is R'=2F’ = R applied at the 
middle of BD, i.e., also at C, and forces R and R' therefore cancel each other. 
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# 

As a result the couple (F, F') is replaced by a similar couple (F t . F t ) in 


plane II. 

It follows from the above theorems 
in parallel planes are equivalent. 


that two couples o f equal 


moment 


lying 


Attention is drawn to the following analogy: A force acting on 
a rigid body is defined by its magnitude, line of action, and sense; 
its point of application can be transferred arbitrarily along the 
line of action. A couple acting on a rigid body is defined by the 

magnitude of its moment, its plane 



The motion of a rigid body subjected to a couple is discussed 
in dynamics. It will be proved in theorems of dynamics that any 
couple acting on a free rigid body tends to turn that body about 
its centre.of gravity (see p. 318). If a body has a fixed axis of rota¬ 
tion, the external effect (the turning moment or torque) of a couple 
acting in a plane perpendicular to that axis will be the same 
regardless of its location in the plane, which follows from Eq. (24). 

Problem 16. The bracket A BCD in Fig. 48 is in equilibrium under the action 
of two parallel forces P and P making a couple. Determine the load on the 
supports if AB — a= 15 cm. BC= b = 30 cm, CD = c= 20 cm. and P = P = 

_ Solu t ion. Replace couple (P. P') with an equivalent couple (<?. Q’> 
whose two forces are directed along the reactions of the constraints. The mo¬ 
ments of the two couples are equal, i.e., P(c — a) = Qb, consequently the 
loads on the constraints are: 

Q = Q'= C -^P = 5 kg 
and are directed as shown in the diagram. 

20. Composition of Coplanar Couples. Conditions for the Equi¬ 
librium of Couples. Let us prove the following theorem of the 
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composition of couples: A system of coplanar couples is equivalent 
to a single couple lying in the same plane the moment of which 
equals the algebraic sum of the moments of the component couples. 
Let three couples of moments m lt m., and m, be acting on a body 
{Fig. 49). By the theorem of equivalent couples they can be re¬ 
placed by couples (P i% P[), (/>,, />'), and 

dV K) with a common arm d and of 
respectively same moments: 



P,rf = m, 


P t d 


til 


2 ’ 


P t d = m 9 . 


Compounding the forces applied at 
A and B respectively, we obtain a 
force R at B and a force R' at A the 
magnitudes of which are: 

R = R' = Pl -P a + P,. 


As a result the set of couples is 

replaced by a single couple (R, R') of moment 

M = Rd = P x d + (— P.d) + P z d = m x + m 2 + m,. 

The theorem is proved for three couples, but apparently the 
same result can be obtained for any number of couples, and a set 
of n couples of moments m,, rn 2 , ..., m n can be replaced by a 
single couple of moment 

M = 2 m k- (25) 

It follows from this theorem that for a coplanar system of 

couples to be in equilibrium it is necessary and sufficient for the 
algebraic sum of their moments to be zero: 

Vm fc = °. (26) 

Problem 17. A couple of moment m, acts on gear 1 of radius r, in Fig. 50a. 

Determine the moment m s of the couple which should be applied to gear 2 of 

radius in order to keep the system in equilibrium. 

Solution. Consider first the conditions for the equilibrium of gear 1. 
Acting on it is the couple ot moment ni, which can be balanced only by the 
action of another couple, in this case the couple (Q,, /?,) created by the force Q, 
exerted on the tooth of gear 1 by gear 2, and the reaction /?, of the axle A. 
broni F.q. (26) we have m, (—Q 1 'V) = 0, or Q l =m l /r l . 

Consider now the conditions for the equilibrium of gear 2. By the 4th prin- 
cip'e we know that gear 1 acts on gear 2 with a force Q 2 = — Q t (Fig. 506), 
which together with the reaction of axle B makes a couple (Q a , R t ) of moment 
— Q,r this couple must be balanced by a couple of moment m t acting on gear 2\ 
from Fq. (26) we have- nu -f ( — .) = 0. Hence, as Q 2 = Q lt 
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It will be noticed that the couples o! moments rn, and m 2 do not satiny the 
equilibrium condition in Eq. (26), which could be expected, as the couples are 
applied to different bodies. 



a.) 



b) 


Fig. 50. 


The force Q x (or Q ,) obtained in the course of the solution is called the 
circumferential force acting on the gear. The circumferential force is thus equal 
to the moment of the acting couple divided by the radius of the gear: 



Chapter 4 

GENERAL CASE OF FORCES IN A PLANE 

21. Theorem of the Translation of a Force to a Parallel Po¬ 
sition. Many problems of statics, including the one of reduction 
of a force system to the simplest possible form, can be solved 
with the following theorem: A 
force acting on a rigid body can 
be moved parallel to its line 
of action to any point of the 
body , provided a couple is 
added of moment equal to the 
moment of the force about the 
point to which it is translated. 

Consider a force F applied to a rigid body at a point A (Fig. 5It;). 
The action of the force will not change if two balanced forces 
F' =F and F" =— F are applied at any point B of the body. The 
resulting three-force system consists of a force F\ equal to F and 
applied at B. and a couple ( F , F") of moment 

m = m B (F). (27) 

This equation follows from Eq. (23). The theorem is thus proved. 
The result can also be denoted as in Fig. 51 b, with force F 



. V 
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neglected. Here now are two examples on the application of this 
theorem. 

Example 1. In order to maintain the homogeneous bar AB of weight P 
and length 2 a in Fig. 52a in equilibrium it is obviously necessary to apply to 
its middle C a force Q directed vertically up and equal to P in magnitude. 
According to the theorem just proved, force Q can be replaced by a force Q' 
applied at end A of the bar and a couple of moment rn = Qa. If the moment 
arm of this couple is reduced to h. the forces Q and Q" have to be increased so 
that Fh = Qa. Consequently, to hold the bar at end A we have to add a couple 
(F, F) to force Q '. This result, which follows from the theorem, is immediately 
“felt” when you shift your grip from the middle of the bar (Fig. 52a) to the end 
(Fig. 52b). 



Fig. 52. Fig. 53. 


E x a m p I e 2. Forces F and F' = — F are applied to the ends of two threads 
wrapped in opposite direction around drum a) of radius r (Fig. 53); a force 2 F 
is applied to the end of a single thread wrapped on drum b) of same radius r. 
Let us analyse the difference between the actions of these forces. 

Acting on drum a> is only the couple ( F . F') of moment 2 Fr which revolves 
the drum. The force acting on drum b) can be replaced by a force-couple system 
consisting of a force 2F"=2F applied at the axle of the drum and a couple 
2 F ). Thu- we find that acting on drum b) are: 1) a couple of same moment 
a- the couple acting on drum «). namely 2 Fr, which rotates the drum, 
and 2) a force 2 F exerting pressure on the drum axle. In other words, both 
chums revoke similarly, but the axle of drum b) carries a load 2 F, which 
drum a) does not. 


22. Reduction of a Coplanar Force System to a Given Centre. 
Let a set of coplanar forces F x , F 2 , ...,F n be acting on a rigid 
body and let 0 be any point coplanar with them which we shall 
call the centre of reduction. By the theorem proved in § 21, we 
can transfer all the forces to O as in Fig. 54a. As a result we 
have acting on the body a system of forces 

C /=•;=/=•,. f;=f„ (28) 


applied at O and a system of couples of moments (by Eq. 27): 

ni x =m 0 {F x ) t m 1 = m Q (F t ) . m n = m 0 (F n ). (28') 


• • • » 
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The forces applied at 0 can be replaced with their resultant 
/? = VF* acting at the same point, or; by Eqs. (28), 

/? = 2*V < 29 > 

Similarly, by the theorem of the composition of couples, we can 
replace all the couples with a coplanar resultant couple of moment 
M 0 = 2j m *» or » by Eqs. (28'), 

M 0 = 2m 0 (F k ). m 

The quantity R, which is the geometric sum of all the forces 
of the given system, it will be recalled, is called the principal 



Fig. 54. 


vector of the system; we shall call the quantity M n , which is the 
sum of the moments of all the forces of the system about 0, the 
principal moment of the system about O. Thus we have proved the 
following theorem: Any system of coplanar forces acting on a rigid 
body can be reduced to an arbitrary centre 0 in such a way that it 
is replaced by a single force R equal to the principal vector of the 
system and applied at the centre of reduction 0 and a single couple 
of moment M () equal to the principal moment of the system about 0 
(Fig. 54c). 

It should be noted that R is not the resultant of the force sys¬ 
tem, as it replaces the system only together with a couple. 

It is apparent from the theorem that two force systems with 
equal principal vectors and principal moments are statically equiv¬ 
alent. Hence, in order to define a coplanar force system it is suffi¬ 
cient to define its principal vector R and principal moment M a about 
a centre 0. 

The magnitude of R can be determined either graphically by 
constructing a force polygon (see Fig. 54 b) or analytically by 
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Eqs. (10) in § 10; obviously, the magnitude of R does not depend 
on the location of O. The magnitude of M 0 is determined by 
Eq. (30). In the general case the value of M n may change if the 
position of 0 changes due to the change in the moments of the 
component forces. Therefore, in defining the principal moment it 
is necessary to state the point with reference to which it is taken. 


Problem 18. External forces F,. F z , F s , and F A act on a beam embedded in 
a wall as shown in Fig. 55a. Determine the internal forces at section ab*. 

Solution. Transfer forces F,, F z . and F 3 acting on the right-hand portion 
of the beam to the centre 0 of section ab. By the proved theorem, these forces 

can be replaced with a single force 
R = F l -}- F z -f- F s applied at O and a 
couple of moment M 0 = ni 0 (F l ) - f- 
a) -{-nip (F s ) -\-niQ (F s ). It will be readily 
realised" that if we neglect the shaded 
portion of the beam, which is subject¬ 
ed to no forces, the mutual interaction 
of the two loaded parts of the beam 
will not change. But now, after the 
three forces have been transferred toO, 
the whole right-hand portion has no load 
and can be neglected and the beam 
drawn as in Fig. 55 b. By resolving 
force R into rectangular components P 
and Q along the axis of the beam and 
perpendicular to it, we find that acting 
on the left-hand portion along section ab are: 1) a transverse force Q which 
tends to shear the beam along ab; 2) a longitudinal force P causing tension (or, 
conversely, thrust) in the beam along its axis; 3) a couple of moment At n , 
called the bending moment, which in the present case causes tension in the 
upper half of the beam and compression in the lower half. By virtue of the 4th 
principle, the left-hand portion of the beam acts on the right-hand portion with 
a force and a couple of the same magnitudes but opposite sense. 

The stresses in any other section of the beam can be determined similarly. 

Note. The required forces could be found by transferring to 0 the external 
forces acting on the left-hand portion of the beam and determining its action along 
ab on the right-hand portion. But in this case the external forces would include 
the reactions of the wall, which would have to be determined by examining the 
equilibrium of the beam as a whole (§ 26). The same would have had to be 
done in our case if there were any constraints applied to the right-hand portion 
of the beam. 



Fig. 55. 


23. Reduction of a Coplanar Force System to the Simplest Possible 
Form. The theorem proved in § 22 makes it possible to solve the 
problem of reducing a given coplanar force system to the simplest 
possible form. The result will depend on the values of the prin¬ 
cipal vector R and the principal moment Al 0 of the system: 

1 he internal forces at section ab are those with which the parts of the 
beam on both sides of the section act on each other. By virtue of the theorem 
proved, the system of these internal forces can be replaced by a single force 
applied, say, at the centre of the section, and a couple. 
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1) If R = 0 and M o = 0, the system is in equilibrium. This 
case of equilibrium will be further examined in the following 
section. 

2) If R = 0 and M o ~0, the system can be reduced to a couple 
of moment M 0 = '£m 0 (F k ). In this case the magnitude of Ai n does 
not depend on the location of the centre 0, otherwise we would 
find that the same system could be replaced by non-equivalent 
couples, which is impossible. 

3) If R^= 0, the system can 
be reduced to a resultant force. 

Two cases are possible: 

a) R=^=0, M n = 0. Inthiscase 
the system can immediately be 
replaced by a single force, i.e., 
the resultant R going through 0\ 

b) R=/=0, M o =f=0. In this case 

(Fig. 56a) force R can be trans¬ 
ferred to a point C about which its moment will be equal to (_ M ). 

As a result of this operation a couple of moment (— M„) will be 
added which will balance the couple of moment M and the whole 
system will be replaced by a resultant R =R going through C. 

I he location of C, i.e., the perpendicular distance d = OC IOC R) 
is determined by the equation: 







Rd =\M 


o I- (31) 

This result can be formulated as follows: If in reducing a force 
system to a centre 0 it can be replaced by a force and a couple 
of moment Al a , it can also be replaced by a resultant R' = R 
located at such a distance from 0 that m n {R') = A/_ The method 
of computation is given in Problem 20. Inemeth0d 

The same result can also be obtained by drawing a couple of 
moment M 0 as shown in Fig. 56b, with the forces R’ and R of 
the coup e equal in magnitude to R. The distance d = OC between 
the two forces can be found by Eq. (31). Cancelling forces R and R 
as balanced, we obtain a resultant R =R through point C which 

replaces the system, i.e., the result is the same. 

these cases show that if a coplanar force system is not in 
equilibrium it can be reduced either to a resultant (when R=£ 0) 

or to a couple (when R = 0). V ; 


a rlin'a 0 ^ , , en ;» ,!, i Reducc «»e simplest possible form the sets of applied forces 
. a f t ‘" 6 _ 0 '\ t, . ,e and fuss in Figs 57a and 576 if all the fords are equal 

closed, consequently R=0. 
. point (for instance point < 
is the magnitude of each force. Hence, the given force system 


in magnitude. Determine the loads on the supports. 

Solution. 1) The force do I v eon P. P p is 

V-Pa' l e %T m ,1 nU forces* '.hSlt a*ny po”i n t~ '(for 'l nsia nee ,7t C) 

# (I, Wjicrc r IS tile ni<uimtnrip nf narli fnrro l-f u r«/<n <i.» —: r_ , ' 

111 


€0 


General Case of Forces in a Plane 


[Ch. 4 


can be reduced to a couple of moment in — — Pa. Placing this couple as shown 
in the diagram by the dashed vectors we conclude that the forces P lt P t , and 

Pa 

P z act on the supports with forces Q, and Q 2 of magnitude — . 

2) Noting that forces F z and F 3 (Fig. 57 b) form a couple, transfer them as 
shown in the diagram by the dashed vectors. Forces F x and F 3 balance, and 

the whole system is reduced to a resultant R=F„. 

We see that the action of forces F,, F : . F 3 is reduced to a vertical load 
acting on support A. Support B is under no load. 



Fig. 57. 


Problem 20. Determine the resultant of the forces acting on the beam in 
Fig. 58 if P = 3t, Q, = Q, = Q = 4t. and CB = a = 0.8 m. 

Solution. Constructing a force polygon with forces P. Q t . and Q*. we 
find that the magnitude of force R (the principal vector of the system) is 5 t, 
for, in the polygon, be = 2Q cos 60° — 4 t. and ab = 3 t. Now, taking point C 



Fig. 58. 


where forces P and Q 2 intersect as the centre of the moments, compute the 

principal moment of the system: Ale = m c (Qi) = — a Q cos 30° = —1.6)' 3 kg-m, 
and from Eq. (31) we obtain: 

d = LHd = 0.32 ys 0.55 m. 

By drawing from C a perpendicular to the direction of R and laying off a 
segment d on it, we obtain the line of action of the resultant. As Me < 0. the 
resultant lies to the right of C (the moment of R about C is negative). 
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24. Conditions for the Equilibrium of a Coplanar Force System. 
For any given coplanar force system to be in equilibrium it is 
necessary and sufficient for the following two conditions to be 
satisfied simultaneously: 

R = 0, M 0 = 0. (32) 

where 0 is any point in a given plane, as at R = 0 the magni¬ 
tude of M n does not depend on the location of 0 (see $ 23, sec¬ 
tion 2). v 

The conditions (32) are necessary, for if one of them is not 
satisfied the force system acting on a body is reduced either to a 
resultant (when /?= 7 ^ 0 ) or to a couple (when Af o ^0) and conse¬ 
quently is not balanced. At the same time, conditions (32) are 
sufficient, for at R = 0 the system can be reduced only to a 

couple of moment M n , but M 0 = 0, hence the system is in equi¬ 
librium. 

Let us determine from F.qs. (32) the analytical conditions of 

equilibrium. They can be expressed in three different forms as 
follows. 

l.The Basic Equations of Equilibrium. The 
magnitudes of R and M 0 are determined by the equations 

where /?* = £ F„. and R r = ^F ky . and M„ = Z m o (/%)• 


But R can be zero only if both /? x . = 0 and R =0. 
Eqs. (32) will be satisfied if y 


Hence, 


2 ^icy — 0* 2 m o(^) — 0. (33) 


Eqs. (33) express the following analytical conditions of equilib¬ 
rium: The necessary and sufficient conditions for the equilibrium 
of any coplanar force system are that Hie sums of the projections of 
all the forces on each of two coordinate axes and the sum of the 
moments of all the forces about any point in the plane must sepa¬ 
rately vanish. Eqs. (33) also express the necessary conditions lor 
the equilibrium of a free rigid body subjected to the action of a 
coplanar set of forces. In the mechanical sense the first two of 
the equations express the necessary conditions for a body to have 
no translation parallel to the coordinate axes, and the third equa¬ 
tion expresses the condition for it to have no rotation in the 
plane Oxy. 

2. The Second Form of the Equations of Equi¬ 
librium: The necessary and sufficient conditions for the equilibrium 
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of any coplanar force system are that the sums of the moments 
of all the forces about any two points A and B and the sum of 
the projections of all (he forces on any axis Ox not perpendicular 
to AB must separately vanish: 




o. 


(34) 


The necessity of these conditions is obvious, for if any one of 
them is not satisfied, then either R^= 0 or AI a =£=0 (AI b =^=0), and the 
forces will not be in equilibrium. Let us now prove that these 

conditions are sufficient. If for a given force 
system only the first two of Eqs. (34) are sat¬ 
isfied, then M a = Q and Al B = 0. By § 23, 
such a force system may not be in equilib¬ 
rium as it may have a resultant R passing 
through the points A and B * (Fig. 59). But 
from the third equation we must have R x = 
= ^ F kx = 0. As Ox is not perpendicular to 
AB, the latter condition can be satisfied only 
if the resultant R is zero, i.e., if the system 
is in equilibrium. 

3. The Third Form of the Equations of Equilib¬ 
rium (the Equations of Three Moments): The necessary and suf- 
ficient conditions for the equilibrium of any coplanar force system 
are (hat the sums of the moments of all the forces about any three 
I ion-col l inear points A, B, C must separately vanish: 



Z>"AF k ) = 0, 2"t B (F k ) = 0. 5> c <n) = 0 (35) 

The necessity of these conditions, as in the previous form, is 
obvious. Their sufficiency follows from the consideration that if, 
with all the three equations satisfied, the system would not be in 
equilibrium it could be reduced to a single resultant passing 
through points A, B . and C, which is impossible as they are not 
col linear. Hence, if Eqs. (35) are satisfied a system is in equilib¬ 
rium. 

In all the cases considered we have three conditions 
for the equilibrium of a coplanar force system. The Eqs. (33) 
are defined as the basic equations of equilibrium because they 
impose no restrictions on the choice of the coordinate axes or the 
centres of moments. 


If acting on a body besides a coplanar force system F t , F 2 . F„ is a 

system of couples of moments m x , m t , . . ., m s in the same plane, the couples 
do not enter the equilibrium equations of the force components, as the sum of 
the components of the forces of a couple parallel to any axis is obviously zero. 


4 This follows from paragraph 3, a), in § 23. 
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In the equations of moments, though, the moment', of these couples should be 
added algebraically to the moments of the forces. a> the sum of the moments 
of the two forces of a couple about any centre equals the moment of that 
couple (see Eq. (24). § 18). Thus, for example, the conditions of equilibrium 
(33) for a set of forces and couples acting on a body takes the form 

2f>«=o. 2 F *y =°- 2 n, o +2 m ‘=' ° (3gi 

Eqs. (34-7 and (35) will change similarly. 

25. Equilibrium of a Coplanar System of Parallel Forces. If 
all the forces acting on a body are parallel, we can take the x 
axis of a coordinate system perpendicular 
to them and the y axis parallel to them 
(Fig. 60). Then the x projections of all the 
forces will be zero, and the first one ol 
Eqs. (33) becomes an identity 0 = 0. Hence, 
for parallel forces we have two equa¬ 
tions of equilibrium: 

2^, = °. 2">o</%) = 0. (37) 

where the y axis is parallel to the 
forces. 

Another form of the conditions for 
the equilibrium of parallel forces derived from Eqs. (34) is: 

2,m A (F k ) = 0. ^m H (F k )= 0, (38) 

where the line AB is not parallel to the given forces. 

26. Solution of Problems. All the general rules of problem 
solution outlined in § 13 should be followed in solving the prob¬ 
lems of this part of the course. 

Attention is again drawn to the importance, in proceeding 
with the solution of a problem, of clearly visualising the specif¬ 
ic body whose equilibrium is being considered. The next step is 
to isolate it and consider it as a free body, drawing all the 
given forces and the reactions of the constraints acting on it. 

Then write the equilibrium equations, choosing those which 
lead to the simplest system (in which each equation has only 
one unknown quantity). 

The simplest possible equations can be obtained by the follow¬ 
ing procedure (provided, of course, that the actual computations 
do not become more involved): a) for the equations of the force 
projections, lake one of the coordinate axes perpendicular to one of 
the unknown forces; b) for the moment equations, take the moments 
with respect to the point where the greatest number of unknown 
forces intersect. 
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In computing moments it may prove useful to resolve a force 
into two components and apply Varignon’s theorem. 

Many problems in statics are solved to determine the reactions 
of the supports and connections of beams, trusses, etc. In 
addition to the constraints described in § 4, the following three 

types are widely used in engineering: 

1. Pin and Roller Support (Fig. 
61, support A). The reaction N A of this 
constraint is normal to the surface support¬ 
ing the rollers. 

2. Fixed Pin (Fig. 61, support B). 
The reaction R B of such a constraint is 
through the pin axis and can have any 
direction in the plane of the diagram. In 

solving problems we shall denote reaction R B by its x and y com¬ 
ponents, as by finding X B and Y n we shall have defined the reac¬ 
tion R B whose magnitude is R B = VX x B 

Constraints of the type in Fig. 61 are employed to avoid addi¬ 
tional stresses in beam AB due to temperature changes and 
bending. 

3. Fixed Support (Rigid Clamp or Embedding) 
(Fig. 62). In this case the action of the constraining surfaces on 
the embedded portion of the beam is that 
of a system of distributed forces of reac- 
tion. By reducing the forces of reaction 
to a common centre A we can replace 
them with an immediately unknown force 
R a attached at A and a couple M A of 
immediately unknown moment. Force R A 
can in turn be denoted by its rectangular 
components X A and Y A . Thus, to determine 
the reactions of a fixed support we must 
find three unknown quantities X A , Y A , 
and AI ,. 

The direction of reactions in other types of constraints was 
examined in $ 4. 




Problem 21. The travelling crane in Fig. 63 weighs P = 4 t, its centre of 
gravity lie's on DC. it lifts a load of weight Q=1 t, the length of the jib 
(the distance of the load from DE) is 6 = 3.5 m, and the distance between the 
wheels is AB = 2a = 2.5 m. Determine the force with which the wheels A and B 
act on the rails. 

Solution. Consider the equilibrium of the crane-and-load system taken 
as a free body: the active forces are P and Q, the unknown forces are the 
reactions N A and N B oi the removed constraints. Taking A as the centre of 
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the moments of all the forces and projecting the parallel forces on a 
axis, we obtain, by the equilibrium equations (37): 

— Pa -{- N n • 2a — Q (a -f b) = 0. 
N a +N b -P-Q= 0. 


solving which we find: 



(t-0 = u 

(l+i)= 3 . 9 1. 


vertical 


To verify the solution, write the equation of the moments about B: 

— N A 2a -}- Pa — Q (b — a) = 0. 




*v\. 


Substituting the value of N A , we find that the equation is satisfied. The pres¬ 
sures exerted by the wheels on the rails are respectively equal to N A and N a in 
magnitude and directed vertically down. 

From the solution we see that at 

Q = . ° P = 2.22[ 
b — a 


the reaction N A is zero and the left wheel no longer presses on the rail. If 
the load Q is further increased the crane will topple over. The maximum load Q 
at which equilibrium is maintained is determined by the equation ’^rn /{ (F/ i )= 0. 

Problem 22. One end of a uniform beam AB weighing P kg (Fig. 64) rests 
at A against a corner formed by a smooth horizontal surface and blocks. and 
at B on a smooth plane inclined a degrees to the horizontal. The beam’s incli¬ 
nation to the horizontal is equal to ft. Determine the pressure of the beam on 
its three constraints. 

Solution. Consider the equilibrium of the beam as a free body. Acting on 
it are the given force P applied at the middle of the beam and the reactions R, /V,, 
and Afj of the constraints directed normal to the respective surfaces. Draw the 
coordinate axes as in Fig. 64 and write the equilibrium equations (33), taking 
the moments about A, where two of the unknown forces intersect. First com¬ 
pute the projections of ail the forces on the coordinate axes and their moments 
about A and tabulate the results*. The symbols in the table are AB — 2a and 
£ KAB = y (AK is the moment arm of force R about point A). 


* On tabulating data for problem solutions see footnote on p. 38. 
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Fk 

• 

1 Nz 

P 

R 

F*x 

1 0 

| 

N* 

o 

— R sin a 

F icy 

A', 

O 

— p 

R cos a 

"* A (Fk) 

0 

O 

— Pa cos p 

R2a cos y 


Now write the equilibrium equations: 

N. — R sin a = 0, 

N x — P R cos a = 0, 

— Pa cos P -j- 2 Ra cos y = 0. 
From the last equation we find: 

P cos P 
^ 2 cos y * 


As .4A' is parallel to the 
and finally 


inclined plane, /_KAx = a, 



P cos P 

2 cos (a — P) ' 


whence 



Solving the lirst two equations, we obtain: 

cos a cos P ] ., _ p sin a cos p 

2 cos (a — p) J ’ 2 2 cos (a — P) ' 

The forces exerted on the surfaces are equal in magnitude to the respective 
reactions and opposite in sense. 

The values of N , and N„ can be verified by solving the equations of moments 
about the points of intersection of R and N z and R and N x . 

From this solution we can draw the following conclusion: If, in order to 
determine the projections or moments of anv force or forces, we need to know 

a quantity (e.g., the length of a 
line or size of an angle) not giv¬ 
en in the statement of the prob¬ 
lem, we should denote that quan¬ 
tity by a symbol and include it in 
the equilibrium equations. If the 
introduced quantity is not cancelled 
out in the course of the compu¬ 
tations, it should be expressed in 
terms of given quantities. 

Problem 23. Acting on a sym¬ 
metrical arch of weight P = 8t 
(Fig. 65) is a set of forces reduced 
to a force Q==4t applied at D and 
a couple of moment AI D =12 t-m. The dimensions of the arch are a— 10 in, 
l> — 2 m, /i=3 in, and a = 60°. Determine the reactions of the pin B and 
the roller A. 



A'. = 
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Solution. Consider the equilibrium of the arch as a free body. Acting 
on it are the given forces P and Q and a couple of moment Mp, and also tfie 
reactions of the supports N A , X B , Y B (the reaction of the pin being denoted 
by its rectangular components as in Fig. 61). In this problem it is more con¬ 
venient to use Eqs. (34), taking the moments about A and B and the force 
projections on axis Ax, and each equation will contain one unknown force. 
Compute the moments and the force projections and tabulate the information 
as shown. In computing the moments of force Q, resolve it into rectangular 
components Q x and Q v and apply Varignon’s theorem. 



Writing the equilibrium equations and taking into account that | Q A ■ | = Q cos a, 
and | Q y | = Q sin a, we obtain: 

X B + Q cos a = 0, (a) 


Y n a — P — hQ cos a — bQ sin a -f- Af D = 0. (b) 

— N A a — hQ cosa-f (a — b) Q sin a -f \\ D = 0. (c) 

Solving the equations, we find 

X B = — Q cos a = — 2 t, 

+ Q 6slnn + /lcnsn -^4.09t. 

" 2 ~ a a 

P . ^ (a — b) sin a — h cos a , 

N A= — J rQ ---r — 7 ■'if 

The value of X B is negative, which means that the sense of the x compo¬ 
nent of the reaction at B is opposite to that shown in the diagram, which could 
have been foreseen. The total reaction at B can be found from the geometrical 
sum of the rectangular components X B and Y B , its magnitude being 

Rn = / +^, = 4.551. 

If the sense of the couple acting on the arch were opposite to that indicated 
in Fig. 65, we would have Al/) =—12 t-m. In this case F/| = 6.49 t, 
N a = 4.97 t, while X n would remain the same. 

To check the solution, write the equation for the projections on axis Ay. 

N A -\-Y B - P - Qsinci = 0. (d) 

Substituting the obtained values of N A and Y B , we find that they satisfy 
the equation (substitution should be carried out in both the general form, to 
Verify the equations, and in the numerical solution to verify the computations). 

3* 
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It should be borne in mind that this method of verification may not reveal 
errors due to mistakes in computing the projections or the moments of the 
forces perpendicular to Ay. Therefore, that portion of the computations has to 
be further verified or an additional equation of moments about, say. D can be 
written. 

Nole also the following. In writing Eqs. (34) the projection axis should not be 
taken perpendicular to AB, or in our case not along Ay. If, nevertheless, we 
were to write a third equation of projections on Ay, we would have obtained a 

system of equations (b), (c), (d) with only 
two unknown quantities N A and Yr (one 
of the equations would be a corollary of 
the other two) and we would be unable 
to determine the reaction Xr. 

Problem 24. The beam in Fig. 66a 
is embedded in a wall at an angle 
a = 60° to it. The length of the portion 
AB is 6 = 0.8 m and its weight is 
P= 100 kg. The beam supports a cylinder 
of weight Q=180 kg. The distance AE 
along the beam from the wall to the 
point of contact with the cylinder is 
a = 0.3 m. Determine the reactions of 
the embedding. 

Solution. Consider the equilibrium 
of the beam as a free body. Acting on 
it are force P applied halfway between 
A and B, force F applied perpendicular to the beam at E (but not force 
Q. which is applied to the cylinder, not to the beam!), and the reactions of 
the embedding, indicated by the rectangular components X A and Y A and a couple 
of moment Al A (see Fig. 62). 

In order to write the equations of equilibrium (33) let us compute the 
projections of all the forces on each of the coordinate axes and their moments 
about A: 


Fk 

> 

Ya 

F 

P 

Ma 

f„ x 1! -v. 4 

i, 

0 

F cos a 

0 

0 

t: A n 

1 ky | U 

1 

>'.4 

— F sin a 

— P 

0 

m A (Fk) 

0 

0 

— Fa 

— P y sin a 

M A 



To determine F we resolve force Q, which is applied at the centre of the 
cylinder, into components F and N respectively perpendicular to the beam 
anJ the wall (Fig. 666). From the parallelogram we obtain: 

f = _£_. 
sin a 

Writing the equations of equilibrium and substituting the value of F, we 

have: 

*a Q cot a = 0, Y A —Q—P = 0, M a — Q-£- - Pslu a = 0. 

Sill (Z z 
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Solving these equations we find: 


X A = — Q cot a =—103.8 kg. 

Y A = P + Q = 280 kg. 

M a = Q + P -j sin a = 96.9 kg-m. 

The reaction of the wall consists of force R A = y/ r X' A -f- Y' x and a 
couple of moment Ma. 

The solution of this problem once again underlines the fundamental point: 
the equilibrium equations include only the forces acting directly on the body 
whose equilibrium is being considered. 

Problem 25. A string supporting a weight Q = 240 kg passes over two pulleys 
C and D as shown in Fig. 67. The other end of the string is secured at B. and the 
frame is kept in equilibrium by a guy 
wire EE t . Neglecting the weight of 
the frame and the friction in the 
pulleys, determine the tension in the 
guy wire and the reactions at A. if 
the constraint at A is a smooth pivot 
allowing the frame to turn about its 
axis. The dimensions are as shown in 
the diagram. 

Solution. Consider the whole 
system of the frame and the portion 
KDCM of the string as a single free 
rigid body (see Problem 10). Acting on 
it are the following external forces: 
the weight Q of the load, the tension F 
in section DB of the string, and the 
reactions T. X A , and Y A of the con¬ 
straints. The internal forces cancel 
each other and are not shown in the 
diagram. As the friction of the pulleys 
is neglected, the tension in the cable 
is uniform throughout its whole length and F = Q. 

Introducing angles a and p. let us compute the projections of all the forces 
on the coordinate axes and their moments about A. 



Fn 

i q 

F 

T 

X A 

Ya 

Flex 

0 

F cos a 

— T cos (i 

Xa 

0 

F ky 

— Q 

— F sin a 

— T sin ff 

0 

Ya 

m A {F k ) 

— Q- 1.0 

— F-0.9 sin a 

T 1.2 sin p 

0 

0 
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From the right-angle triangles AEE X and ADB we find that ££,=2.0 m 
and OB=1.5 m, whence sin a = sit* p = 0.8, cos a = cos p = 0.6, and ct = p. 
Substituting for the trigonometric functions their values and assuming F = Q, 
the equations of equilibrium give: 

0.6 Q - 0.67 -f- X A = 0, 

— Q — 0.8Q — 0.87 -f Y a = 0, 

— 1.0Q - 0.72Q-|-0.967 = 0, 

solving which, we find: 

4 'i I q Q7 

T = ^Q = 430 kg, X a = -Q= 114kg, Y A r=^Q = 776 kg. 

Attention is drawn to the following conclusions: 1) in writing equations of 
equilibrium, any system of bodies which remains fixed when the constraints 
are removed can be regarded as a rigid body; 2) the internal forces acting on 
the parts of a system (in this case the tension of the string DC acting on 
pulleys C and D) are not included in the equilibrium equations as they cancel 
each other. 


27. Equilibrium of Systems of Bodies. In many cases the static 
solution of engineering structures is reduced to an investigation 
of the conditions for the equilibrium of systems of connected 
bodies. We shall call the constraints connecting the parts of a 
given structure internal , as opposed to external constraints which 
connect a given structure with other bodies (e.g., the supports 
of a bridge). 

If a structure remains rigid after the external constraints (sup- 

the problems of statics are solved for it as 
for a rigid body. Such examples were con¬ 
sidered in Problems 23 and 25 (see Figs 65 
and 67). 

However, an engineering structure may 
not necessarily remain rigid when the exter¬ 
nal constraints are removed. An example 
of such a structure is the three-pin arch in 
Fig. 68. If supports A and B are removed 
'•he arch is no longer rigid, for its parts can turn about pin C. 

According to the principle of solidification, for a system of 
lorccs acting on such a structure to be in equilibrium it must 
satisfy the conditions of equilibrium for a rigid body. It was 
pointed out, though, that these conditions, while necessary, were 
not sufficient, and therefore not all the unknown quantities could 
be determined from them. In order to solve such a problem 
it is necessary to examine additionally the equilibrium of one or 
several parts of the given structure. 

For example, for the forces acting on the three-pin arch in 
1 ig. 68 we have three equations with four unknown quantities, 
V a , X b , Y B . By investigating the conditions for the equilib- 


ports) are removed, 
C 
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rium of the left- or right-hand members of the arch we obtain 
three more equations with two more unknown quantities, X c 
and Y c (not shown in Fig. 68). Solving the system of six equa¬ 
tions we can determine all six unknown quantities. 

Another method of solving such problems is to divide a struc¬ 
ture into separate bodies and write the equilibrium equations 
for each as for a free body. The reactions of the internal constraints 
will constitute pairs of forces equal in magnitude and opposite 
in sense. For a structure of // bodies, each of which is subjected 
to the action of a coplanar force sys¬ 
tem, we thus have 3 n equations 
from which we may determine 3// 
unknown quantities (in other force 
systems the number of equations is. 
of course, different). If the number 
of unknown quantities is greater than 
the number of equations, the problem 
is statically indeterminate. An example 
of this method of solution is given 
in Problem 27. 


Problem 26. The horizontal member AD 
of the bracket in Fig. 09 weighs P, = 15 kg, 
and the inclined member CB weighs P, = 

= 12 kg. Suspended from the horizontal 
member at D is a load of weight Q = 30 kg. 

Both members are attached to the wall and 
to each other by smooth pins (the di¬ 
mensions are shown in the diagram). Deter- Fig. GO. 

mine the reactions at A and C. 

Solution. Considering the bracket as a whole as a free body, we find 
that acting on it are the given forces P,. P 2 . Q and the reactions of the sup- 

f iorts X A , Y A . X c , Yc- But with its constraints removed the bracket is no 
onger a rigid body, because the members can turn about pin B. On the other 
hand, by the principle of solidification, if it is in equilibrium the forces acting 
on it must satisfy the conditions of static equilibrium. We may therefore 
write the corresponding equations: 

2 ?kK = X-A + Xc — 0. 

2 Fky “ yA + Yc■- - r* - Q = 0. 

2"| (1 (/=■/,) =- X c 4a - Y t a - P 2 a - P r 2a - Q-4a = 0. 

We find that the three equations contain four unknown quantities X A , Y A , 
X c , Yc- Let us therefore investigate additionally the equilibrium conditions 
of member AD (Fig. G9 b). Acting on it are forces P x and Q and the reactions 
X A , Y a . X n , and Y /{ . If we write the required fourth equation for the moments 
of these forces about B we shall avoid introducing two more unknown quan¬ 
tities, Xjj and Y We have: 

2 m O (• F k) — Y A -3a + P x a — Qa = 0. 
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Solving the system of four equations (starting with the last one) we find: 

Y A = ±(P t -Q)=- 5 kg. Yc = ^-Pi + P*+^Q=W ^ 


= + = kg, 


Xj\ — — Xq — — 56 kg. 



Fig. 70. 


We see that the sense of forces Ya and Xa is opposite to that shown in 
the diagram. The reactions at B can 6e determined from equations for the x 
and y projections of the forces acting on AD; they are: X B =— X 
Y b = P, -f- Q — Y a == 50 kg. 

It should be noted that in solving a system of simultaneous equations the 
values in every successive equation should be substituted with the sign obtained 

in the preceding equation. In the present case, 
for example, the value substituted for Ya in 
the last equation is—5 kg, not 5 kg. This 
also suggests that it would be wrong, on 
finding that Y A = — 5 kg, to alter the sense 
of Ya the diagram and consider Ya — 5 kg, 
for this could lead to wrong solutions of 
subsequent equilibrium equations. 

We see that in solving problems of statics 
there is no need to investigate all the con¬ 
ditions for the equilibrium of a given body. 
If a problem does not require the determi¬ 
nation of, the reactions of a constraint, the 
equations should, if possible, not include 
those unknown reactions. That is just what we 
did in the above problem in examining the 
equilibrium of AD when we wrote only one 
equation of the moments about B. 

Problem 27. The horizontal beam AB in Fig. 70a of weight Q = 20 kg is 
attached to the wall by a smooth pin at A and rests on a support at C. Beam 
BE of weight P = 40 kg is hinged to AB and rests against D as shown. Deter¬ 
mine the reactions of the supports if CB = -^- AB, DE = — BE , a = 45°. 

Solution. Let us consider the members of the system separately and 
investigate the equilibrium of BE and AB. Acting on BE , which we regard as 
a free body (Fig. 70a), are force P and the reactions of the supports Nq, X b , 
Y b . Assuming BE = a, we write the equations (33): 

2 Fkx = X B — N d sin a = 0. 

2 Pky — Yn — P Nd cos a = 0. 

2 rn B <Fk) = a — P cos a = 0, 

solving which we obtain: 

N d =^- P cos a = 21.2 kg, X B = -|- P sin 2a = 15 kg, 

Y B = P ^ 1 — cos 2 a ^ = 25 kg. 

Considering beam AB as a free body, we have acting on it force Q, the 
reactions of the external supports N c , XY^, and the action x' B and Y B of 
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BE transmitted by pin B (Fig. 706). According to the 4th principle, forces 
X B and Y n are respectively equal to X B and Y B in magnitude and opposite 
in sense. 

Denoting AB = b and writing the equilibrium equations (34) for the forces 
acting on the beam, we have: 

= 0 . 

2 m A (,Fk) = Y‘„b — <?!• = <>. 

2 "'c V 1 *)=■ — ^ 4 ■ y ^ y — ''fly- 0 - 

Assuming X B = X B and Y B = Y B and solving for the unknown quantities, we 
obtain: 

X A = A'/j = 15 kg. 1'^ = — Q — Y b = 7.5 kg. 

N c = \q+-^Y b = 5 2.5 kg. 

We see that all the reactions except Y A are directed as in Fig. 70; the true 
direction of Y A is vertically downwards. In solving problems by this method it 
should be remembered that if the action of one body on another is denoted by a 
force R or its rectangular components X and Y, then according to the 4th prin¬ 
ciple, the action of the second body on the first must be denoted by a force R' 
equal to R in magnitude and opposite in sense, or by its rectangular components 
X' and Y' respectively equal to X and Y in magnitude and opposite in sen'.e. 

Beware of the following two mistakes which are often made in solving 
problems by this method: 1) The student fails to draw forces X ' and Y' in the 
opposite direction of X and Y, which makes for a wrong answer; 2) Having 
drawn the forces X' and Y' correctly, the student assumes, in solving the 
equations, that X'= — X and Y'= — Y. obtaining a wrong answer; actually 
the same error is made as in the first case. 

To preclude the possibility of such mistakes, it is suggested that, as a rule, 
the method of solution of Problem 26 be adopted. Furthermore, it usually gives 
simpler systems of equations, as the internal forces do not enter the equations 
for the structure as a whole. 

Problem 26. A horizontal force F acts on the three-pin arch in Fig. 71. 
Show that in determining the reactions of supports A and B force F cannot 
be transferred along its action line to E. 

Solution. Isolating the arch from its external supports A and B, we 
obtain a deformable structure which cannot be treated as rigid. Consequently, 
the point of action of the force acting on the structure cannot be transferred 
along DE even to determine the conditions for the equilibrium of the structure 
(see § 3, corollary of the 1st and 2nd principles). 


c c 
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Let us demonstrate this by solving the problem (the weight of the arch is 
neglected). Consider first the right-hand member of the arch as a free body. 
Acting on it are only two forces, the reactions R n and R c of the pins B and C 
(force R c is not shown in the diagram). To be in equilibrium, these two forces 
must be directed along the same line, i.e., along BC, and consequently the 
reaction R r is directed along BC. 

Investigating now the equilibrium of the arch as a whole, we find that 
acting on it are three forces, the given force F and the reactions of the sup¬ 
ports Rft (whose direction we have established) and From the theorem of 

three forces we know that if the system is in equilibrium the forces must be 
concurrent. Thus we obtain the direction of R A . The magnitudes of R A and R/j 
can be found by the triangle rule. 

If we apply force F at £ and, reasoning in the same way, make the 
necessary constructions (Fig. 716), we shall find that the reactions of the 
supports R A and R D are different both in magnitude and in direction. 

28. Distributed Forces. In engineering problems we often have 
to deal with loads distributed over an area according to a known 
mathematical law. Let us examine some simple cases of distrib¬ 
uted coplanar forces. 

C 


9m 


8 


Fig. 72. Fig. 73. 

A plane system of distributed forces is characterised by the 
load per unit length of the line cf application, which is called 
the in ten silt/ q. The dimension of intensity is kilogram per 

met re: kg in. 

1 i Forces Uniformly Distributed Along a 
S’ raight Line (Fig. 72). The intensity q of such a system 
i a constant quantity. In solving problems of statics such a 
force system can be replaced by its resultant Q of magnitude 

Q = aq (39) 

applied at the middle of AB. 

2) Forces Distributed Along a Straight Line 
A ccording to a Linear La w (Fig. 73). An example of such 
a load is the pressure of water against a dam, which drops from 
a maximum at the bottom to zero at the surface. For such 
forces the intensity q varies from zero to q rn . The resultant Q 
is determined in the same manner as the resultant of the gravity 
forces acting on a homogeneous triangular lamina ABC. As the 
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weight of a homogeneous lamina is proportional to its area, 
the magnitude of Q is 

Q = ^aq m (40) 

and is applied at a point at a distance of y from side BC 

of triangle ABC (see § 56, Sec. 2). 

3) Forces Distributed Along a Straight Line 
According to an Arbitrary Law (Fig 74). The magni¬ 
tude of the resultant Q of such forces is. by analogy with the 
force of gravity, equal to the area of the figure ABL)E drawn 
to scale and passes through the centre of gravity of that area 
(determination of centre 
of gravity will be exam¬ 
ined in § 54). 


Fig. 74. Fig. 75. 

4) Forces Uniformly Distributed Along the Arc 
of a C i r c 1 e (Fig. 75). An example of such forces is the hydrostat ic 
pressure on the sides of a cylindrical vessel. It is apparent from 
the laws of symmetry that the sum of the y projections, which 
are perpendicular to the axis of symmetry, is zero, and conse¬ 
quently their resultant Q is directed along Ox. In magnitude 
Q = Q x = y (< 7 A/,,) cos <p,,. where q\l, ( is the pressure on an arc 
element oflength A/* and (p,, is the angle between the force and 
the* axis. But from the diagram it is apparent that A/,, cos tp,. = A;/,.. 
Taking the common multiplier outside of the summation sign, 
we obtain Q = '£qAi/ k — q'£/Sy /e = q • AB, whence 

Q = qh, (41) 

where h is the length of the chord intersecting arc AB. 

Problem 29. An evenly distributed force intensity </„ kg/m acts on a 
cantilever beam whose dimensions are shown in Fig. 70. Neglecting the weight 
of the beam and assuming the forces acting on the embedded portion to be 
distributed according to a linear law. determine the magnitude of the maximum 

intensities q m and q m of the given forces if b = 2a (compare with the dia¬ 
gram for Problem 15, § 17). 
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Solution. Replace the distributed forces by their resultants Q, R, and R'. 
By Eqs. (39) and (40), 

Q —- , R — 2 R — 2 ^ ,n 


Now write the equilibrium conditions (37) for the parallel forces acting on 
the beam: 

y]F by ^Q + R-R' = 0, 2 m c (F k ) = R - Q (4+t) =0 - 

Substituting the values of Q, R, and R' and solving the equations, we 
obtain: 



At b=2a we have q m = 16 q 0 and q\ n = 20 q 0 . 



oi the impounded water is y, and the weight of a unit volume of the dam 
Idling is y,. Assuming the forces acting on the foundation to be linearly 
disii ibuted (according to a trapezoidal law), determine the minimum and 
maximum intensities (t/, and r/ 2 ) of the forces. 

S o ! u t i o n. Consider a section of the dam of unit length perpendicular to 
the plane of the diagram. Consider further the forces acting on the section 
as if they were applied at the median cross section shown in Fig. 77. These 
forces are: the pressure of the water P, the weight of the dam Q, the vertical 
reaction of the foundation, which we shall denote by two forces R and R', 
and the horizontal reaction F. 

As the pressure of the water is determined by the weight of a column of 
height h, the maximum intensity of loading is q m = \h, and by Eq. (40), 
P — 'liQm h — The component R of the reaction of the foundation is 

the resultant of linearly distributed forces of intensity consequently, by 
Eq. (39), R=q t a. Component R' is the resultant of linearly distributed forces 
with intensity varying from zero to (q 2 — < 7 ,); hence, by Eq. (40), 
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R' = (q z — q x ) . Finally, the weight of a unit length of the dam is Q = y x ah, 
whence 

P = ^-yh*, Q = \iafi, R = q x a, R' = (q t — <?,)-|-. 

Writing now the equilibrium equations (33) and taking the moments about 
the point of application of force R, we obtain: 

2f, <s f-F = 0, 

'E l F ly ^R+R‘-Q=0. 

2m 0 (f») s -p|+R'{ = 0. 

The first equation gives the horizontal reaction F. From the second and 
third equations we find: 

R’=2P^; /? + /?' = (?. 

Substituting the values of the forces in the equations we obtain a simul¬ 
taneous system of two equations: 

q t -q x = 2y-^~ , q x -f- q t = 2y x h, 


solving which we finally obtain: 



It is worth noting that if the ratio of the width of the dam a to its 
height h is determined by the relation 



q x becomes zero. If a < h Y , then q x is negative, which means that a 

portion of the dam along A does not press on the foundation, creating the 
danger of seepage which can lead q 

to the destruction of the dam. ** x t f t , 

Problem 31. A gas cylinder of 4—-iSs. k** 

height // with an internal diame- v tC T t t j VJ 

ter d contains gas compressed to p --- ' 

kg/m*. The walls of the cylinder 

are of thickness a. Determine: (ppfrif 0 

1 ) the longitudinal, and 2 ) the lat- 1" .c l IV jTc 

eral stresses in the walls (stress. » _y 

is the ratio of the expanding force . 

to the area of the cross section). a) Fig. 73 . °' 

Solution. 1) Let us cut the 


Fig. 78- 


cylinder with a plane perpendicular 

to its axis and investigate the equilibrium of one portion ol the 
cylinder (Fig. 78a). Acting on it parallel to the cylinder axis 

Tld* 

are two forces: the pressure on the bottom F = -^-p and the resultant Q 
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of the set of distributed forces acting on the cross section (the action of the 

ji d 2 

removed portion). For equilibrium we have Q=F = —— p. Assuming the area 

of the cross section to be approximately nda, we obtain the following expan¬ 
sion stress a,: 



Q 1 d , f 

—t —— ~2 - P kg, in*. 

nda 4 a y 6 


2) Now cut the cylinder with a plane passing through the axis and exam¬ 
ine the equilibrium of one half of it. assuming all the forces to be acting 
on it in the plane of the median section (Fig. 78b). Acting on this half of 
the cylinder are: a) the pressure of the gas of intensity q = pH distributed 
uniformly along a semicircle (from Eq. (41) its resultant is R = qd = pHd) 
and b) the forces distributed along sections A and B (the action of the re¬ 
moved half) whose resultants are 5, and S 2 ; by virtue of symmetry, S t = S 2 = S. 
From the conditions of equilibrium we have S, -)- S, = R, whence 5 = '/* pdH . 
As the area of the section, along which force S is distributed is aH (neglecting 
the area of the section of the cylinder bottom), we find the expansion stress 

s Id,., 

a, = —v, = —- p kg nr. 

aH 2a' b 

It will be noticed that the transverse stress is twice as large as the longi¬ 
tudinal stress. 


Chapter 5 

ELEMENTS OF GRAPHICAL STATICS 

21). Force and String Polygons. Reduction of a Coplanar Force 
S\ stoni to Two Forces. In engineering problems graphical methods 
arc often used which, though less accurate than analytical meth¬ 
ods, produce faster and more easily visualised results. 



Fig. 79. 


The graphical method of solving problems of statics for coplan- 
a; force systems is based on the construction of force and string 
(or funicular) polygons. 

Consider a system of three forces F p F st F 3 acting on a rigid 
body (Fig. 79a). In Fig. 79 b is constructed a force polygon abed 
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with the given forces as its sides*. It will be recalled that when 
the end of the last force coincides with the beginning of the 
first force the polygon is said to be closed; otherwise it is said 
to be open. 

From an arbitrary point 0 (the pole) in the plane of the force 
polygon and not collinear with the sides of the polygon draw to 
the vertices of the polygon rays Oa, Ob, Oc, Od, which we shall 
number 01, 12, 23, and 30 (reading them “zero-one", “one-two", 
etc., as they denote the numbers of the forces coincident at the 
respective vertices). 

Now take in Fig. 79 a an arbitrary point A and draw through 
it a line parallel to rav 01 till its intersection with the action 
line of force F, at point B. From B draw a line parallel to rav 12 
till its intersection with the action line of force F, at C, etc. The 
resulting figure ABODE is called a siring (funicular) polygon. 
(If we take a string, pin it down at A and E and apply forces 
F,, F 2 and F, to it at points B, C, and D, then, when equilib¬ 
rium is maintained, it will take the shape of the broken line ABODE. 
Hence the name of the polygon.) 

A string polygon is closed if its first and last strings (.-IF and 
DE in our example) coincide, i.e., if they are collinear; other¬ 
wise the string polygon is said to be open. 

By such a construction it is possible to replace any coplanar 
force system with two forces directed along the first and last 
strings (AB and DE) of the polygon. We may observe from exam¬ 
ining the construction in Fig. 79 b that by drawing the rays On, 
Ob, etc., we have resolved each of the given forces F,, F,. F, 
into two forces, as 

F t =ab = aO \- Ob, F 2 = be = bO + Oc, F, = cd = cO Od. 

But we know (see § 7, Fig. 17) that forces equal to aO and Ob 
can replace F,, wherever they are applied along its action line. 
Let us apply the two forces at point B. which w’as obtained by 
the construction of the string polygon (Fig. 79«). Similarly, _let 
us replace forces F 2 and F, by forces iO and Oc, and cO and Od, 
applying them at points C and D respectively. Note that forces 

Ob, 1)0 and Oc, cO directed along lines BC and CD cancel out, 
as (from Fig. 79/;) Ob = —bO and Oc = — cO. Thus the system 

of forces F,, F,, and F a is replaced by two forces uO and Od 
directed along the first and last strings AB and DE of the string 
polygon. 

Analogous results are obtainable for any number ol forces. 

• We shall denote the fortes of a force polygon by numbers, e.g., 1 for 
2 for F 2 , etc. 
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30. Graphical Determination of a Resultant. If a force polygon 
constructed for a given coplanar system is not closed (the prin¬ 
cipal vector R=?= 0) the system, by § 23, can be reduced to a 
single resultant. 

Graphically the resultant can be determined by successively 
applying the parallelogram rule. With many forces, however, 
this becomes too cumbersome. Construction of force and string 



polygons simplifies the 
problem. 

Let a set of forces F t , 
F 2 , F 3 , F a be acting on a 
rigid body (Fig. 80a) and 
let abcde in Fig. 80b be a 
force polygon drawn to 
scale. Its closing side ae 
represents the magnitude 
and direction of the result- 


Fig. 80. 



Fig. 81. 


ant R. To determine its 
point of application, con¬ 
nect the vertices a, b , c, 
d, e with an arbitrary pole 
O and construct a string 
polygon ABCDE F, where 
Ab\\aO, BC\\bO, etc. (Fig. 
80a). The given forces, we 
know, can be replaced by 
two forces directed along 
AB and EF. Hence, their 
resultant (and consequently 
the resultant of the forces 


F y , F it F it F A ) passes through 
the point of intersection of AB and EF. Thus, by constructing 
a string polygon and continuing the first and last strings till 
their intersection, we obtain a point K through which the re¬ 
sultant of the force system passes. By drawing through K a line 
parallel to ae and applying force R at any point on it we ob¬ 
tain the resultant. 


A similar construction for parallel forces is shown in Fig. 81. 
The force polygon in this case is a line segment and the result¬ 


ant R = ae. 


31. Graphical Determination of a Resultant Couple. If a force 
polygon constructed for a given coplanar force system closes 
while the string polygon remains open, the system can be reduced 
to a resultant couple. 
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For, if a force polygon abcde constructed with the given forces 
F,, F t , F,, F 4 is closed (Fig. *2), rays aO and Oe coincide*. 
Then the first and last strings AB and EF of the string polygon, 
if it is not closed, are parallel. 

It follows from § 29 that the given forces may be replaced by 

two forces equal, in the present case, to aO and Oa (as Oe = Oa) 
and directed along AB and 
EF. Thus, the force system 
F |t F 2 , F 3 , /^js Replaced by 

the couple ( aO, Oa) with a 
moment arm d. The moment 
of this couple is Oad, where 
Oa is measured to the scale 
of the forces in the force poly¬ 
gon and d is measured to the 
scale of the original diagram. 

32. Graphical Conditions of Equilibrium of a Coplanar Force 
System. The results obtained in the foregoing sections show that 
for any coplanar system of forces acting on a rigid body to be in 
equilibrium it is necessary and sufficient for the force and string 
polygons constructed with the given forces to be closed (the graphb 
cal conditions of equilibrium). 

For, if any of the two polygons is not closed, a system can be 
reduced either to a resultant force or to a resultant couple, hence 
it will not be in equilibrium. If. on the other hand, both poly¬ 
gons close the forces acting on the body may, apparently, be re¬ 
duced to two equal coll inear forces of opposite sense (Fig. 82, 
when d = 0), and the body is in equilibrium. 

33. Determination of the Reactions of Constraints. Let us de¬ 
termine graphically the reactions of the supports A and K of the 
truss in Fig. 83a. First draw the truss to a suitable scale (e.g., 
0.4 m in 1 cm) and denote the given forces F,, F t , F, acting on 
it and the reactions of the supports /? 4 and /? s . The direction of 
R> is known and of /? 5 unknown. Now choose a scale for the 
forces (e.g., 0.5 t to 1 cm) and construct a force polygon 
(Fig. 83 b), starting with forces 1, 2, and 3. The construction ends 
with laying off the direction of force R % , as we do not know its 
magnitude (i.e., the location of point e). We do know, however, 
that the end of force R i must be at point a because, with the 
system in equilibrium, the force polygon must be closed. 

* In this case we denote the rays Oa. Ob. etc., by numbers 12, 23, 34, 
and 41, as in a closed polygon we have two forces at every vertex. 
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To continue our solution, take a pole 0 and draw rays 12, 23, 
34, 51. The direction of ray 45 is unknown because we do not 
know the location of vertex e of the force polygon. To find this 
ray construct a string polygon next to the diagram in Fig. 83a, 
starting with point A where the force R s of unknown direction is 
applied (otherwise you will be unable to close the polygon, as A 
is the only known point on the action line of /? s ). From point A, 
where force /?. is applied, draw string 51 to its intersection with 



the action line of F, at B, from there string /- till its inter¬ 
section with the action line of t\ at C, string 23 till its inter¬ 
sect ion with the action line of F, at D, and string 34 till its 
intersection with the action line of R t at £. The.closing line tA 
of the string polygon gives, by virtue of the conditions of equilib¬ 
rium, the direction of string 45. rA 

In Fig. we can now draw ray 45 from O parallel to LA. 

Its point of intersection with the direction of force 4 gives us the 
required vertex e of the force polygon. Vector de denotes the re¬ 
quired force R x , and vector ea the required force R s to scale, 

which .okes the problem. f 

An example of the graphical determination of the reactions ot 
, 'iip ports when the given forces are parallel is shown in 
1 ig. si. In this case construction of the string polygon can star 
at any point, as tiie direction of both reactions is immediately 
known. The required ray 45 is shown in both diagrams by a 

double line. 


31. Graphical Analysis of Plane Trusses. A truss is a rigid 
structure composed of straight members connected at their ends by 
pins. If the members of a truss are coplanar it is called a plane 
truss. The points of intersection of the members are called joints. 
All external loads on the truss act only at the joints. In solving 
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trusses, the friction at the joints and the weight of the members 
are assumed to be negligible in comparison with the external 
forces and are neglected (or the weight of the members is dis¬ 
tributed to the joints). Hence, acting on every truss member are 
two forces applied at its ends; being in equilibrium, the forces 
are directed only along the members. It follows that the members 
of a truss work only in tension or in compression. We shall restrict 



ourselves to the consideration of rigid plane trusses composed of 
triangles. In such trusses the relation between the number of 
members k and the number of joints n is expressed by the equa¬ 
tion: 

k = 2/1 — 3. (42) 

In fact, any rigid triangle composed of three members has three 

joints (see, for example, the triangle in Fig. 85 formed by mem¬ 

bers /, 2, 4). Each new joint requires only two new members 
(e.g., joint III in Fig. 85 is attached by members 3 and 5). 
Hence, for the remaining (n — 3) joints 2 (/i—3) members are 
required. The total number of members of a truss is thus 
k =‘d - r 2 (n — 3) = 2 n — 3. A truss with fewer members will not 
be rigid, one with more members will be statically indeterminate. 

By the solution of a truss is meant the determination of the 
reactions of the supports and the stresses in the members. The 
reactions of the forces are determined first, by either the graph¬ 
ical (§ 33) or analytical (§ 26) method, the truss being consid¬ 
ered as a rigid body and its equilibrium as a whole being examined. 
Then the stresses in the members are determined. For this every 

joint is “cut out’' of the truss and the equilibrium of the mem¬ 

bers attached to it is investigated, starting with a two-member 
joint (otherwise it would be impossible to determine the unknown 
stresses). 

As an example let us consider the truss in Fig. 85a. It has 6 
joints and 9 members. It satisfies Eq. (42) and therefore is rigid 
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and has no redundant members. The reactions of the supports /? 4 
and R i were determined in § 33, and forces F x > F lt F s are known. 

Now consider the equilibrium of the members attached to joint 
I (we shall denote the joints by Roman and the members by 
Arabic numerals). Assume the members to be severed from the 

truss*. The action of the re¬ 
moved portion of the truss is 
shown by forces 5, and S t 
directed along members 1 and 
2. We construct a closed tri¬ 
angle with forces /? s , S,, and 
S t , which intersect at joint / 
(Fig. 856). For this, first lay 
off the known force /? s to scale 
and then draw through its 
beginning and end lines paral¬ 
lel to members 1 and 2. This 
gives us forces 5, and S x 
acting on members 1 and 2. 
Now consider the equilibrium 
of the members attached to 
joint II. The action of the 
removed portion of the truss 
on them is denoted by 

forces S,\ S : , and directed along the respective members. Force 

Si is known from the principle of action and reaction, for 5! = 
= — 5,. Constructing a closed triangle with the forces intersecting 
at joint II (starting with Sj), we find the magnitudes of 5, and 5* 

(in this case S 4 = 0). Similarly we de¬ 
termine the stresses in all the other 
members. The force polygons for all 
the joints are shown in Fig. 856. The 
last polygon (for joint VI) is constructed 
only to check the solution, as all the 
forces in it are already known. 

The type of stress in each member 
may be determined as follows. “Cut out” 
a joint with portions of the members 
attached to it (for example, joint III) Fig- £6. 

and apply the found forces to the sec¬ 
tions of the members (Fig. 86). The force directed away from 
the joint (5, in Fig. 86) causes tension in the member; the force 




* Fig. 86 shows the members of joint III severed for investigation of its 
equilibrium. All the other joints should be considered as cut out in thesameway. 
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directed towards the joint (5, and S t in Fig. 86) causes compres¬ 
sion. Conventionally tension is denoted by a sign and com¬ 

pression by a “—” sign. Thus, in the present case 5 J =-|-0.2 t 
and S # =— 0.3 t. In the example in Fig. 85 members 1, 2, 3, 
6, 7, and 9 are in compression and members 5 and 3 are in ten¬ 
sion. 

35. The Maxwell Diagram. Trusses can be solved graphically much quicker 
and the results represented in more compact form if the force polygons for all 
the joints are constructed in a single diagram of forces called the Maxwell 
diagram, or the Cremona polygon of forces. . 

Very important in solving trusses by this method is a strict order of approach. 

The following steps are suggested: 




1) Determine the reactions of the supports of the truss. 

2) Draw the given forces and the reactions of the supports acting on the 
truss, placing all the vectors outside the periphery of the truss (Fig. 87u) Denote 
the regions on either side of the forces and between the members of the truss 

by 3) cinsUuct 4 a dofed’force^polygon with the external for^s (i.e .. the loads 
and the reactions of the supports) to scale laying them off in 
they occur clockwise around the periphery of the truss (the heavy lines m Fig. 8/6). 
It will be found convenient to denote the beginning and end of each force by 
lower-case letters corresponding to the labels of the regions_on either side_of 

it taken in clockwise direction (thus force F x is denoted by u6 force F, .by be, 
etc.). We thus obtain the polygon abedea of external forces acting on the truss 
(arrowheads are conventionally not drawn in the diagram). f .. H 

4) Now successively attach to this polygon the force pedygons fo1 ' ^ 1 lle 
joints of the truss, starting from a two member joint. Construction of each poly¬ 
gon should Start with a known force, and the forces should be laid of) « e 
order in which they occur passing clockwise round the /otnt. (1 he stresses in the 
members are denoted like the external forces: the stress in member / b> of, in 

member 2 by fe. etc.). , „ , „ 

For joint VI in Fig. 87 a, for instance, the given forces F t and are 

already denoted in the diagram as cd and de (Fig. 876). From point c draw a 

line parallel to member 8. and from point c a line parallel to member J. The 

intersection of the lines gives us the vertex k of the closed force polygon edeke 
for joint VI. The force polygons for the other joints are constructed similarly. 
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The diagram of forces for the whole truss is shown in Fig. 87 b. In order to 
determine the stress, say, in member 1, we “cut out” joint 1 and, reading 
clockwise, find the name of the required force: cif. In the diagram we find the 

vector af and determine its magnitude. Applying now the vector to the section 
of member l (see Fig. 86) we find that the member is in compression. The same 
result obtains if joint //is cut _out—only, reading clockwise, we find that the 

required vector is denoted by fa. This notation of forces thus automatically 

takes account of the law of action and reaction. 

Note the following special cases: 

1) If attached to a joint not subjected to external loads are three members, 
two of which are collinear (joint // in Fig. 87 a), the stress in the third mem¬ 
ber (member 4 in Fig. 87 a) is 
zero, as can be deduced by con¬ 
structing a force polygon. The 
member is called a zero member. 
That is why in the diagram in 
Fig. 87 b points g and f coincide 
(gf = 0)- 

2) If a truss has intersecting 
members (members 1 and 5 in 
Fig. 88a) the force diagram for 
them can be constructed in the 
ordinary way, their point of 
intersection being considered as a 
joint. The stresses in members / 
and 5 are equal in magnitude 
and type and will appear twice in the diagram, as shown in Fig. 88b. Lines 
(ie and fg denote the stress in member 1. and lines ef and gd, in member 5. 

■3) If in constructing a diagram you come upon a joint with more than two 
unknown quantities, try and construct the diagram simultaneously from two 
ends of the truss (if the truss is not symmetrical) or determine the stress in 
some member^ by the analytical method of sections. 

In order to determine the stresses by the analytical method a section is 
part'd through the truss, cutting three members (e.g., members 3. 4, and 2 in 
Fig. S7c?). I'iie equilibrium equations (35) are written for either of the truss 
portions, taking moments about the points where the cut members converge. 
If two such members are parallel Eqs. (34) will be found to be more convenient, 
with the components taken parallel to the axis normal to the members. This 
mi-! hod can be used to verify the correctness or accuracy of the graphical solu¬ 
tion o? a tnn.s for any member or joint. 



Chapter 6 

FRICTION 

36. Laws of Static Friction. We know from experience that 
when two bodies tend to slide on each other a resisting force 
appears at their surface of contact which opposes their relative 
motion. This force is called static friction. 

Friction is due primarily to minute irregularities on the con¬ 
tacting surfaces which resist their relative motion and to forces of 
adhesion between contacting surfaces. A detailed examination of 
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the nature of friction is a complex physico-mechanical problem 
lying beyond the scope of theoretical mechanics. 

Engineering calculations are based on several general laws 
deduced from experimental evidence which reflect the principal 
features of friction with an accuracy sufficient for practical purposes. 
These laws, the laws of static friction, can be formulated as follows: 

1. When two bodies tend to slide on each other a frictional 
force is developed at the surface of contact the magnitude of 
which can have any value from zero to a maximum value F r 
which is called limiting friction , or friction of impending motion. 

Frictional force is opposite in direction to the force which 
tends to move a body. 

2. Limiting friction is equal in magnitude to the product of 
the coefficient of static friction (or friction of rest) / 0 and the 
normal pressure or normal reaction N: 

F t = f v N. (43) 

The coefficient of static friction / 0 is a dimensionless quantity 
which is determined experimentally and depends on the material 
of the contacting bodies and the conditions of the surfaces (their 
finish, temperature, humidity, lubrication, etc.). 

3. Within fairly broad limits, the value of limiting friction 
does not depend on the area of the surface of contact. 

Taken together, the first and second laws state that for condi¬ 
tions of equilibrium the static friction F--^F,, or 

F^f„N. (44) 

The coefficient of friction can be determined experimentally 
by means of a si nip le device shown schematically in Fig. 89. The 
horizontal plate AB and rectangu¬ 
lar block l) are made of mate¬ 
rials for which the coefficient of 
friction is to be determined. Act¬ 
ing on block D is the force of 
gravity P, which is balanced by 
the normal reaction of the plate 
N. and the applied force Q which, 
when the system is at rest, is bal- Flg - 89 - 

anced by the frictional force F 

(the scalar magnitude of Q is equal to the weight of the pan E 
with the weights). By gradually loading the pan we determine 
the load Q * at which the block starts moving. Obviously, the 
limiting friction F t = Q*. Hence, as in this case N = P, we find 
from Eq. (43): n , 

c _ 1 1 _y 

/o N - p • 
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A series of such experiments will demonstrate that, within 
certain limits of the weight P of the block, Q* is proportional 
to P, and f 0 is independent of P. The coefficient of static fric¬ 
tion f Q is also independent of the magnitude of the area of 

contact, within certain limits. This confirms the validity of the 
2nd and 3rd laws of friction. The validity of the 1st law follows 
from the fact that at any value of Q less than Q* the block 
remains at rest. Hence, the frictional force F , which balances 
force Q , can actually assume any value from zero (at Q = 0) to 

F t (at Q^Q*). 

Attention should be called to the fact that, as long as the 

block remains at rest, the frictional force is equal to the applied 
force Q , and not to F l = f () N . The force of friction becomes equal 
to / 0 /V only when slipping is impending. 

The following table offers an idea of the values of the co¬ 
efficient of static friction for various materials: 

wood on wood.0.4 to 0.7 

metal on metal .0.15 to 0.25 

steel on ice.0.027 

• 

For more detailed information the student is invited to consult 
engineering handbooks. 

The foregoing refers to friction of rest. When motion occurs, 
the frictional force is directed opposite to the motion and equals 
the product of the coefficient of kinetic, or sliding, friction and 
the normal pressure: 

F = fN. 

The coefficient of kinetic friction f is also a dimensionless 
quantity which is determined experimentally. The value of / 
depends not only on the material and conditions of the contact¬ 
ing surfaces but also, to some degree, on the relative velocity of 
the bodies. In most cases the value of / at first decreases with 
velocity and then attains a practically constant value. 

37. Reactions of Rough Constraints. Angle of Friction. Up till 
now, in solving problems of statics, we neglected friction 
and regarded the surfaces of constraints as smooth and their 
reactions as normal to the surface. The reactions of real (rough) 
constraints consist of two components: the normal reaction N and 
the frictional force F perpendicular to it. Consequently, the total 
reaction R forms an angle with the normal to the surface. As 
the friction increases from zero to F t , force R changes from IV 
to R t , its angle with the normal increasing from zero to a max¬ 
imum value q> 0 (Fig. 90). The maximum angle cp 0 which the 
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total reaction of a rough support makes with the normal to the 
surface is called the angle of static friction, or angle of repose. 
From the diagram we have: 


tan 


Since F l — f 0 N, we have the following relation between the 
angle of friction and the coefficient of friction: 


tan cp 0 =/, 


(45) 



When a system is in equilibrium the total 
reaction R can pass anywhere within the angle 
of friction, depending on the applied forces. 

When motion impends, the angle between 
the reaction and the normal is cp 0 . 

If to a body lying on a rough surface is applied a force P 
making an angle a with the normal (Fig. 91), the body will move 
only if the shearing force P sin a is greater than F / = / 0 P cos a 

(neglecting the weight of the body and con¬ 
sidering A/ = Pcosa). But the inequality 
P sin a >/ 0 P cos a, where f 0 = tan<p 0 , is sat¬ 
isfied only if tan a >• tan (p 0 , i.e., if a^>ip 0 . 
Consequently, if angle a is less than tp 0 the 
body will remain at rest no matter how great the 
applied force. This explains the well-known 
phenomena of wedging and self-locking. 



'zzz/zzzz/ /A /'/// zA, / 


Fig. 91. 


38. Equilibrium with Friction. Examination of the conditions 
for the equilibrium of a body taking friction into account is 
usually limited to a consideration of the conditions when motion 
is impending and the frictional force acquires its maximum val¬ 
ue F r For the analytical solution of problems the reaction of a 
rough constraint is denoted by its two components N and F lt 
where F, = f 0 N. The known equations of static equilibrium are 
then written, substituting f 0 N for F t , and solved for the required 
values. 

If the problem requires that all possible positions of equilibrium 
be determined, it is sufficient to solve only for the position of 
impending motion. Other positions of equilibrium can then be 
found by reducing the coefficient of friction / 0 in the obtained 
solution to zero*. 


* For, when motion is impending, the force of friction F = F ( = f 0 N . In 
other positions of equilibrium F < f 0 N\ lienee these positions can be found by 
reducing the value of /„ in the equation F=[ Q N. At /„ = 0 equilibrium is lor 
the case of an absolutely smooth constraint. 
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It is important to note that in positions of equilibrium when 
motion does not impend the force of friction F is not equal to F r 
and its magnitude, if it is required, should be determined from 
the conditions of equilibrium as a new unknown quantity (see 
second part of Problem 32). 

In graphical solutions it is more convenient to denote the 
reaction of a rough support by a single force R, which in the 

position of impending motion will be in¬ 
clined at an angle cp 0 to the normal to the 
surface. 

Problem 32. A load of weight P = 10 kg rests 
on a horizontal surface (Fig. 92). Determine the 
force Q that should be applied at an angle ct=30° to 
the horizontal to move the load from its place, if 
the coefficient of static friction for the surfaces of con¬ 
tact is = 0 . 6 . 

Solution. According to the conditions of the problem we have to consid¬ 
er the position of impending motion of the load. In this position acting on 
it are lorces P, Q, N. and F t . Writing the equilibrium equations in terms of 
the projections on the coordinate axes, we obtain: 



Q cos a — F[ = 0; N -f- Q sin a — P = 0. 


From the second equation N = P — Q sin a, whence: 

= / 0 .V = / 0 (P — Q sin a). 

Substituting this value of F c in the first equation, we obtain finally: 



/.,P 

cos ci -f- /„ sin a 


5.2 kg. 


If a '.mailer force is applied to the load, say Q' = 4 kg. the shearing force 

will equal Q cos 30° = 2 ] 3—3.46 kg. The maximum friction which can devel¬ 
op in this case is F l = f lt (P — Q' sin 30 3 ) = 

1.8 kg. and the load will remain at rest; 
the friction which keeps it in equilibrium can 
he lound from the equilibrium equations in 
terms of the x projections, and will be equal to 
the shearing force (F' = Q' cos 30° = 3.46 kg), 
and not to Fi- 

Attention is drawn to the fact that in all 
iiu- computations F t should he determined from 
the formula F t = f„i\f, ,V being found from the 
conditions of equilibrium. A frequent mistake 
in solving problems of this type is made in 
assuming F l — fJ > , though actually the pressure on the surface is not equal to 
the weight of the load P. 

Problem 33. Determine the angle a to the horizontal at which the load on 
the inclined plane in Fig. 93 remains in equilibrium if the coefficient of fric¬ 
tion is /„. 

Solution. The problem requires that all possible positions for the 
equilibrium of the load be determined. For this, let us first establish the posi¬ 
tion of impending ni >tion at which a. — ci : . In that position acting on the load 
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are its weight P, the normal reaction N and the limiting friction F . Construct¬ 
ing a closed triangle with these forces, we find that F t = N tan <x t . But, on 
the other hand, F t = f 0 N. Consequently, 

tan «, = /„. 

In this equation decreases as /„ decreases. We conclude, therefore, that 
equilibrium is also possible at a < a,. Finally, all the values of a at which 
the load remains in equilibrium are determined by the inequality 

tana</ 0 . f h ) 

If there is no friction (/ o = 0). equilibrium is possible only at a = 0. Con¬ 
sequently, whereas with friction equilibrium is possible at all values of the angle 
of inclination of the plane between zero and a ( . without friction equilibrium is 
possible at only one value of the ang- . i 


-- I - 
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Fig. 94. 


constrained 


le a, which is zero. This is the differ- ' l / 7 p, 

ence between equilibrium with friction , —^ '*"! 
and the equilibrium of systems with ^ J'-i | 

absolutely smooth (frictionless) con- f •' * M 

straints. \ F — / 

The result expressed in equation i 1 

(a) can be used for the determination ? r +1 

of the coefficient of friction by finding 6 -LjJL ° -I - 

angle a t by experiment. | x _ 

Note also that, from /„ = tan tf„. I p p 

where q> 0 is the angle of friction, it fol- " 

lows that a, = cp 0 , i. e., the largest angle oj 

at which a load resting on an inclined 

plane remains in equilibrium(theangleof l ig. 94. 

repose) is equal to the angle of friction. 

Problem 34. A bent bar whose members are at right angles is constrained 
at A and B as shown in Fig. 94. The vertical distance between A and B is /«- 
Neglecting the weight of the bar. determine the thickness d at which the bar 
with a load lying on its horizontal member will remain in equilibrium regardless 
of the location of the load. The coefficient of static friction of the bar on the 

constraints is / 0 . 

Solution. Let us denote the weight of the load by P and its distance 
from the vertical member of the bar by /. Now consider the position of 
impending slip of the bar. when d = d,. In this position acting on it are 
forces />, AT, F t N’ t an d F', where F and F' are the forces of limiting friction. 
w riting the equilibrium equations (33) and taking the moments about A, we 
obtain: 

N — AT =0, F + F' — P — 0, Nil — Fill — PI = 0, 
where F = / 0 A and F'=f 0 N'. From the first two equations we find: 

N = N\ P = 2f 0 N. 

Substituting these values in the third equation and eliminating N, we have. 

h - Mi - 2/„/ = 0, 

whence 

di=f--2l. 

II in this equation we reduce /„ the right-hand side will tend to infinity. Hence, 
equilibrium is possible at any value of d > d t . The maximum value ol d ( is at 
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/—0. Thus, the bar will remain in equilibrium wherever the load is placed 
(at /SsO) if the inequality 



is satisfied. The less the friction the greater must d be. If there is no friction 
(/„ = ()) equilibrium is obviously impossible, as d — oo. 

Here now is a graphical solution of the problem. Instead of the normal 
reactions and the frictional forces we denote at points A and B the total reac¬ 
tions R A and whose angles with the normals in the 

condition of impending slip will be equal to the angle 
of friction <p 0 (Fig. 946). Thus, acting on the bar are 
three forces R A , R B , and P. For equilibrium they must 
all intersect at K, where forces R A and R B intersect. 
We obtain the equation h=(l-\-dt) tan q? 0 -f- / tan (p 0 , 
which could be expected from an examination of the diag¬ 
ram, or /z = (2/ -\-d t ) as tan(p„ = /„. Thus we obtain 
the same result for d t as in the analytical solution. 

The problem offers an example of a self-locking device 
which is often used in practice. 

Problem 35. Neglecting the weight of the ladder AB 
in Fig. 95, determine the values of angle a at which a 
man can climb to the top of the ladder at B if the angle of 
friction for the contacts at the floor and the wall is <p 0 . 
Solution. Let us examine the position of impending 
slip of the ladder by the graphical method. For impending motion the forces acting 
on the ladder are the reactions of the floor and wall R A and R B which are inclined 
at the angle of friction cp„ to the normals to the surfaces. The action lines of the 
reactions intersect at R. Thus, for the sys¬ 
tem to be in equilibrium the third force P 
(the weight of the man) acting on the ladder 
mud also pass through K . Hence, in the posi¬ 
tion shown in the diagram the man cannot 
climb higher than D. For him to reach B 
the action lines of R A and R B must intersect 
somewhere along BO, which is possible only 
if force R A is directed along AB, i.e., when 
O. If’,). 

Thus a man can climb to the top of a 
ladder only if its angle with the wall does not 
exceed the angle of friction with the floor. 

The friction on the wall is irrelevant, i.e., 
the wall may be smooth. 

39. Belt Friction. A force P is applied Fig. 96. 

at the end of a string passing over a cy¬ 
lindrical shaft (Fig. 96). Let us determine the least force Q that must be applied 
at the other end of the string to maintain equilibrium. 

Consider the equilibrium of an element DE of the string of length dl==Rd9, 
where R is the radius of the shaft. The difference dT between the tensions in 
the string at D and E is balanced by the frictional force dF = f 0 dN (dN is the 
normal reaction), since at the lowest value of Q motion is impending. Con¬ 
sequently, 

dT = f 0 dN. 

The value of di\ is determined from the equilibrium equation derived for the 
force components parallel to axis Oy. The sine of a very small angle approxi- 




Fig. 95. 
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mately equals the angle itself, and. neglecting small quantities of higher order, 
we have: 

dN = T sin y 4 - {T + dT) sin ^ = 2T ^ = 77/0. 

Substituting this value of dN in the preceding equation we obtain: 

dT = f 0 Td9. 

Dividing both members of the equation by T and integrating the right-hand 
member in the interval from 0 to a and the left-hand member from Q to P 
(as the tensions in the string are Q at the point where 0 = 0, and P at the 
point where 0 =a), we obtain: 



from which it follows that PIQ = e fu *, or 

Q = Pe~ /o% . (46) 

We see that the required force Q depends only on the coefficient of friction 
/o and the angle a; it does not depend on the radius of the shaft. If there is no 
friction (/ o = 0),we have, as could be expected, Q = P. Of great practical importance 
is the fact that by increasing angle a (wrapping the string around the shaft) 
it is possible substantially to reduce the force Q required to balance force P. 
Table 1 shows, for example, that a tension of one ton can be supported by 
only 2 kg by wrapping a hemp rope twice about a wooden post. 

Eq. (4G) also gives the relation between the tensions in the driving part (P) 
and the driven part ( Q ) of a belt uniformly rotating a pulley without slippage. 
Assuming, for instance, a = n and, for a leather belt on a cast-iron pulley, 
/ 0 = 0.3 the ratio of the tensions Q/P = e~° *~ 0.4. 


Table 1 

VALUES FOR Q/P AT / 0 = 0.5 



Problem 36. A force F is applied to the lever DE of the band-brake in 
Fig. 97. Determine the frictional torque A1 r exerted on the drum of radius R, 
if CD = 2CE and the coefficient of friction of the band on the drum is/ o = 0.5. 

Solution. Acting on the drum and band AB wrapped around it is a 
force P (evidently P =2F) applied at A and a force Q applied at B which is 
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determined by Eq. (46). We also have f 0 — 0.5 and a = -^-Ji=3.93 radians. Hence,' 


$ 

-R 

8 


Q — 2Fe ° =^0.2 SF. 

The required torque is 

M t = (P — Q) R = 1.72 FR kg-m. 

The less the value of Q, i.e., the greater the coefficient of friction f 0 and 
the angle a, the greater the torque. 


40, Rolling Friction and Pivot Friction. Rolling friction is 
defined as the resistance olTered by a surface to a body rolling 
on it. 

Consider a roller of radius R and weight P resting on a rough 
horizontal surface (Fig. 98a). If we apply to the axle of the roll¬ 
er a force Q<^F t there will be 
developed at A a frictional force 
F , equal in magnitude to Q, which 
prevents the roller from slipping on 
the surface. If the normal reaction 
N is also assumed to be applied 
at A, it will balance force P , with 
forces Q and F making a couple 
which turns the roller. If these 
assumptions were correct we could 
expect the roller to move, how¬ 
soever small the force Q. 




Fig. 98. 


~ — — — — - *. 

Experience tells us, however, that this is not the case; for, 
due to deformation, the bodies contact over a certain surface AB 
(Fig. 98/>). The action of force Q tends to shift a portion of the 
load from A to B. As a result, the reaction AT is shifted in the 
direction of the action of force Q. As Q increases this displace¬ 
ment grows till it reaches a certain limit k. Thus, in the posi¬ 
tion of impending motion, acting on the roller will be a couple 
i() , F) of moment Q { R balanced by a couple (N, P) of moment 
Nk. As the moments are equal we have Q { R = Nk, or 


Qi 


R 


N. 


(47) 


As long as Q<^Q t the roller remains at rest; when Q > Q t it 
starts to roll. 

The linear quantity k in Eq. (47) is called the coefficient of 
rolling friction , or resistance , and is generally expressed in cen¬ 
timetres. The value of k depends on the material of the bodies 
and is determined experimentally. The following list offers an 
idea of some typical values of k : 
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Wood on wood ..0.05 to 0.08 cm 

Mild steel on steel (wheel on rail) .... 0.U05 cm 

Hardened steel on steel (ball bearing) . . . 0.001 cm 

The ratio kJR for most materials is much less than the coeffi¬ 
cient of static friction f 0 . That is why in mechanisms rolling parts 
(wheels, rollers, ball bearings, etc.) are preferred to sliding parts. 

Problem 37. Determine the values of angle a at which a cylinder of ra¬ 
dius R will remain at rest on an inclined plane if the coefficient of rolling 
friction is k (Fig. 99). 

Solution. Consider the position of impending motion, when a = a,. 
Resolving force P into rectangular components P x and P we find that the 
moving force Q,= P x == P since, . and the normal 
reaction N = P 2 = P cos a,. From Eq. (47) we have: 


or 


P sin a, = — P cos a,, 
K 


tana, = — . 



If k tends to zero the value of a, also tends to 
zero. We conclude from this that equilibrium is main¬ 
tained at any angle a<a,. This result may be used 
for determining coefficient k by experimentally finding 
angle a,. 

Concept of Pivot Friction. Consider a 
sphere at rest on a horizontal plane. If a horizontal , 

couple of moment A4 is applied to the sphere it will tend to r ..j'i . . 

about its vertical axis. We know from experience that the sphere_ w start 
turning only when M exceeds some specihc value Al/ whicli ib ) 

the equation . , «o v 

H M e = lN. f 48 > 

where N is the normal pressure of the sphere on the 

equal to the sphere’s weight. This result is explained by the ^^ nK of U e 
so-called pivot friction, i.e.. resistance to rotation due to the fnclion of II e 
sphere on the surface. This is the type of friction developed ini step beanng> 
(pivots). The factor l in Eq. (48) is a linear quantity called^ lhe 
pivot friction. The value of l is very small (one-fifth to one-tenth of the coef¬ 
ficient of rolling friction U). 


Chapter 7 

COUPLES AND FORCES IN SPACE * 

41. Moment of a Force About a Point as a Vector. Before 
proceeding with the solution of problems of statics for force sys¬ 
tems in space, we should elaborate some of the concepts intro¬ 
duced before. Let us begin with the concept of moment of a force. 

• The student who is interested only in the methods of solving problems 
involving the equilibrium of bodies subjected to non-coplanar force systems may 
leave out §§44-47, which deal with the reduction of couples and forces in space. 
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1. Vector Expression of a Moment. The moment of a 
force F about a centre O (see Fig. 100). as a measure of the 
tendency of that force to turn a body, is characterised by the follow¬ 
ing three elements: 1) magnitude of the moment, which is equal 
to the product of the force and the moment arm, i.e., Fh; 2) the 
plane of rotation OAB through the line of action of the force F 
and the centre 0; and 3) the sense of the rotation in that plane. 
When all the given forces and the centre 0 are coplanar there is 
no need to specify the plane of rotation, and the moment can be 

defined as a scalar algebraic quantity 
equal to ± Fh, where the sign indi¬ 
cates the sense of rotation (see § 14). 

If, however, the given forces are not 
coplanar, the planes of rotation have 
different aspects for different forces and 
have to be specified additionally. The 
position of a plane in space (its aspect) 
can be specified by specifying a line 
(vector) normal to it. if, furthermore, 
the modulus of this vector is taken as ■ 
representing the magnitude of the force 
moment, and the direction of the vector 
is made to denote the sense of rotation, such a vector completely 
specifies the three elements which characterise the moment of a 
force with respect to a given centre 0. 

Thus, in the general case we shall denote the moment m 0 (F) 
of a force F about a point 0 (Fig. 100) by a vector M 0 applied 
at O, equal in magnitude (to some scale) to the product of the 
force F and the moment arm h, and normal lo the plane OAB 
through 0 and F. \Y'e shall direct vector M 0 so that the rotation 
viewed from the arrowhead is observed as counterclockwise . Vector M 0 
will thus specify the magnitude of the moment, the plane of rota¬ 
tion OAB, which may be different for different forces, and the 
sense of rotation in that plane. The point at which vector M 0 is 
applied defines the position of the moment centre. 

2. Expression of Moment of a Force in Terms of 
a Vector (Cross) Product. Consider the cross product of 

vectors OA and F (Fig. 100). From the definition*, 

|CMXF| = 2 areas of /\0AB = Al o , 


* The cross product a X b of vectors a and b is itself a vector c equal in 
magnitude to the area of a parallelogram constructed with vectors a and b as 
its sides. Vector c is perpendicular to the plane through the two vectors in the 
direction from which a counterclockwise rotation would be seen to carry a into b 
through the smaller of the angles between them. 
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as vector Al 0 is equal in magnitude to twice th: area of triangle 
OAB. Vector (OA '/^F) is perpendicular to plane OAB in the direc¬ 
tion from which a counterclockwise rotation would be seen to 

carry OA into F through the smaller angle between them (when 
' the two forces are laid off from the same point), i.e., it is in the 

same direction as vector M 0 . Hence, vectors (0/4 X^) and Mp are 
equal in magnitude and direction and, as can be readily \eiified, 
in dimension also, i.e., they both denote the same quantity. 

Therefore, _ 

M 0 = OA X F or M 0 = rXf. (49) 

where vector r = 0A is the radius vector from 0 to A. 

Thus, the moment of a force F about a centre O is equal to the 

cross product of the radius vector r = 0A from 0 to the point of 
application A of the force, and the force itself. This expression of 
moment of a force will be found convenient in proving some 

theorems. 


42. Moment of a Force with Respect to an Axis. Belore pro¬ 
ceeding with the solution of problems of statics for any force 
system in space we must intro¬ 
duce the concept of moment 
of a force about an axis. 

The moment of a force about 
an axis is a measure of the ten¬ 
dency of the force to produce 
rotation about that axis. Con¬ 
sider a rigid body free to rotate 
about an axis z (Fig- 101)- Let 
a force F applied at A be acting 
on the body. Let us now pass a 
plane xy through point A normal 

to the axis z and let us resolve . 

the force F into rectangular components F z parallel to the z axis 

and F in the plane xy ( F xy is in fact the project,on of fo ce F on 
the plane xy). Obviously, force F z . being pa, a lei toi axis z, 
cannot turn the body about that axis (,t only tends to translate 
the body along it). Thus we find that the total tendency- of 
force F to rotate the body is the same as that ol ,ts component 
F xy . We conclude, then, that 

m r (F) = m z (F xv ), 



(50) 


where m (F) denotes the moment of force F with respect to axis z. 

But the rotational effect of force F x „, which lies in a p.ane perpen¬ 
dicular to axis z, is the same whether considered with respect to 


4—2984 
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axis z or to point 0 , where the axis pierces the plane xy. Hence, 

m z (F>y) = m O ( F xy) ° r - by E q- (5°)*. 

m, (F) = m 0 (F xy ) = + F xy h. (51) 

From this we deduce the following definition: The moment of a 
force about an axis is a scalar quantity equal to the moment of the 
projection of that force on a plane normal to the axis with respect 
to the point of intersection of the axis and the plane. 

We shall call a moment positive if the rotation induced by 
force F xy is seen as counterclockwise when viewed from the pos¬ 
itive end of the axis, and negative if 
* it is seen as clockwise. 

It is evident from Fig. 101 that in 
/ / computing a moment according to Eq. 

/ (51) plane xy may pass through any 

/(xy) xy / point on the axis z. Thus, in order to 

determine the moment of a force about 
F| g- ,02 * axis z in Fig. 102 we have to: 1) pass an 

arbitrary plane xy normal to the axis; 
2) project force F on the plane and compute the magnitude 
of F xy \ 3) erect a perpendicular from point 0, where the plane 
and axis intersect, to the action line of F xv and determine its 
length h \ 4) compute the product F x h; 5) determine the sense of 
the moment. 

In determining moments the following special cases should be 
borne in mind: 


r *y 


Fig. 102. 


2) project 


1) If a force is parallel to an axis, its moment about that axis 
is zero (since F xv = 0). 

2) If the line of action of a force intersects with the axis, its 
moment with respect to that axis is zero (since h — 0). 

Combining the two cases, we conclude that the moment of a 
force with respect to an axis is zero if the force and the axis are 
co planar. 

3) If a force is perpendicular to an axis, its moment about 
that axis is equal to the product of the force magnitude and the 
perpendicular distance from the force to the axis. 


Problem 38. Determine the moments with respect to the coordinate axes of 
forces P and Q acting on a horizontal plate as shown in Fig. 103. 

Sol n t ion. 1) Force P is parallel to the z axis, perpendicular to the x 
and y axes, and passes at a distance of bj 2 and a/2 from them respectively. 
Hence, taking into account the signs, 

"'.v (P>=— P ' ni y (P) = P~, m , (P) = 0. 


1 he symbol ni n (F). which we used for coplanar force systems and which 
ve shall continue to use, denotes the scalar (algebraic) magnitude of the moment. 
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2) To determine rn x (Q), project force Q on the yz plane. We obtain: 

Qyx — Q s' n ci. 

The moment arm of force Q vz with respect to 0 is b and the rotation in¬ 
duced by it. when observed from the end of the x axis, is counterclockwise. 
Consequently, 

m x (Q) = bQ sin a. 


Now let us determine m y (Q). Force Q lies in plane ADD. which is normal 
to the y axis and intersects it at B. Consequently. Q XZ = Q. Erecting a perpen¬ 
dicular from B to the action line 
of Q(see supplementary diagram 
in Fig. 103), we find that it is 
of length /i=asin a. Finally, 
taking into account the sense 
of rotation, we obtain 



m y (Q) = — Qa sin a. 

To determine m. (Q), we pro¬ 
ject force Q on the xy plane 
and find that Q x ,,= Qcosa. and 
that the moment arm of Q xy 
with respect to 0 is b. Hence, 
taking into account the sign, 

m z (Q) = bQ cos a. 

Analytical Expression of the Moment of a Force 
about the Coordinate A x e s. Consider a rectangular coor¬ 
dinate system with an arbitrary origin 0 (Fig. 104) and a force 
F applied at a point A whose coordinates are y, z. Let us com¬ 
pute analytically the moment of force 
F with respect to the z axis. For 
this we project force F on the xy 
plane and resolve the projection/^ 
into rectangular components F x and 
F . These components are, obviously, 
equal in magnitude to the projec¬ 
tions of the force F on the x and y 
axes. But, from the definition, 

Fig. 104. 

m z (F) = rn 0 (F xy ) = m 0 (F x ) + m n (F v ), 



which also follows from Varignon’s theorem. Also, from the dia¬ 
gram, m 0 {F x ) = — yF x and m 0 {F y ) = xF y . Hence, 

tn z (F) = xF y — yF x . 


4* 
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We obtain the moments about the other two axes in the 
same way, and finally, 


m x (F) = 

-y F z ~ 

- zF y j 


”i y (F) = 

= zF x~ 

-xF,. 

(52) 

(F) = 


~ y F x- 1 



Eqs. (52) give the analytical expression of the moments of a 
force about the axes of a cartesian coordinate system. Using 
these equations, we can determine the moments if we know the 
projections of a force on the coordinate axes and the coordinates 
of its point of application. 

Problem 39. Compute analytically the moments of force Q in Fig. 103 
with respect to the coordinate axes. 

Solution. Force Q is applied at a point /I whose coordinates are x = a, 
y—b, z = 0. Its projections on the coordinate axes are 

Q x = —Qcosa, Q r =0, Q 2 = Q sina. 

Substituting these expressions in Eqs. (52), we have: 

m x {Q) = LQ sin a, m y (Q) = — aQ sin a, m z (<?) = bQ cos a. 

43. Relation Between the Moments of a Force about a Point and 
an Axis. Consider a fcrce F acting on a body at a point A (Fig. 105). 
Let us draw an axis z and take an arbitrary point O on it. 
The moment of F about O is denoted by a vector M 0 , normal 

to plane OAB, of scalar magnitude 

M 0 == Fh = 2 areas A OAB. 

Drawing now a plane xy through 
O normal to axis z and pro¬ 
jecting force Fon it, we find from 
Eq. (51) that 

m z (F) = m 0 {F xy ) = 2 areas A OA x B x . 

Fig 105. But triangle OA x B x is the pro¬ 

jection of triangle OAB on the 
plane xy. The angle between the planes of the two triangles 
is equal to the angle between the normals to the two planes, 
i.e., y. Then, from the well-known geometric formula, area 
FS°A X B X — area A OAB cosy. 

Doubling both sides of the equation and observing that twice 
the areas of triangles OA x B x and OAB are respectively equal to 
m, (F) and M 0 , we obtain finally: 

m, ( F ) = /VI 0 cos y. 



(53) 
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As the product A1 n cos y gives the projection of vector M 0 = m n (F) 
on axis z, Eq. (53) may also be written in the form: 

m z (F) = M z or rn 2 (F) = \m 0 (F)] z . (54) 

We have thus proved the following relation between the moment 
of a force about an axis and its moment about a point on that 
axis: The moment of a force F with respect to an axis is equal to 
the projection on that axis of the vector denoting the moment of 
that force with respect to any point on the given axis. 

44. Vector Expression of the Moment of a Couple. The action 
of a couple on a body is characterised by: 1) the magnitude of 
the moment of the couple, 2) the aspect of the plane of action, 
and 3) the sense of the 
rotation in that plane. In 
considering couples in 
space all three characteris¬ 
tics must be specified in 
order to define any couple. 

This can be done if, 
by analogy with the mo¬ 
ment of a force, the mo¬ 
ment of a couple is denoted by a vector m or M whose modulus 
(to some scale) is equal to the magnitude of the moment of that 
couple, i.e ., the product of one of its forces and the moment arm. 
The vector is normal to the plane of action of the couple in the 
direction from which the rotation induced by the couple would 
be observed as counterclockwise (Fig. 106). 

Since a couple may be located anywhere in its plane of action 
or in a parallel plane (see § 19). it follows that vector m can 
be attached to any point of the body (such a vector is known 
as a free vector). 

It is evident that vector m does, in fact, define the given 
couple as, if we know m, by passing an arbitrary plane normal 
to m we obtain the plane of action of the couple; by measuring 
the length of m we obtain the magnitude of the couple moment; 
and the direction of m shows the sense of rotation of the couple. 

In magnitude the moment of a couple is equal to the moment 
of one of its forces with respect to the point of application of 
the other force, i.e., m = m n (F)\ the two vectors have the same 
direction (compare Figs 106 and 100). Consequently, 

m = m n (F) = rn A (F'). 

45. Composition of Couples in Space. Conditions of Equilibrium 
of Couples. Couples in space are compounded according to the 
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following theorem: Any system of couples acting on a rigid body 
is equivalent to a single couple of moment equal to the geometrical 
sum of the moments of the component couples. 

Let us first prove the theorem for two couples of moments m l 
and m t acting on a body in planes (/) and (II) (Fig. 107). Take 
on the line of intersection of the two planes a segment AB = d. 
By virtue of the properties of couples proved in § 19, we can 
represent the couple of moment m t in terms of forces F, and 
F[, and the couple of moment w, in terms of forces F a and F' t 

applied at points A and B respectively. Evidently, F t d=m t 
and F t d = m 1 . 





Fig. 107. 


By compounding the forces applied at points A and B we 

ascertain that couples (F,, F,) and (F a , F,) are really replaced 
by (R, /?,). Let us determine the moment M of this couple. As 
/? = F,-f-F 2 , and the moment of a couple is equal to the moment 
of one of its forces with respect to the point of application of 
the other force, we obtain from Eq. (49): 

M = AB X /? = AB X (F, + F 2 ) = (AS X F,) + (AB X FJ- 

But /lBXF 1 = m 1 and AB X F t = iw t . Hence, 

M = m, + m a , (55) 

i .0. , vector M is represented by the diagonal of a parallelo¬ 
gram with vectors m, and m a as its sides, which proves the theo¬ 
rem for two couples. 

If there are n couples of moments m,, m a , ..., m n acting on 
a body, we can apply Eq. (55) successively with the result that 
we shall have replaced a system of couples by a single couple 
of moment 

Af = +... +m n = 2 m k- (56) 

Vector A1 can be determined as the closing side of a polygon 
constructed with the component vectors as its sides. 
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If the component vectors are non-coplanar, the problem is best 
solved by the analytical method. For this draw a coordinate 
system. From the theorem of the projection of a vector sum on an 
axis, and from Eq. (56), we have: 

Mx = 2 m *x. M y = 2"V = ( 57 ) 

With these projections we can construct vector M. Its magni¬ 
tude is given by the expression 

A 1 = ^ M*- “j- My M : . 

The above results readily give the conditions for the equilib¬ 
rium of a system of couples acting on a rigid body. Any system 
of couples can be reduced to a single couple of moment deter¬ 
mined by Eq. (56), but for equilibrium we must have M = 0, or 

2> t = 0. 

i.e., the polygon constructed with the moment vectors of the 
component couples acting on a body must be closed. 

The analytical conditions of equilibrium can be found if we 
take into account that M = 0 only if M x = 0, AI y = 0, and 
M z — 0. This, by virtue of Eqs. (57), is possible if 

= 0- 2 m *y = °* = (58) 

In conclusion it should be noted that if all the couples lie in 
the same or in parallel planes, the vectors of their moments will 



Problem 40. Acting on a rigid body are two couples in mutually perpen¬ 
dicular planes (Fig. 108). The moment of each is 3 kg-m. Determine the re¬ 
sultant couple. 

Solution. Denote the moments of the (wo couples by vectors m, and 
m, applied at an arbitrary point A; the moment of the resultant couple is 
denoted by the vector m. The resultant couple is located in plane AtiCD nor¬ 
mal to rn and the magnitude of the resultant moment is 3 V*1 ktf-ni. 
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If the sense of rotation of one of the given couples is reversed, the result¬ 
ant couple will occupy a plane normal to ABCD. 

Problem 41. The cube in Fig. 109 hangs from two vertical rods AA t and 
BB l so that its diagonal AB is horizontal. Applied to the cube are couples 
(P, P') and ( Q , Q'). Neglecting the weight of the cube, determine the relation 
between forces P and Q at which it will be in equilibrium and the reactions 
of the rods. 

Solution. The system of couples {P, P') and ( Q , Q') is equivalent to 
a couple and can be balanced only by a couple. Hence, the required reactions 
N and N' must form a couple. Let us denote its moment m normal to diago¬ 
nal AB as shown in the diagram. In scalar magnitude m = NaY 2, where a is 
the length of the edge of the cube. Denote the moments of the given couples 
by the symbols m x and m 2 : their scalar magnitudes are m l = Pa and m t = Qa 
and their directions are as shown. 

Now draw a coordinate system and write the equilibrium equations (58): 

2 m kx = nu — m cos 45° = 0, 2 m ky = m t ~~ m cos 45° = 0. 

• 

The third condition is satisfied similarly. 

It follows from the obtained equations that we must have' m l =m t , i.e., 
Q = P. We find, further, that 

m =-£k^ m ' Y ~ 2=PaY ~ 2 - 

But m = Na \ r 2, hence N — P. 

Thus, equilibrium is possible when Q = P. The reactions of the rods are 
equal to P in magnitude and are directed as shown. 


46. Reduction of a Force System iq Space to a Given Centre. 
The results obtained above make it possible to solve the problem 

of reducing an arbitrary force sys¬ 
tem to a given centre. This problem, 
which is analogous to the one exam¬ 
ined in § 22, is solved by applying 
the theorem of the translation of a 
force to a parallel position. In order 
to transfer a force F acting on a rigid 
body from a point A (Fig. 110a) to 
a point O, we apply at O forces 
F'=F and F" = — F. Force F* = F will be applied at O together 
with the couple (F, F") of moment m, which can also be shown 
as in Fig. 1106. We have: 

m = m 0 (F). (59) 




Fig. no. 


Consider now a rigid body on which an arbitrary system of 
forces F t , F t> ..., F n is acting (Fig. 111a). Take any point O as 
the centre of reduction and transfer all the forces of the system 
to it, adding the corresponding couples. We have then acting on 
the body a system of forces 

Fi=F v F, = F t> F n = F n 


( 60 ) 
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applied at 0 and a system of couples whose moments, by Eq. 
(59), are: 

m x =m 0 (F x ), m 2 = m G (F t ) . m ri = m n (F n ). (61) 

The forces applied at 0 can be replaced by a single force R 
applied at the same point. Its magnitude is R = ^F k , or. by 
Eqs. (60) 

R = ^F k . ( 62 ) 

We can compound all the obtained couples by geometrically 
adding the vectois of their moments. The system of couples will 
be replaced by a couple 
of moment = V m*. 
or, by Eqs. (61). 

Mo = 2 ,/I o(^)- < 63 ) 

As in the case of a 

coplanar system, the 

quantity R (the geomet¬ 
rical sum of all the 

forces) is called ihe prin¬ 
cipal vector of the sys- 

tern; vector M 0 (the geo- F'fi in - 

metrical sum of the 

moments of all the forces with respect to O) is called the prin¬ 
cipal moment of the system with respect to O. 

We have thus proved the following theorem: Any system of 
forces acting on a rigid body can be reduced to an arbitrary centre O 
and replaced by a single force R , equal to the principal vector of 
the system applied at the centre of reduction, and a moment M 0 , 
equal to the principal moment of the system with respect to 0 

(Fig. 111b). 

Vectors R and M G are usually determined analytically, i.e., 
according to their projections on the coordinate axes. 

We know the expressions of R x , R y and R z from § 10. We shall 
denote the projections of M 0 on the coordinate axes by the sym¬ 
bols M x , M , A1 Z . From the theorem of the projection of a vector 
sum on an axis we have M x = X \ m n(F k )] x , or, from Eq. (54). 

m x (F h ). Similarly we obtain M y and M t . 

*Thus the formulas for determining the projections of the prin¬ 
cipal vector R and the principal moment M n are: 

R x = ^r„.. = *,= 2 ^*,: ( 6 ' 1 ) 

M x = '£ l m x (F k ). M ) = '£m y (F„). = (F k ). (65) 





106 


Couples ami Forces in Space 


[Ch. 7 


It follows from this theorem that two systems of forces, for 
which R and Af 0 are the same, are statically equivalent. Hence, 
to define a force system acting on a rigid body it is sufficient to 
define its principal vector and its principal moment with respect 
to a given centre, i.e., to specify the six quantities in Eqs. (64) 
and (65). 

Problem 42. Determine the stresses in section AA t of a beam subjected to 
forces as shown in Fig. 112a. Force Q goes through the centre of the right-hand 
portion of the beam; force F lies in the plane Oxz ; force P is parallel to the// 
ax is. 



Sol lit ion. The required stresses are determined as in Problem 18 (§ 22). 
F<>r this reduce all the forces to the centre O of the section, and place the ori¬ 
gin of the coordinate system there. Applying Fqs. (64) and (66) to determine 
the principal vector and principal moment of the system, we have: 

R x — I sin n — Q, R y = — P, R z — F cos a; 

M x ~bP, .\t v = bF sin a -rr Q. M Z = -^P. 

Tons, acting on the section .4,4, are two lateral forces R x and R v , an axial 
'■ ii' R.. ami three couples of moments ,\f v , .Vl v , and Al. (Fig* 1126): the 
li: t two tend to bend the beam about axes Ox and Oy and' tlie last tends to 

'u :'t it about axis Oz. 


17. Reduction of a Force System in Space to the Simplest 
Possible Form. The theorem proved in $ 46 makes it possible to 
establish the simplest form to which a given force system in space 
can be reduced. For this it is necessary to determine the princi¬ 
pal vector and principal moment of the system with respect to an 
arbitrary point and investigate the result. 

1 he following ca>e> are possible: 

1) 1> R l> and M n 0. the system is in equilibrium. This case 
will be examined in $ 48. 

2) If R — o and A!,, 0, the system can he reduced to a couple 

of moment computed according to Eqs. (65). A free body subjected 
to the action of such a force system can be (though not always) 
in pure rotational motion. 
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3) if R=f= o and M n = 0, the system can be reduced to a result¬ 
ant R passing through point 0. The magnitude of R is computed 
according to Eqs. (64). 

A free body subjected to the action of such a force system can 
be in pure translatory motion (if the resultant R passes through 
the centre of gravity of the body). 

4) If R=f= 0 and M 0 ^= 0, and 
M 0 _LR> the system can be reduced 
to a single resultant R not passing 
through point 0. 

For if M n ±R , the couple denoted 
by vector M n , and force R are co- 
planar (Fig. 113). If we take the couple 
forces R' and R" equal in magni¬ 
tude to R and place them as shown ., 

in Fig. 113. we obtain forces R and R" which cancel each other, 

and the system is replaced by a resultant _/? R through point 

O' (see § 23 case 3 b). The distance 00' (00' ±R) is determined 

from Eq. (31), where d = 00'. . . 

It will be readily noticed that this case applies, in particular, 

to any system of parallel forces or coplanar forces whose princi¬ 
pal vector R=t=v. 

5) If R=?=V and M 0 =r 0. 
and vector M 0 is parallel 
to R (Fig. 114a), the system 
can be reduced to a resultant 
force R and a couple (P, 
P') in a plane normal to 
the resultant force (Fig. 1146). 
Such a force-and-couple sys¬ 
tem is called a wrench ; the 
line of action of force R is the 
axis of (he wrench. No further 
reduction of the system is possible. For, though the system will 
not change if the couple is transferred, if force R is transferred 
from centre O to any point C, there will be added perpendicular 

to the moment M 0 a moment Mc = nt c (R). and the moment 
M c = Mo + Me of the resulting couple will increase. Thus, this 
type of force system cannot be reduced to a single resultant or 
to a single couple. A free rigid body subjected to the action of 
such a force system can perform only a compound (screw) motion. 

If one of the forces of the couple, say P', is added to force R. 
the given system can be replaced by two non-coplanar forces Q 
and P (Fig. 115). As the new force system is equivalent to a 
wrench, it also has no resultant. 




Fig. 114. 
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•' 

6) If R=^= 0 and AI o =t=0 and vectors M 0 and R are neither 
perpendicular nor parallel, the system can be reduced to a wrench 
whose axis does not pass through point 0. 

To prove this, let us resolve vector M n into two components, Af, along /?, 
and A/ z perpendicular to R (Fig. 116). We have Af, =Afo cosa and 
Af a = Mo sin«, where a is the angle between vectors Mq and R. The couple 
denoted by the vector M 2 (Af 2 J_ R) and force R can be replaced, as in the case 
shown in Fig. 113. with a single resultant R' applied at point O'. As a result, 
the given system is replaced by a force R'= R and a couple of moment Af, 
parallel to R ', i.e., a wrench whose axis passes through point O'. 




Fig. 115. 


Fig. 116. 


48. Condition of Equilibilum of an Arbitrary Force System in 
Space. The Case of Parallel Forces. Like a coplanar force system, 
any force system in space can be reduced to a point O and re¬ 
placed by a resultant force R and couple of moment M a (the 
values of R and A!, ? are determined from Eqs. (62) and (63)]. 
Reasoning as in the beginning of § 24, we come to the conclu¬ 
sion that the necessary and sufficient conditions for the given 
system of forces to be in equilibrium are that R = 0 and Af o = 0. 
But vectors R and M n can be zero only if all their projections 
on the coordinate axes are zero, i.e., when R x = R y = R~ = 0 
and /Vi v = 4f v , = .W, = 0, or, by Eqs. (64) and (65), when the 
acting forces satisfy the conditions 


2 F lx 

2 (/=•*) 


2 F * 
0. 2"',.(f*) 


VF 

2 "U^) 


°; 1 
0. ) 


( 66 ) 


Thus, (he necessary and sufficient conditions for the equilibrium 
of any force system in space are that the sums of the projections 
of all the forces on each of three coordinate axes and the sums of 
the moments of all the forces about those axes must separately 
vanish *. 


In writing conditions (66) you may take, if you find it expedient, one 
coordinate system to compute the force projections and another to compute 
the moments. 
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Eqs. (66) express the simultaneously necessary conditions for 
the equilibrium ol anv rigid body subjected to the action of any 
force system in space. The first three of the equations express 
the conditions necessary for the body to have no translatorv 
motion parallel to the coordinate axes; the latter three equations 
express the conditions of no rotation about the axes. 

If besides forces, there is also a couple defined by its moment M acting o.i 
a body, the form of the first three of Eqs. (66) will remain the same (the-urn 
of the projections of the forces of a couple on any axis is zero), but the h-t 
three equations will take the following form: 

2 m, </>) + Af, = 0. S>,<F*)+A!, = 0. 2 (*>> + =°- (67) 

The Case of Parallel Forces. If all the forces acting 
on a body are parallel, the coordinate axes can be chosen so 
that the z axis is parallel to the forces 
(Fig. 117). Then the x and y projections 
of all the forces will be zero, their mo¬ 
ments about the z axis will be zero, and 
the Eqs. (66) will be reduced to three 
conditions of equilibrium: 

2^=°> 2«,(# ? *)==o. 

2m,<F*) = 0. (68) 

The other equations will turn into identities 0 = 0. 

Thus, the necessary and sufficient conditions for the equilibrium 
of a system of parallel forces in space are that the sum of the pro¬ 
jections of all the forces on the coordinate axis 
parallel to the forces and the sums of the mo¬ 
ments of all the forces about the other two 
coordinate axes must separately vanish. 

49. Varignon’s Theorem of the Moment 
oi a Resultant with Respect to an Axis. Let 
there be acting on a rigid body a force sys¬ 
tem F t , F t , .... F n which pn be reduced 
to a resultant R whose action line passes 
through any point C (Fig. 118). Let us apply 
at the same point a force R' = — R> The system F,, F t , 

F , R' will now be in equilibrium and will salisfy all the 
conditions (66). In particular, for any coordinate axis Ox we 

shall have: 




2"** (/=•*)+'M/n=°.. 
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But as R' = — R and both forces are collinear, it follows that 
m x (R') = — m x (R ). Substituting this expression of m x (R') in the 
previous equation, we find that 

m x (R) = ^m x (F k ). (69) 

Thus, if a given force system has a resultant , the moment of 
that resultant with respect to any axis is equal to the algebraic sum 
of the moments of the component forces with respect to the same 
axis (Varignon’s Theorem). 

50. Problems on the Equilibrium of Bodies Subjected to the 
Action of Force Systems in Space. The principle of solving the 
problems of this section is the same as for coplanar force systems. 
After isolating the body whose equilibrium has to be considered, 
the constraints attached to it are replaced by their reactions, 
the equilibrium equations are written as for a free body, and 
the required quantities are obtained. 

In order to obtain simpler sets of equations, the student is 
advised to draw the coordinate axes so that they would intersect 
with, or be perpendicular to, as many unknown forces as possible 
(if this does not complicate the computation of the projections 
and moments of other forces). 

A new feature in writing equations is the computation of the 
moments of the forces with respect to the coordinate axes. 

If. while examining the general diagram, the student finds 
difficulty in determining the moment of some force with respect 
to an axis, he is advised to draw an auxiliary diagram showing 
the projections of the given body and the required force on a 
plane normal to the axis under consideration. 

If, in computing a moment, there is difficulty in determining 
the projection of a force on any plane, or the moment arm of 

the projection, resolve the force 
into two rectangular components 
(one of them parallel to a coor¬ 
dinate axis) and then apply 
Varignon’s theorem. The mo¬ 
ments can also be computed 
analytically from Eqs. (52). 

Problem 43. Three workers lift 
a homogeneous rectangular plate 
whose dimensions are a by b (Fig. 119). 
If one worker is at .4, determine the 
points B and D where the other workers 
should stand so that they would all exert the same force. 

Solution. The plate a free body acted upon by four parallel forces 
Qi- Qz- Qj. and P, where P is the weight of the plate. Assuming that the 
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plate is horizontal and drawing the coordinate axes as shown in the figure, 
Cve obtain from the equilibrium conditions (68): 

Q x b -f- Q 2 y P ^ =z 
— Q 2 a — QjX P y = °- 

<?, + Q a + Q s = ^ 


According to the conditions of the problem. Q l =Q t = Q 3 = Q, hence, from 
the last equation. P = 3Q. Substituting this expression in the first two equations 

and eliminating Q, we have: 

3 3 

b+y = -jb, a^-x = — a, 

whence , 

a b 

— 2 * y 2 



Fig. 120. 


Problem 44. A horizontal shaft supported in bearings A and B as shown 
has attached at right angles to it a pulley of radius r,—20 cm and a drum of 
radius r z — \5 cm (Fig. 120). The shall is driven by a belt passing over the 
pulley; attached to a cable wound on 
the drum is a load of weight P = 180 kg. 
which is lifted with uniform motion 
when the shaft turns. Neglecting the 
weight of the construction, determine 
the reactions of the bearings and the 
tension T x in the driving portion of 
the belt, if it is known that it is 
double the tension T r in the driven 
portion and if a = 40 cm, 6=60 cm, 
and a = 30°. 

Solutio n. As the shaft rotates 
uniformly, the forces acting on it are 
in equilibrium and the equations of 
equilibrium can be applied. Drawing s | la ft as a free body, denote the 

the coordinate axes as shown and rega which is equal to P in magnitude, 

forces acting oil it: the tension F of the ““‘Actions Y A . Z A . Y„. and Z„ of the 
the tensions T x and T 2 *n the belt, and have anv direction in planes 

bearings (each of the reactions R x “«/f v their rectangular components). 

normal to the xaxis and they are therefore den > , projeclions of all the 

To write the equilibrium equations 66) calcuime t 1 table) as thc x 

forces on. and their moments about, the c emitted*, 

projections of all the forces are zero, they have been omme 

• Tables will be found specially convenient in solving tin: 
this chapter. The table is Pilled column by column "rs the pr, c^lls 

and moments ol force F are computed then o lor equilibrium 

some force in this or that equation. 
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From the equilibrium equations, and noting that F=P , we obtain: 


P cos a -f- 7\ -f- T t -f- Y A -(- Yr = 0, (I) 

— P sin a -f* Z A -J— Zr = 0, (II) 

-r 1 P+r I 7' 1 '-r 1 7 a = 0. (Ill) 

bP sin a — (a -j- b) Zr =0, (IV) 

bP cos a — aT l — aT z -f- (a -f- b) Y B = 0. (V) 


Remembering that T l =2T i , we find immediately from equations (III) and 
(IV) that 

T t = ~-= 135 kg, 

r i 



sin a = 54 




69 kg. 


From equation (V) we obtain 

= 3 aT. -bP cn«a ^ fi9 
a -f- b 

Substituting these values in the 
other equations we find: 

Y a — — P cos a — 3T Z — K b =5: 

=5= — 630 kg. 

Z A = P sin a — Zr = 36 kg, 
and finally, 

r, = 270 kg. Y a ^=- 630 kg, 

Z A — 36 kg, Yr =5r 69 kg, Zr = 54 kg. 


Problem 45. A rectangular plate 
of weight P = 12 kg making an angle 
a =60° with the vertical is support- 


Fig. 121a. ed by a journal bearing at B and 

a step bearing at A (Fig. 12la). 
The plate is kepi in equilibrium by the action of a string DE\ acting on 
the plate is a load Q = 20 kg suspended from a string passing over pulley O 
and attached at K so that KO is parallel to AB . Determine the tension in 
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string DE and the reactions of the bearings A and B. if BD = BE, A K = 
a = 0.4 m, and AB = b=\ m. 

Solution. Consider the equilibrium of the plate as a free body. Draw 
the coordinate axes with the origin at B (in which case force T intersects with 
the u and z axes, which simplifies the moment equations) and the acting forces 
and the reactions of the constraints as shown (the dashed vector M belongs to a 
different problem). For the equilibrium equations, calculate the projections and 
moments of all the forces; for this we introduce angle p and denote d = BD = BE 
(see table). Computation of some of the moments is explained in the auxiliary 
diagrams (Figs 1216 and c). 


Fk 

P 

Q' 

T 

Ra 

Rn 

F** 

0 

— Q' 

0 


0 

F ky 

0 

0 

— T sin p 

Va 

y» 

Fk! 

— P 

0 

T cos p 

Za 

Z, f 

m x (F k ) 

n d ■ 

— P y sm a 

0 

Td sin p 

0 

0 

m y (F/f) 


Q'a cos a 

0 

Z A b 

0 

( F h ) 

! 0 

Q'a sin a 

0 

- y A & 

0 


Fig. 1216 shows the projection on plane Byz from the positive end of the x 
axis. This diagram is useful in computing the moments of forces P and T about 
the x axis. It can be seen from 
the diagram that the projections 
of these forces on the yz plane 
are equal to the forces, and that 
the moment arm of force P with 
respect to point B isBC,sina = 


= ~2 sm ®; 


the moment arm 


of 


force T with respect to point B A,6 
is BE sin B = d sin p. 

Fig. 121c shows tfie projection 
on plane Bxz from the positive 
end of the y axis. This diagram, 
together with Fig. 1216, helps 
to compute the moments of 
forces P and Q' about the y axis. 

It can be seen that the projec- 




Z 

B 

'/"///// '■ i ////, > 

y * 

'£> n 

c\ 

[p 




c) 


Fig. 1216, c 


tions of these forces on the xz plane are equal to the forces themselves and that 
the moment arm of force P with respect to point B is l ! i AB = lr ; the arm of 


force Q' with respect to B is AK t , i.e., AK cos a, or a cos a, as is evident 
from Fig. 1216. 
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Writing the equilibrium equations and assuming Q' = Q, we obtain: 

-Q + x a = o. 0) 

- Tsmfi-\-Y A +Y B = 0, (II) 

- P -f T cos p + Z A + Z B = 0. (Ill) 

sin a + Td sin 0 = 0. (IV) 

- P-j + Qacosa + Z A b = 0, * (V) 

Qa sin a — Y B b — 0. (VI) 

Taking into account that fi =30°, we find from equations (I), (IV), (V), 
and (VI) that 

Xa = Q = 20 kg, r^P^^^lO.4 kg. 

Z A = ~ — ~ cos a = 2 kg, Y a = Q^- sin a =5: 6.9 kg. 

Substituting these values into equations (II) and (III), we obtain 

Y n=T sin p — Y A = — 1.7 kg, Z B = P- T cos (5 — Z A =\ kg, 
and finally, 

7^ 10.4 kg, X A = 20 kg, Y a =^ 6.9 kg, 

2.4 = 2 kg, Y B — — 1.7 kg, Z B = lkg. 

Problem 46. Solve Problem 45 for the case when the plate is additionally 
subjected to a couple of moment M = 12 kg-m acting in the plane of the plate; 
the sense of rotation (viewed from the top of the plate) is counterclockwise. 

Solution. Add to the forces in Fig. 12la the moment vector M of the 
couple applied at any point perpendicular to the plate, e.g., point ,4. Its pro¬ 
jections are: Af v = 0, M V = M cos a, and M Z = M sin a. Applying the equilibrium 
equations (67), we find that equations (I) to (IV) remain the same as for Prob¬ 
lem 45 while the la^t two equations will be: 

— P -j- Z A b -f- Qa cos a-fAl cos a = 0, (V') 

— V'^6-f-Qa sin dA1 sin (2 = 0. (VI') 

Note that the same result can be obtained without writing Eqs. (671, by 
denoting the couple as two forces directed, for example, along AB and KO 
(their magnitude will, apparently, be M;a) and applying the usual equilibrium 
equations. 

Solving equations (I)-(IV), (V'), and (VI'). we obtain results similar to those 
in Problem 45, the only difference being that in all the equations Qa will 
be replaced by Qci -f- Af. The answer is: 

10.4 kg, X A = 20 kg, ^=^17.3 kg, Z A = — 4 kg, 

Y b = — 12.1 kg, Z B = 7 kg. 

Problem 47. A horizontal rod AB is attached to a wall by a ball-and-socket 
joint and is kept perpendicular to the wall by wires KE and CD as shown in 
Fig. 122a. Hanging from end B is a load of weight P = 36 kg. Determine the 
reaction of the ball-and-socket joint and the tensions in the wires if AB=a = 


Sec. 50] 


Problems on the Equilibrium of Bodies 


115 


= 0.8 m. AC= AD X = b =0.6 m. AK = . a = 30 3 , and p = 60 3 . Neglect the 

weight of the rod. 

Solution. Consider the equilibrium of the rod as a free body. Acting on 
it are force P and reactions T K . T c . X A , Y A . and Z A . Draw the coordinate 
axes and calculate the projections and moments of all the forces. As all the 
forces pass through the y axis, their moments with respect to it are zero. To 
compute the moments of force T c with respect to the coordinate axes, resolve it 
into components T x and T, (T l = T c cos a. 7\ = T r sin a) and apply Varignon's 
theorem *. We have rn x (7c) = '«* (7'»). a$ m x (T t ) = 0, and m z (T c ) = m z (T,), 


D 




as m jr (7’ 1 ) = 0. The computation of the moments of the forces with respect to 
the z axis is explained in the auxiliary diagram 122b showing the projection 
on plane Axy. The results of the computations are tabulated as follows: 


F k 

P 

Tk 

Tc j 

Rx 

Fkx 

0 

T k cos |i 

1 

— 1\ sin 45’ 


F ky 

0 

— 7* sin ff 

— T z cos 45' 

Y a 

Fk* 

— P 

0 

T, 

Za 

m x (F k ) 

— Pa 

0 

7 \b 

(> 

f”z (F k ) 

0 

- T k ~ COS 

T z b sin 45° 

0 


• Attention is drawn to the fact that the angle between force T c and plane 
Ayz is not 45°, as is sometimes erroneously assumed in such cases. Therefore, 
for example, in computing m x (T ( ) in the usual way, it is lirst necessary to 
determine the angle, which complicates the computations. With the aid of 
Varignon’s theorem, however, we find immediately that rn x ( T c ) — m x (7 > t ) = T t AC. 
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Substituting the values of T t and T z we obtain the following equations: 


T k cos P — T c sin a sin 45° -j- X A — 0, (I) 

— 7^sin p — T c sina cos45° -{- Y A = 0, (II) 

— P + T c cosa + Z A = 0, (III) 

— Pa -{- T c b cos a = 0, (IV) 

— T k cos p -f- T c b sin a sin 45° = 0, (V> 


Ms 


solving which we find that 7V; =5= 55.4 kg. 58.8 kg, X A ^r — 9.8 kg, 

Y a =^ 70.5 kg, and Z A = —12 kg. Components X A and Z A thus actually act in 

the opposite direction than that shown in the 
diagram. 

Problem 48. An equilateral triangular plate 
, with sides of length a is supported in a hori- 
J zontal plane by six bars as shown in Fig. 123. 
Each inclined bar makes an angle of a = 30° 
with the horizontal. Acting on the plate is a 
couple of moment Af. Neglecting the weight of 
the plate, determine the stresses produced in 
the bars. 

Solution. Regarding the plate as a free 
body, draw, as shown in the figure, the vector 
o( moment M of the couple and the reactions 

of the bars S t . S 2 .Direct the reactions 

< as if all the bars were in tension (i.e., we 

Pi„ j23. assume that the plate is being wrenched olT the 

' ’ bars). As the body is in equilibrium, the sums 

of the moments of all the forces and couples 
acting on it with respect to any axis must be zero (see Eqs. (67)). 

Drawing axis z along bar 1 and writing the equations of the moment with 
respect to that axis, we obtain, as A!* = AJ, 


v. here h = 


a ) 3 


{S 6 cos a) h -f- A1 = 0, 

is the altitude of the triangle. From this we find 


5 0 = - 


2 VZ Af 


a cos a 


Writing the equations of the moments with respect to the axes along bars 
2 and 3, we obtain similar results for forces S 4 and S s . 

Now write the equations of the moments about axis x, which is directed 
along side BA of the triangle. Taking into account that A/ x = 0, we obtain 

S 3 /z -j- sil1 a ) ll = °* 

whence, as S t = S c , we find 


2V 3 Af 

S, = — S. sin a “—--tan a. 

3 4 3 a 

Writing the moment equations with respect to axes AC and CB, 
similar results for S, and S,. 

Finally, for a = 30°, we have: 

c_e_c_ 2 AI. c _ c _o_ 

•^>1 ———-3 — . o 4 _^ s _o 8 —— 3 Q • 


we obtain 
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The answer shows that the given couple creates tensions in the vertical bars 
and compressions in the inclined ones. 

This solution suggests that it is not always necessary to apply equilibrium 
equations (66). There are several forms of equilibrium equations for non-coplan- 
ar force systems, just as for coplanar systems, of which Eqs. (66) are the 
principal form. 

In particular, it can be proved that the necessary and sufficient conditions 
for the equilibrium of a force system in space are that the sums of the mo¬ 
ments of all the forces with respect to each of six axes directed along tlie 
edges of any triangular pyramid or along the side and base edges of a triangu¬ 
lar prism are each zero. 

The latter conditions were applied in solving the above problem. 

51. Conditions of Equilibrium of a Constrained Rigid Body. 
Concept of Stability of Equilibrium. In §§ 11, 24, 48 and others 
we obtained equations specifying the necessary conditions for the 
equilibrium of free rigid bodies. With regard to constrained 
bodies, these equations are applied on the basis of the axiom of 
constraints. The resulting equations define the reactions of the 
constraints. 

The question of the conditions for the equilibrium of a con¬ 
strained rigid body arises when its supports do not constrain it 
rigidly (see Problems 6 and 7 in § 13 and others). In this case 
only some of the equations 
based on the axiom of 
constraints contain the re¬ 
actions of the constraints 
and can define those reac¬ 
tions. The other equations 
show the relations between 
the given forces (Problem 
G) or the specific position 
(Problem 7) in which equilibrium is possible, i.e., they specify the 
conditions of equilibrium for the given body. Thus, for the case 
of a constrained body, the conditions of equilibrium are specified 
only by those equations bused on the axiom of constraints which do 
not include the reactions of the constraints. 

For instance, applying the axiom of constraints to a body with 
a fixed axis of rotation (Fig. 124) and writing Eqs. (66), we find 
that the reactions of bearings A and 13 are present in all the 
equations except the last one (see Problem 44). The reactions 
are absent from equation ^ ni z (F h ) = 0 as they intersect with 
the z axis. 

Hence, the condition for the equilibrium of a body with a fixed axis 
of rotation is that the sum of the moments of all the acting forces 
with respect to that axis is zero: 

'%ni l {F k ) = 0 . 



(70) 
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For a body whose supports do not constrain it rigidly, the 
important question of stability of equilibrium arises. If the acting 
forces tend to return a body to its configuration of equilibrium 
(when it has been displaced from that configuration), the equilibrium 
is said to be stable ; otherwise it is unstable. In real conditions a 
body can be in equilibrium only if it is in stable equilibrium. 

Consider, for example, a body mounted on a horizontal axis. 
It will be in equilibrium under the action of the force of gravity 
P when, according to Eq. (70), tn z (P) = 0, i.e., when the centre 
of gravity C of the body is in its lowest (Fig. 124a) or highest 
(Fig. 1246) configuration. In the first case, if the body is displaced, 
the moment of force P tends to return it to its position of equi¬ 
librium. In the second case, the slightest displacement of C will 
cause the moment of P to increase that displacement. Consequently, 
equilibrium is stable if the centre of gravity of a body occupies the 
lowest possible configuration , and unstable when it occupies the 
highest configuration. This applies to all cases of equilibrium of 
bodies in gravity conditions. If the centre of gravity lies on the 
axis of rotation, the equilibrium is said to be indifferent or neutral. 

Let us consider also the equilibrium of the rod examined in 
Problem 7 (or in Problem 12). The equilibrium equation for the 
rod is 2 (^*) = 0* In this case (see Fig 38): 

ni A ( T) = Qa cos ~ , | m A (P) \ = Pa sin a. 

If angle a is increased, rn A (P) increases and m A (T) decreases, 
and under the action of force P angle a will continue to increase. 
If angle a is decreased, m A (T) increases and m A (P) decreases, 
and under the action of force T = Q angle a will continue to 
decrease. Hence, the equilibrium of the rod as defined by the 

equation sin is unstable. At.a=180 : * the equilibrium is 

stable if Q<^2P, and unstable if Q^>2P, which can be verified 
by introducing p=180° — a. 

This method of analysis is applicable only in the simplest 
cases. More complex cases are analysed by methods of dynamics. 


Chapter 8 

CENTRE OF GRAVITY 

52. Centre of Parallel Forces. The concept of centre of paral¬ 
lel forces comes in handy when we have to deal with the com¬ 
position of parallel forces acting on a rigid body whose direction 
lines change with respect to that body. Specifically, this concept 
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is useful in solving certain problems of mechanics, in particular, 
when the centre of gravity of bodies has to be determined. 

Consider a system of parallel forces F t , F t , F n of same 

sense applied to a rigid body at points A x% A s .... A n (Fig. 125). 
The resultant R of this system is. evidently, parallel to the 
component forces in the same direction, and its magnitude is 

R = l l F /l . (71) 

If, now, the given forces are rotated in the same direction 
through the same angle about their points of application, we 
obtain new systems of parallel forces of same sense, whose mag¬ 
nitudes and points of ap¬ 
plication are the same as 
for the original system, but 
which act in a different 
direction (e.g., as shown 
by the dashed lines in 
Fig. 125). The resultant of 
each of these parallel-force 
systems will, evidently, 
be of same magnitude R, 
but differently directed. To 
determine this direction, we 
must find for each case a 
point through which the 
resultant passes. Let us 
show that the action line 
of a resultant of parallel 
forces always passes through 
a certain point C, regardless 
of the direction of the 

forces. Thus, resultant /?, (not shown in the diagram) of forces F t 
and F t will pass through a point c, on line A t A t such that 
F l -A l c l — F z - A 2 c 3 , regardless of the direction of the forces, since 
the latter does not affect the location of A t A t or the form of the 
equation. The resultant of forces /?, and F, (which is the result¬ 
ant of forces F t . F t , and F t ) will always pass through a point 
c t on line c,A, determined in the same way as point c,. By 
successively compounding all the forces, we find that their re¬ 
sultant R passes through a point C, which is fixed relative to 
points A t , A t , .... A n , and consequently, relative to the body 
as a whole. 

The point C, through which the action line of the resultant of 
a system of parallel forces passes, no mutter how those forces are 


■<£ 
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rotated about their points of application through the same angle in 
the same direction , is called the centre of parallel forces. 

Let us find the coordinates of the centre of parallel forces. The 
position of point C with regard to the body is constant and does 
not depend on the coordinate system. Let us, therefore, take an 
arbitrary coordinate system Oxyz and denote the coordinates of 
the points in this system: A t (*,, //,, ^ 1 ), A t (x t . y t , z t ), 

C(x c% y c% z c ). As the position of point C does not depend on the 
direction of the forces, let us first rotate the forces about their 
points of application to a position parallel to the z axis, and let 

us apply to the turned forces F[, F t , ..., F» Varignon’s theorem 
(§ 49). As the resultant of these forces is R\ then, taking the 
moments of the forces with respect to the y axis, we obtain 
from Eq. (69): 

m y (/?') = 2 m,(F' k ). 

But from the diagram lor from Eqs. (52)j we see that 

ni y (/?') = Rx c , as R' = R\ m y (F l ) = F l x l , as F\ = F l% etc. Conse¬ 
quent ly, Rx c = F 1 x 1 F s x z -p ... -j- F n x n , whence 

.. _ F l x l 4- F t x s 4- ••• 4- F„x„ 

X c — 5 - —5 - • 


We obtain a similar expression for coordinate y c by taking 
the moments with respect to the x axis. In order to determine 
z c , we again rotate the forces to a position parallel to the y 
axis (as indicated by dash-dot lines) and apply Varignon’s theo¬ 
rem. taking the moments with respect to the * axis. This gives 
us: 

— R*c — ~~ F . ? i + ( +•••+( — F n *n)* 


whence we find z c . 

We thus obtain the following equations which specify 
ordinates of the centre of parallel forces: 

v ,, _ kUk , _ ^t*Ffi z k 

*c— R . He— R . -—» 


the co- 



where R is determined from Eq. (71). 

Note that Eos. (71) and (72) are valid for parallel forces acting 
in opposite directions, if F k is taken as an algebraic quantity 
(i.e., plus for one sense and minus for the opposite sense) and 
if R — 0. 


53. Centre of Gravity of a Rigid Body. Every particle of a 
body near the surface of the earth is subjected to the action of 
a vertical downward force known as the force of gravity. This 
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force is the resultant of the earth’s gravitational force and the 
centrifugal force generated by the rotation of the earth (this 
will be discussed in detail in § 121). 

For a body that is very small as compared with the earth’s 
radius, the gravity forces acting on its particles may be regarded 
as parallel to each other and constant in value however the 
body is turned. A field in which these conditions are satisfied 
is called a uniform gravitational field. 

We shall denote the resultant of 
gravity forces p x , p 2 , p n acting 

on the particles of a given body by the 
symbol P (Fig. 126). This force is equal 
to the weight of the body in magnitude 
and is specified by the equation*: 

P = 5>*. (73) 

The forces p k continue to act paral¬ 
lel to each other and are applied at 
the same points of the body regardless 
of how it is rotated. It follows, then, 
as proved in § 52, that the resultant 
P of the forces p k passes through one, and only one, point C. 
which is constant for the given body. This point is the centre 
of the parallel gravity forces p k and is called the centre of grav¬ 
ity of the body. Thus, the centre of gravity of a body is a point, 
constant for every body , through which the resultant of the gravity 
forces acting on the particles of that body passes, regardless of how 
the body is orientated in space. That such a point must always 
exist follows from the discussion in § 52. 

The coordinates of the centre of gravity, as the centre of 
parallel forces, are specified by Eqs. (72) and are 



y 



where x k , y k , z k are the coordinates of the points of application 
of the gravity forces acting on the particles of the body. 


• The weight of a body is defined as the force with which a body at rest in 
a gravitational field acts on a constraint preventing its vertical fall (u.g., the 
tray of a balance). It will be noted that the familiar feeling of one's own weight 
is a result of the pressures between the parts of the body produced by the action 
of gravity forces being opposed by the reactions of the constraints which keep 
us from falling vertically down. In free vertical fall (e.g.. in a lift if the 
cable breaks) these reciprocal pressures are absent and a person feels ’‘weightless”, 
although the force of gravity continues to act on him. A passenger in an artifi¬ 
cial earth satellite will experience a similar sensation. 
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It should be noted in conclusion that the centre of gravity, by 
definition, is a geometric point which is not necessarily a part 
of the body (e.g., the centre of gravity of a ring). 


54. Coordinates of Centres of Gravity of Homogeneous Bodies. 
The weight p k of any part of a homogeneous body is proportion¬ 
al to the volume of that part, i.e., p k = yv k \ the weight P of 
the whole body is proportional to its volume V, i.e., P = yV, 
where y is the weight of a unit volume. 

Substituting the values of P and p k into Eqs. (74), we find 
that the factor y appears in both the numerator and the de¬ 
nominator and therefore cancels out. Thus we obtain: 



We see that the centre of gravity of a homogeneous body de¬ 
pends only on its geometric shape and does not depend on the 
value of y. The point C, whose coordinates are specified by Eqs. 
(75), is called the centre of gravity of the volume V. 

Reasoning in the same way, we may obtain for a homogeneous 
lamina the equations 

= = (76) 


A 


where S is the area of the lamina and s k the areas of its divisions. 

The point whose coordinates are specified by Eqs. (76) is called 
the centre of gravity of the area S. 

The equations specifying the coordinates of the centre of gravity 
of a line are deduced similarly: 



where L is the length of the line and l k the lengths of its divi¬ 
sions. 

Eqs. (77) are convenient for determining the centre of grav¬ 
ity of articles made of thin wire of uniform cross section. 

Thus, the centre of gravity of a homogeneous body is deter¬ 
mined as the centre of gravity of the respective volume, area or 
line. (The centre of gravity of a geometrical figure — a volume, 
area or line—is often referred to as its centroid, since, strictly 
speaking, a geometrical figure has no weight.) 


55. Methods of Determining the Coordinates of the Centre of 
Gravity of Bodies. Proceeding from the general formulas evolved 
above, the following methods are suggested for determining the 
coordinates of the centre of gravity of various bodies: 
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1) Method of Symmetry. Let us prove that if a body has 
a plane, axis, or centre of symmetry, its centre of gravity is 
coincident with the plane, axis or centre, respectively. 

Consider a homogeneous body which has a plane of symmetry, 
This plane, then, divides the body into two parts of equal weight 
p, and p„ the centres of gravity of which lie at equal dis¬ 
tances from the plane of symmetry. Consequently, the centre of 
gravity of the body, as a point through which the resultant of 
the two equal and parallel forces p, and p , passes, must lie in 
the plane of symmetry. The proof is similar for the case of 
bodies with an axis or centre of symmetry. 

It follows, by virtue of the properties of symmetry, that the 
centre of gravity of a homogeneous ring, disc, rectangular lamina, 
rectangular parallelepiped, sphere, and other homogeneous bodies 
having a centre of symmetry, is coincident with their geometric 
centre (centre of symmetry). 

2) Method of Division. If a body can be divided into a 
finite number of elements, for each of which the centre of grav¬ 
ity is known, the coordinates of the centre of gravity of the 
body as a whole can be directly calculated from Lqs. (74)-(77). 
The number of components in the numerators will be equal to 
the number of elements into which the body is divided. 



Substituting the computed values in Fqs. (7G), we have: 


„ _-*1*1 4- x i s t 4- *» s » 

x c —-r 



4- 4- u» s » 


— 4 -L 20 -f GO _ 0 1 
36 9 

4 -f 100 -|- 108 8 

36 ~ 5 9 


cm, 


cm. 


6 
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The location of the centre of gravity C is shown in the diagram, and in 
this case it is outside of the plate. This example shows again that the centre 
of gravity of a body is a geometric point which is not necessarily a part of 
the body. 

3) Method of Supplementation. This method is a spe¬ 
cial case of the method of division and it is used to locate the 
centres of gravity of bodies with holes or cavities, if the centres 
of the body as a whole without the cavity, and of the cavity 
itself, are known. 


Problem 50. Determine the centre of gravity of a thin disc of radius R 
with a circle of radius r cut out of it (Fig. 128). The distance C l C t = a. 

Solution. The centre of gravity of the disc lies on the line C,C,. as it 
is the axis of symmetry. Draw the coordinate axes as shown. To find the coor¬ 
dinate x c , first supplement the missing part of the plate to make a uniform 

disc and then reduce the whole by the area of 
the cut-out circle, taking that area with a neg¬ 
ative sign. We have: s 1 =jxR s , x, =0, s t = 
= — Jtr 2 , x t = a, S = s, = n (R : — r*). 

Substituting these values into Eqs. (76), we 
obtain: 



*c = 




ar 


R*-r* 


; f/c = 0- 


The centre of gravity, we find, lies to the 
left of C,. 

4) Method o f 1 n t e g r a t i o n. If 
a body cannot be divided into a finite 
number of elements with known centres 
of gravity, it is first divided into infinitesimal elements of vol¬ 
ume Ao ft , for which Eqs. (75) acquire the form 


Fig. 128. 


2 >* Ab ' 


etc., 


(78) 


where x k , ij k , z k are the coordinates of a point inside the volume 
A v k . Passing to the limit in Eqs. (78), with Au*—► (). i.e., reduc¬ 
ing the elementary volumes to points, we replace the summa¬ 
tions in the numerators by integrals over the volume of the body. 
In the limit, Eqs. (78) give 



(79) 
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Similarly, for the coordinates of the centre of gravity of an 
•area or curve we obtain in the limit, from Eqs. (76) and (77), 

*c = y- ^ X (Is. y c = -^ ^ IJ (fs (*» 

(V) (S) 

x c = ~ Jxd/. y c —~C \y dlt Z C = ~T \ Z(il - ( 81 ) 

id.) (/) V) 

example of the use of the method of integration is given 
in the following section. 

5) E x p e r i m e n t a 1 Method. The centre of gravity of a compo¬ 
site non-homogeneous body, say an aircraft or locomotive, can be 
determined experimentally. In one method (the method of suspen¬ 
sion), the body is suspended by strings or ropes attached to 
different points. The direction of the string supporting the body 
will each time give the direction of the gravitational force. The 
point of intersection of these directions locates the centre of 
gravity of the body. 

Another method of experimentally locating the centre of gravity 
is the method of weighing, explained by the following example. 

Example. Determine the centre of gravity of an aircraft (the distances 
in Fig. 129) if distance AB = l is known. 

By eplacing wheel B on the platform of a balance, we determine the pres- 
sureexerted by the wheel, and hence the reaction N l . Similarly, we determine 
the reaction W 2 . Equating to zero the sums of 
the moments of all the forces with respect 
to the centre of gravity C, we obtain A' 2 a — A', 

(/ — a) =0, whence 

+/V, ' 

Obviously Aq-j-N 2 = P, where P is the 
weight of the aircraft. If P is immediately known, 
a single weighing is sufficient. 

56. Centre of Gravity of Some 

Homogeneous Bodies. 

1) Centre of Gravity of a Cir¬ 
cular Arc. Consider an arc AB of radius 
R subtending a central angle AOB = 2a 
(Fig. 130). By virtue of its symmetry, 
the centre of gravity of the arc lies on 
the x axis. Let us determine the 
coordinate x c by integration (an alternate 
method. without integration, is given 
below). For this take an element MM' 
ol length dl = Rdi f on the arc. Its loca- 




and 

An 
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tion is defined by angle <p. The x coordinate of the element 
MM' is x = R coscp. Substituting these values of x and dl in 
the first of Eqs. (81), and remembering that the integral must 
be over the whole length of the arc, we obtain: 



where L is the length of the arc AB , which is equal to R2a. 
Hence, the centre of gravity of a circular arc lies on its axis of 
symmetry at a distance from the centre 


Y n sina 

X C - *< rz * 



where angle a is measured in radians. 

The same result can be obtained without direct integration. 
If we denote the length of an arc element by the symbol 
A l k , Eq. (77) gives 

x c — ~L^L Xk ^ k ' 


where x k is the coordinate of element M k with an accuracy to 
infinitesimals of higher order, we have x k = R cos <p A (substituting 

cp* for cp). Then (see Fig. 75, § 28), 
x A/ = RAl k cos (p* = RAy k , whence 
V x k Al k = R'X Ay k = R-AB. And finally, 
noting that AB = 2R sina and L = R- 2a, 
we arrive at Eq. (82). 

2) Centre of Gravity of a Tri¬ 
angular Area. Let us divide triangle 
ABD( Fig. 131) into n narrow strips paral¬ 
lel to side AD. The centres of gravity of 
these strips will, evidently, lie on median BE of the triangle. 
We conclude, then, that the centre of gravity of the triangle lies 
on this median. A similar result is ob¬ 
tained for the other two medians. We 
conclude therefore that the centre of 
gravity of a triangular area lies at the in¬ 
tersection of its medians. And, as is known, 

CE = -i- BE. 

3) Centre of Gravity of a 
Circular Sector. Consider a circular 
sector OAB of radius R whose central 
angle is 2a (Fig. 132). Let us divide 
the area of the sector with radii 



B 



Fig. 132. 
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drawn from 0 into n sectors. In the limit, when we increase n 
indefinitely, we can regard the sectors as triangular areas the 

centres of gravity of which lie on arc DE of radius R . Con- 

sequently, the centre of gravity of the sector 0AI3 is coincident 
with the centre of gravity of arc DE, the location of which is 
determined by Eq. (82). Thus, the centre of gravity of a circular 
sector lies on its axis of symmetry at a dis¬ 
tance from its centre 

^ = ( 83 ) 

4) Centre of Gravity of a Pyramid. 

Consider the triangular pyramid (tetrahedron) AliDE 
in Fig. 133. To locate its centre of gravity, let us 
divide it with planes parallel to base ABD into n 
infinitesimal truncated pyramids, which can be regard¬ 
ed in the limit, when n is increased indefinitely, as 
plane triangles. The centres of gravity of these trian¬ 
gles lie on iine £C, joining the vertex £ of the pyr¬ 
amid and the centre of gravity C, of its base. Con¬ 
sequently, the centre of gravity of the pyramid lies 
on line £C,. 

Reasoning in the same way, we find that the 
centre of gravity also lies on line BC., joining vertex B with the centre of 
gravity of base ADE. Hence, the required centre of gravity lies at point C 
where £C, and BC Z intersect. 

Let us now locate point C. As C,C 2 and BE divide the sides of angle BKE 
into proportional segments, they are parallel, and triangle C,CC. is similar to 

triangle ECB. Furthermore. C,C 2 =-^- BE, as l(C l = ^KB. We thus find: 

CC, _ C,C 2 _ 1 
CE ~ BE ~ 3 ' 

whence 

CC, = y CE = ^ C,£. (81) 

This formula is valid for any polyhedral pyramid and, in the limit, for a 
cone. 

Thus, the centre of gravity of a pyramid (or cone) lies on the line joining (he 
vertex of the pyramid (cone) and the centre of gravity of the base, at a distance 
from the base equal to one quarter of the length of the whole line. 

Formulas for the coordinates of the centres of gravity of other 
homogeneous bodies can be found in various technical and mathe¬ 
matical handbooks. 


£ 



0 

Fig. 133. 
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RECTILINEAR MOTION OF A PARTICLE 

57. Introduction to Kinematics. Kinematics is that division 
cl mechanics which treats of the geometry of the motion of bodies, 
without taking into account their inertia (mass) or the forces 
acting on them. 

On the one hand, kinematics is an introduction to dynamics, 
insofar as the fundamental concepts and relationships of kinemat¬ 
ics have to be understood before studying the motion of bodies 
taking into account the action of forces. On the other hand, the 
methods of kinematics are in themselves of practical importance, 
for example in studying the transmission of motion in mechanisms. 
That is why the demands of the developing machine-building 
industry led to the emergence of kinematics as a separate division 
of mechanics (in the first half of the 19th century). 

By motion in mechanics is meant the relative displacement 
with time of a body in space with respect to other bodies. 

In order to locate a moving body (or particle) we assume 
a coordinate system, which we call the frame of reference or re¬ 
ference system, to be fixed relative to the body with respect to 
which the motion is being considered. If the coordinates of all 
tlie points of a body remain constant within a given frame of 
reference, the body is said to be at rest relative to that reference 
system. If, on the’ other hand, the coordinates of any points of 
the body change with time, the body is said to be in motion 
relative to the given frame of reference (and consequently, rela¬ 
tive to a body which is fixed with respect to the frame of refe¬ 
rence). When we speak of the motion of a body with respect to 
a given frame of reference, we shall mean its motion relative 
to a body fixed with respect to that frame of reference. 

Any motion in space takes place with time. In mechanics we 
deal with three-dimensional Euclidean space in which all dimen¬ 
sions are measured by the methods of Euclidean geometry. The 
unit of length, by which distance is measured, is the metre. Time 
in mechanics is considered as universal, i.e., as passing simul¬ 
taneously in all our frames of reference. The unit of time is one 

second, which constitutes ^[ 4 edo^ 8 i 3 lub tl1 of the mean s °l ar da y- 
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Euclidean space and universal time reflect only approxi¬ 
mately the actual properties of space and time. Our daily experience 
shows, however, that for the motions considered in mechanics 
(at velocities much below the velocity of light) the approxima¬ 
tion is sufficiently accurate for all practical purposes. 

Time is a continuously varying scalar quantity. In problems 
of kinematics, time / is 'taken as an independent variable (the 
argument). All other variables are regarded as changing with time, 
i.e., as functions of time t. Time is measured from some initial 
instant (/ = 0) which is specified for every problem. Any given 
instant of time t is specified by the number of seconds that has 
passed between the initial and the given time. The difference 
between successive instants of time is called the time interval. 

The principles of kinematics, evolved from and confirmed 
by practical experience, are based on the axioms of geometry. No 
other laws or axioms are necessary for the kinematic study of 
motion. 

For the solution of problems of kinematics, the specific motion 
under consideration has to be described. To describe the motion , 
or the law of motion, of a given body (particle) kinematically 
means to specify the position of that body (particle) relative to 
a given frame of reference for any moment of time. One of the mam 
problems of kinematics is that of describing the motion of particles 
or bodies in terms of mathematical expressions. 

The principal problem of kinematics is that of determining all 
the kinematic characteristics of the motion of a body as a whole 
or of any of its particles (path, velocity, acceleration, etc.) when 
the law of motion for the given body is known. 

For the solution of this problem we must know either the 
equations of motion for the given body or for another body kine¬ 
matically associated with it. 

We shall start the study of kinematics with an investigation 
of the motion of the simplest body — a particle (kinematics of 
a particle), proceeding later to the examination of the kinematics 
of rigid bodies. 

The continuous curve described by a particle moving with re¬ 
spect to a given frame of reference is called the path of that 
particle. If the path is a straight line the motion is said to be 
rectilinear , if the path is a curve the motion is curvilinear. In 
this chapter we shall consider the case of rectilinear motion of 
a particle. 

58. Equation of Rectilinear Motion. Consider a particle M 
moving in a straight line. If we take a point O on that line as 
the origin of a coordinate system and direct axis Ox along the 


5— z\tb i 
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line (Fig. 134), the position of the particle on the axis will be speci¬ 
fied by its x coordinate, equal to the distance OM taken with 
the appropriate sign. The displacement of particle M carries it 
through positions M t , M : , etc., i.e., the value of x changes 

continuously. The position of the particle on its path at any 

given instant is specified by the re- 
0 m m, m 2 lationship 

U_ ~z _ ? *=/('). (1) 

Fig. 134. Eq. (1) is the general expression of 

rectilinear motion of a particle. 

For example, if the displacement of a particle moving from 

the origin 0 is proportional to the square of time, the motion 
of that particle is given by the equation 

x = a t z , 

where o is a factor equal to the distance travelled by the particle 
in the first second. At time t 2 = 2 sec, the particle will be at 
a distance 4a from the origin. Thus, if we know Eq. (1), we can 

determine the position of a moving particle for any moment of 

time. 

It should be noted that the quantity x in Eq. (1) specifies the 

position of a moving particle, not the distance travelled by it. 

Thus, if a particle moving from O reaches position A4, (see Fig. 
131) and then reverses its motion and returns to A/, its coordi¬ 
nate by that time will be x = OM , but the distance travelled by 

it will be OA'I, -j- A! ,Af, i.e., not equal to x. 


§ 59. Velocity and Acceleration of a Particle in Rectilinear 
Motion. One of the basic kinematic characteristics of a moving 
particle is its velocity. An important concept is that of average 

velocity. 

If the position of a particle at time t is M, and at time /, it 
becomes A1,, its displacement in the time interval At = t l — t 
being Aa = .v, — x (Fig. 135), the average velocity of the particle 

will be a vector quantity the numerical value* of which is 

v — V| ~- v — — (2) 

JV — t At ’ W 


The numerical (or algebraic) value of any vector u can differ from its 
modulus only in sign. Accordingly, we shall denote the numerical value of 
a vector by the same symbol u that we use to denote its modulus. In practice 
this notation will not lead to any misunderstandings. Whenever it is important 
to stress the fact that the quantity under consideration is the modulus of a vec¬ 
tor u, we shall employ the symbol [ u |. 
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The vector of average velocity 
the displacement of the particle, i.e., from 
The less the interval of time A/ = 


has the same direction as 
M to Af,. 

U — t for which the average 


a 

v 


time / 
tends 


is the 
when 




velocity is computed, the more accurately will the quantity v 
characterise the motion of the particle. In order to obtain 
a characteristic of motion which would be independent of the 
time interval A/, the concept of instantaneous velocity of a particle 
at a given time is introduced. 

The instantaneous velocity of a particle at 
quantity v towards which the average velocity 
the time interval At tends to zero. The 
numerical value of v is 0 

Ax dx . /Q , 

u= l!^ or v= ~^ (3) 

Thus, in rectilinear motion the tin- F >g 135. 

merical value of the instantaneous velocity 

of a particle is equal to the first derivative of its coordinate x 
with respect to time t. 

The velocity v can have a positive 
evident from Eq. (3) that the sign of v 
of Ax\ consequently, if u^>0 the motion 
direction of x increasing (the vector v 
tion of the x axis); if u<^Othe motion 
x decreasing (the vector v is in the negative direction of the a: 
axis). The dimension of velocity is length time, specifically m sec. 

The velocity of a particle may change in the course of its 
motion. The quantity characterising the time rate of change of 
velocity of a particle is called the acceleration of that particle. 

Let us first introduce the concept of average acceleration. If 
the velocity of a particle at any time t is v, and at time /, it 
has become v,, i.e., receives an increment Av = v x — v, the 
average acceleration of the particle in the time interval A /=/,—t 
is a vector quantity w av , the numerical value of which is deter¬ 
mined by the equation 

v. — v \u 

w... = -d -- = _. ( 4) 


or negative value. It is 
is the same as the sign 
of the particle is in the 
is in the positive direc- 
is in the direction of 


JV 


/, — / At ' 

The vector is in the positive direction of the axis when 

w av ^>0 t an( l in the negative direction when w JV 0. 

The instantaneous acceleration of a particle for any given time 
t is defined as the limit towards which the average acceleration 
W av tends when the time interval At tends to zero; its numerical 
value is 

A u d v 

Af-,0 At dl 


5* 


« 
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or, taking into account Eq. (3), 


ZD 


dv 

U 


d*x 
dt 2 


( 5 ) 


Thus, in rectilinear motion the numerical value of the instanta¬ 
neous acceleration of a particle is equal ro the first derivative of 
the velocity , or the second derivative of the coordinate x of the 
particle with respect to time. 

The vector of acceleration w is in the positive direction of 
the a* axis when uy^>0, and in the negative direction when w<C0. 

The dimension of acceleration is 


*r, 




v, to, 


0 


M. 


U, lO; 




<*) 


w t 





6 ) 


Fig. 136. 


length/time 2 , specifically m/sec 2 . 

If the velocity of a moving 
particle increases, the motion is 
said to be accelerated , if the 
velocity decreases, the motion is 
said to be retarded , or decelerat¬ 
ed. Evidently, the rectilinear 


motion of a particle is accelerated when the velocity and accelera¬ 
tion vectors are in the same direction, i.e., when v and w have 
the same signs (Fig. 136a); it is retarded when the velocity and 
acceleration vectors are of opposite sense, i.e., when v and w 
have opposite signs (Fig. 136/)). 

The obtained formulas show that if we know the equation of 
motion of a particle in the form (1), we can determine not only 
the position of the particle at any instant but also the basic 
characteristics of its motion, i.e., velocity and acceleration. 


60. Some Examples of Rectilinear Motion of a Particle. The 
motion of a particle along its path, in particular in a straight 
line, may be described by different equations. Let us examine 
some of them. 

1) U n i f o r m Motion. Uniform rectilinear motion is defined 
a* rectilinear translation with constant velocity (a = const.). The 
equation of such motion has the form*: 

A' = A. -1- Vt. (6) 


where ,v 0 is the coordinate of the particle at time 1 = 0. 

It is apparent that the displacement s of the particle in 
the time t is x — x 0 . It follows, then, that in uniform mo¬ 
tion the displacement of a particle is proportional to time. 


' Kqs. (6) and (8) can also be derived in the same way as for curvilinear 
inuiiun in § 70. 
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and the velocity is equal to the ratio of the distance to time: 

s = vt\ v = y ■ (7) 

As the velocity v is constant, the acceleration in this type 
of motion is zero (oy = 0). 

2) Uniformly Variable Motion. Uniformly variable 
rectilinear motion is defined as rectilinear translation with constant 
acceleration ( r JV = const.). The equation of such motion has the 
form: 

x = x 0 -{-v 0 t-\-^zvr-, (8) 

where v 0 is the initial velocity of the particle (the velocity at 
time / =0). 

Differentiating Eq. (8) with respect to time, we find that the 
velocity of uniformly variable motion at any instant is 

v = v % + wt. (9) 

Thus, the velocity of this type of motion increases in propor¬ 
tion to time (i.e., uniformly) and the displacement (at u o = 0) 
is proportional to the square of the time. 

If v and w are of the same sign the motion is uniformly 
accelerated , if they are of oppo¬ 
site sign the motion is uniform - j£i _ 2 _ Af 

ly retarded. L-,-__J * 

An example of uniformly 
variable rectilinear motion is Fig. 137. 

the motion of a weight thrown 

vertically up or down (neglecting the resistance of the atmosphere). 

3) Harmonic Motion. Consider the rectilinear motion of 
a particle, the distance x of which from the origin O of a coordi¬ 
nate system changes according to the equation 

x = a cos kt, (10) 

where a and k are constants. 

In the motion defined by this equation, a particle M (Fig. 137) 
oscillates between positions M 0 (-j -a) and AT, (— a). Motion of 
this type, which is known as simple harmonic motion , plays an 
important part in engineering. The quantity a, which is the 
greatest displacement of the particle from the centre O, is called 
the amplitude of vibration. 

It will be noticed that if motion starts at time / = 0 from 
point A4 0 , the particle will return to that point at a time /,, 
for which-cos kt % =\, or Ul l = 2.-i. 1 
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The time T = t l =~ required for the point to make one com¬ 
plete cycle is called the period of vibration. 

Differentiating x with respect to /, we obtain the numerical 
values of the velocity and acceleration of the particle: 

v — — aksinkt , w = — ak^coskt. 

Thus, in this type of motion the velocity and acceleration of 
a particle change with time according to the law of harmonic 
motion. When the particle is at the centre of vibration (* = 0 
and cos&/ = 0), its acceleration &y = 0 and its velocity has 
a maximum value v max = ak (at cos kt — 0, sin/?/=±l); in the 
extreme positions M n and M v where x= ±a and cos6 /=±l, 
the velocity is zero and the acceleration has a maximum value 

The signs of v and w show that when the particle moves to¬ 
wards the centre of vibration its motion is accelerated, when it 
moves away from the centre of vibration it is retarded. 

Motion of a similar type is described by the equation x = asinkt t 
only the motion starts at the centre 0. 

61. Graphs of Displacement, Velocity and Acceleration of a 
Particle. If we lay off the time t to scale on the axis of abscis¬ 
sas, and the displacement x on the ordinate axis, the plotted 
curve x = f(t) gives us a displacement-time graph for a given par¬ 
ticle. It shows graphically the displacement of the particle (the 
change of its x coordinate) with reference to time. 

Similarly, we can plot curves to some scale to represent the 
velocity-time relationship v (/) and the acceleration-time relationship 
w{t) for a moving particle. 

in Figs 138 a , b, and c are given graphs for the cases of mo¬ 
tion described by Eqs. (6), (8), and (10): the displacement-time 
graphs (top row), the velocity-time graphs (middle row), and the 
acceleration-time graphs (bottom row). 

The displacement-time curve of uniform motion, we see, is a 
straight line inclined to the axis of abscissas, the velocity-time 
curve of such motion is a straight line parallel to the axis of 
abscissas (v = const.), and the acceleration-time curve is a straight 
line coincident with the axis of abscissas (uy = 0). For uniformly 
variable motion (accelerated in the case shown in Fig. 138 b ), 
the displacement curve is a branch of a parabola, the velocity 
curve is a straight line inclined to the axis of abscissas, and the 
acceleration curve is a straight line parallel to the axis of 
abscissas (tc» = const.). Finally, for simple harmonic motion 
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* 



Fig 138. 


(Fig. 138 c) the respective graphs are represented by cosine and 
sine curves. 

A displacement graph for a particle should not be confused 
with its path, which in all the above cases is a straight line. 

62. Solution of Problems. Problems solvable by the methods 
of particle kinematics may require the determination of the veloc¬ 
ity or acceleration (and, in curvilinear motion, also the path) 
of a particle, the time in which a given displacement has been 
carried out, the distance travelled in a given time, etc. 

Before solving any such problem, it is necessary to establish 
the law of motion of the given particle. Either of two cases is 
possible: 

1) The law of motion is given by an equation of motion or 
by stating the type of motion (e.g., “a particle moves uniformly...”, 
“a uniformly retarded particle...”). In such cases the solution is 
reduced to the application of the relevant formulas. 

2) The law of motion is not given, but the motion of a par¬ 
ticle depends in some way on the given motion of another par¬ 
ticle (or body). In this case the solution must start with the deduc¬ 
tion of the equations of motion for the given particle. 
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Problem 51. A train travelling at a velocity o 0 = 54 km/h stops in t x = 2 
min after braking starts. Assuming the motion of the train during braking to 
be uniformly retarded, determine the distance covered during the braking time. 

Solution. The problem states that the motion is uniformly retarded. Con¬ 
sequently, it is described by Eq. ( 6 ): 

t * 

x = v 0 t -f w y * ( a ) 


where x is measured from the place where braking began (therefore x 0 = 0). The 
velocity is 

v = v Q -\-vjt. (b) 


As the train stops at t = t u its velocity at that instant is u,=0. Substitut¬ 
ing these values in equation (b), we obtain 0 = whence we find the 

acceleration: 

W =~T' 

Substituting the value of w into equation (a) 
and assuming / = /,, we obtain the required dis¬ 
tance: 

x, = —= 900 m. 

It should be noted that in the numerical 
computations special attention should be paid 
to expressing all quantities in the same unit 
systems (distance is usually measured in metres 
and time in seconds). In our case, 

v ‘=^^=r6=' 5mlsec - '. = I20sec - 



Problem 52. A man of height h walks away from a lamp hanging at a height 
N with a velocity u. Determine the velocity of the tip of the man’s shadow. 

Solution. First let us establish the law of motion of the tip of the shadow. 
Choosing point 0 directly under the lamp as the origin of our frame of reference, 
draw the x axis to the right, as shown in Fig. 139. Now, depicting the man at 
an arbitrary distance x, from 0, we find that the tip of his shadow is at x r . 
By virtue of the similarity of triangles OAM and DAB, we have: 

_ 11 

x *—H-h Xl ’ 


This is the equation of motion for the tip of the shadow /VI, provided the 
equation of motion for the man. i.e., x, =/(/), is known. 

Differentiating both parts of the equation with respect to time and noting 

that = u and = where v is the required velocity, we obtain: 
at at 


H 


v = 


II — h 


u. 


If the man moves with uniform velocity (u — const.), the velocity of the 

yy 

shadow v is also uniform, but it is 75 -r times faster than that of the man. 

n — n 

It should be noted that m developing the equations of motion, the moving body 
or mechanism (see Problem 53) should be drawn in an arbitrary position. Only 
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thus can we obtain an equation specifying the position of a moving particle 
(or body) at any moment of time. 

Problem 53. Blocks A and B of the mechanism in Fig. 140 are connected 
by a rod AB of length 1 = 30 cm and move in mutually perpendicular directions 

when the crank rotates. The crank OD of length is hinged to the middle of 

the rod AB at D. Develop the equations of 
motion for the sliding blocks A and B if angle <p 
increases in proportion to time (such rota¬ 
tion is called uniform) and the speed of rota¬ 
tion of the crank is 2 rpm. Determine the 
velocity and acceleration of the blocks at the 
instant when angle tp = 30\ 

Solution. The equations of motion for 
points A and B can be developed from the 
equation of motion for the crank OD. Accord¬ 
ing to the conditions of the problem, 

<p = kt, where k is a constant factor. We 
also know that, at / = 60 sec. angle <p = 4n 
(two revolutions). Hence, 4n=60£. and 
k = nl 15. 

Now we can draw the coordinate axes 
Ox and Oij and evolve the equations of motion for the blocks. As OD = AD. 
£ OAB = <p. Hence. x A = l cos <p. and y R = l sin <p. or 

x A =lcnskt\ y R = t sin kt. (a) 

The equations show that both blocks are in simple harmonic motion. Differ¬ 
entiating x A and tjn with respect to time, we obtain the velocity and accelera- 







Fig. 1-10. 


tion of the blocks: 


v A = — kl sin kl, w A = —A ,s / cos kt: 
v/f = kl cos kt, u>b = — /r*/ sin Ac/. 


n 


When angle <p = 30°, kt = - F - . At that instant 

b 


hi 

v A = — — = —3.14 cm/sec. w A = — 


k*l V~3 
2 


= — 1.14 cm/sec*, 


kl V" 3 /?*/ 

v R = —-— = 5.44 cm/sec, w n = - —= — 0.G6 cm/sec*. 


The signs indicate the directions of the velocity and acceleration vectors. In 
the case examined above, block A is moving with acceleration and block B 
with retardation. 


Chapter 10 

CURVILINEAR MOTION OF A PARTICLE 

63. Vector Method of. Describing Motion of a Particle. To 
describe the motion of a particle, it is necessary to specify its 
position in a chosen frame of reference at any given moment of 
time. Curvilinear motion can be described by one of the follow¬ 
ing three methods: 1) the vector method, 2) the coordinate 
method, 3) the natural method. 
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We shall start with the vector method of describing motion. 
Let a particle M be moving relative to any frame of reference 
Oxyz. The position of the particle at any instant can be specified 
by a vector r drawn from the origin 0 to the particle M (Fig. 141). 

Vector r is called the radius vector of the 
particle At. 

When the particle moves, the vector 
changes with time both in magnitude and direc¬ 
tion. Thus, r is a variable vector (a vector- 
function) depending on the argument t: 



r(t). 


(H) 


Fig. 141. 


Eq. (11) describes the curvilinear motion 
of a particle in vector form, insofar as it 
makes it possible to construct a vector r for any particular moment 
of time and to determine the position of the moving particle at 
that moment*. 

The locus of the tip of vector r defines the path of the moving 
particle. 

64. Velocity Vector of a Particle. Let a moving particle 
occupy at time t a position At defined by the radius vector r, and 

at time /, a position M t defined by the 
radius vector r, (Fig. 142). The displace¬ 
ment during the time interval A t = 
= /, — t is defined by a vector MM t 
which we shall call the displacement 
vector of the particle. 

From triangle OAIM l we have r-(- 

AtAl 1 = r l , whence 

AtAl,=r 1 — r = Ar. 

The ratio of the displacement vector 
of a particle to the corresponding time 
interval defines the vector of average 
(both in magnitude and direction) velocity of the particle during 
the given time interval: 



v 


/MM, 


av 


At 


Ar 
At * 


( 12 ) 


* Vector r can be defined by its magnitude and the angles if makes with 
the coordinate axes or by its projections on the axes. Thus, Eq. (11) stands for 
a set of equations giving the dependence of r, a, P, and y on t, or of r x , r y . 
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The magnitude of the average velocity given by Eq. (12) is 


MM. 

°*v = ir- 


( 12 ') 


Vector tf JV has the same direction as vector MAI,, i.e., along 
the chord AIM, in the direction of the motion of the particle 
(the direction of the vector is not altered by being divided by A/). 

The instantaneous velocity of a particle at any time t is defined 
as the vector quantity v towards which the average velocity z> JV 
tends when the time interval A t tends to zero: 


v = lim (v av ) = lim 

Af-»0 Af-*0 


Ar 

m * 


The limit of the ratio 


Ar 
A t 


when A/—*0 is the first 


of the vector r with respect to / and is denoted, like 
ative of a scalar function, by the symbol 
Finally we obtain: 


v = 


dr 

dt 


derivative 
the deriv- 



Thus, the vector of instantaneous velocity of a particle is equal 
to the first derivative of the radius vector of the particle with 
respect to time. 

As the limiting direction of the secant AfAl, is a tangent, the 
vector of instantaneous velocity is tangent to the path of the 
particle in the direction of motion. 

Eq. (13) also shows that the velocity vector v is equal to the 
ratio of the infinitesimal displacement dr of the particle tangent 
to its path to the corresponding time interval dt. 


65. Acceleration Vector of a Particle. In curvilinear motion, 
acceleration characterises the time rate of change of velocity in 
magnitude and direction. 

Let a moving particle occupy a position Af and have a veloci¬ 
ty v at a given time t, and let it at time /, occupy a position 
Af, and have a velocity (Fig. 143). The increase in velocity 
in the time interval A/ = /,— t is A v = v x — v. To construct 
vector Ai», lay off vector v, from point Af and construct a paral¬ 
lelogram with v l as its diagonal and v as one of its sides. It is 




In general, for any variable vector u depending on an argument t 

A u du 

lim -= — . 

ar-*o A/ dt 
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evident that the other side will represent vector Av. Note that 
vector Av is always directed towards the inside of the path. 

The ratio of the velocity increment vector Av to the corre¬ 
sponding time interval At defines the vector of average acceleration 
of the particle in the given time interval: 



Av 

~Kt 


Obviously, the vector of average acceleration has the same 
direction as vector Av , i. e, towards the inside of the path. 

The instantaneous acceleration of a particle at a given time t 
is defined as the vector quantity w towards which the average 



acceleration w 3V tends when the time 
interval At tends to zero: 


lim 

At C 


Av 

At 


or, taking into account Eq. (13), 



Fig- 143. Thus, the vector of instantaneous 

acceleration of a particle is equal 
to the first derivative of the velocity vector , or the second derivative 
of the radius vector of the particle with respect to time. 

It follows from Eq. (14) that the acceleration vector w is equal 
to the ratio of the increment ot the velocity vector dv to the 
corresponding time interval dt. 

Let us see how vector w is directed with respect to the path 
of the particle. If the path is a plane curve, the acceleration 
vector w . like the vector w aV , lies in the plane of the curve and 
is directed towards the inside of the curve. 

If the path is a curve in space, the vector W aw is directed 
towards its inside, in a plane through the tangent to the path at 
point M and a line parallel to the tangent through the neighbour¬ 
ing point Af, (see Fig. 143). In the limit, when point Af, tends 
to Af, this plane coincides with the so-called osculating plane*. 
Hence, in the general case, the acceleration vector w lies in the 
osculating plane and is directed towards the inside of the curve. 


The osculating plane through a point Af on a curve may also be defined 
as the limiting position of a plane through points Af, Af,, and Af, of the given 
curve when points Af, and Af. tend to Af. Of all the planes passing through 
point Af, the osculating plane has the highest order of osculation (has the great¬ 
est contact with the curve). Every point of a three-dimensional curve (e.g., a 
helix) has its own osculating plane. The osculating plane of a plane curve is 
coincident with the plane of the curve and is common for all its points. 
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Eqs. (13) and (14) obtained in $§ 64 and 65 give the general 
expressions of the basic kinematic characteristics of motion in 
vector form and are essential for developing all other formulas 
and relationships in particle kinematics. 


66 . Theorem of the Projection of the Derivative of a Vector. 
The following theorem will be found useful in solving vector 
equations containing derivatives, when it is necessary to go over 
from relations between vectors to relations between their projec¬ 
tions: The projection of the derivative of a vector on a fixed axis 
is equal to the derivative of the projection of the differentiated 
vector on the same axis. 

Let there be a variable vector p depending on an argument t. 
The derivative of p with respect to t is also a vector q. By 
definition. 



lim 

J/-*o 


Pi-p 
M 


* 


where p and p x are the values of the differentiated vector 
instants t and Applying the theorem of the projection of 
vector sum (or difference) on an axis, we obtain: 


at 

a 


lim 
-»0 


Pi V Px 
A/ 


where p x and q x are the projections of vectors p and q on the 
axis Ox. But p lx — p x = Ap x . Hence, 

Ap v dp x 

<7, = lln, ^ = -rfT- 

The theorem is thus proved, as we have shown that 

if 9' = 4r- then ?* = %• (15) 

It should be noted that the relation of the form (15) is not valid for ttic 
magnitudes of vectors, i.c., if q= then generally | </ | . In 

dv 


dt 

dr 


dt 
d | v\ 


and w — 


dt 


dt 

here, too, in 


the 


particular, we have proved that v — 

general case | v \ & ^ and | w \ ^ ^ 

For, say, if a particle moves in a circle whose centre is at the origin of a 
coordinate system, its velocity is v = -~ (the direction of r changes with time). 


It is evident. 


but in magnitude |r| = const., and consequently, — jjp - — 0. 

then, that 1 v \ ?= —- . That | w | ^ w ‘h shown in § 69. 

The methods of determining the magnitudes of the velocity and acceleration 
of a particle are discussed further on. 
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67. Coordinate Method of Describing Motion. Determination of 
the Path, Velocity and Acceleration of a Particle. The position of 
a particle with respect to a given frame of reference Oxy? can 
be specified by its cartesian coordinates x, y, z (Fig. 144). When 

motion takes place, the three coordi¬ 
nates will change with time. If we 
want to know the equation of motion 
of a particle, i.e., its location in 
space at any instant, we must know 
its coordinates for any moment of 
time, i.e., the relations 


*=/,(0. y=fz(0 . z=M0 (>6) 

should be known. 

Eqs. (16) are the equations of motion of a particle in terms of 
cartesian rectangular coordinate axes. They describe the curvi¬ 

linear motion of a particle by the coordinate method*. 

If a particle moves in one plane, then, taking that plane for 
the xy plane, we obtain two equations of motion: 

*=M0. y=M0- (17) 

Let us see how the kinematic characteristics of motion are 

determined by the coordinate method of describing the motion 
of a particle. 

1) Determination of the Path- of a Particle. Taking 
time t as the parameter in Eqs. (16) and (17), we notice that 
these equations are, in fact, the equations of the path of a par¬ 
ticle in parametric form. To obtain the equation of the path in 
the usual form, i.e., in the form of a relation only between the 
coordinates of a particle M, time t must be eliminated from the 
equations of motion. 

2) Determination of the Velocity of a Particle. 
The velocity vector of a particle is v — ^ . Hence, from rela¬ 
tion (15), we obtain: 

dr v dr v dr z 

~df ’ V y ~dt~ * V * dt * 

But from the diagram in Fig. 144 we see that the projections 
of the radius vector r of the particle on the coordinate axes are 



* The motion of a particle can be described in other coordinate systems: 
polar, spherical, etc. In this case the formulas for determining v and w will 
be other than Eqs. (I8)-(21) deduced in this section (see, for example, § 71). 
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equal to the coordinates of the particle, i.e., r x = x, 
r 2 = z. Therefore finally, 

dx di / dz 

v * ~df ’ v y ~dt ’ v * ~dt » 



(18) 


i.e., the projections of the velocity on the coordinate axes are 
equal to the first derivatives of the corresponding coordinates of 
the particle with respect to time. 

Knowing the projections of the velocity, we can find the mag¬ 
nitude and direction (i.e., the angles a, p, y which vector v 
makes with the coordinate axes) from the equations: 

v =V v l+ v ',-\r v V- 

V r n Vy. V * 

cos a = —— t cos p = —, cos y = —- . 

V r V 1 V 

3) Determination of the Acceleration of a Par¬ 
ticle. The acceleration vector of a particle is w — -Jj- . Hence, 

from the theorem of the projection of a derivative and from 
Eqs. (18), we obtain 




<tv x __ j*!* ... _ di’y _ £y_ 

dt dt : ’ ^y di dt x ' 



d 2 z 

lit* 


( 20 ) 


i.e., the projections of the acceleration on the coordinate axes are 
equal to the first derivatives of the projections of the velocities , or 
the second derivatives of the corresponding coordinates , of the par¬ 
ticle with respect to time. The magnitude and direction of the 
acceleration are given by the equations 


w 


cos a, = 


_ u-’x 


W 


= V w \ + Wy + 

cos P, = , 


W 


cos V. = —*- 

1 f/1 


w 


( 21 ) 


where a,, p,, and y, are the angles made by the acceleration vec¬ 
tor with the coordinate axes. 

Thus, if the motion of a particle is described in rectangular 
cartesian coordinates by Eqs. (16) and (17), the velocity of the 
particle is given by Eqs. (18) and (19) and the acceleration by 
Eqs. (20) and (21). In the case of plane motion, the z projection 
should be omitted in all the equations. 

Solution of problems. As in the case of rectilinear mo¬ 
tion, in order to solve a problem we must know the equations 
of motion of a given particle to find any of its kinematic char¬ 
acteristics. If the equations of motion are not given directly, 
the solution must begin with the deduction of these equations. 
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Problem 54. The motion of a particle is described by the equations 

x = 8t — 4/*, y = 6t-3t s . 

where x and y are in metres and t is in seconds. 

Determine the path, velocity and acceleration of the particle. 

Solution. To determine the path, we first eliminate time t from the 
equations of motion. Multiplying both parts of the first equation by 3 and 
both parts of the second by 4. and subtracting the second from the first, we 
obtain 3x — 4i/ = 0, or 


3 



Consequently, the path is a straight line making an angle a with the x 
axis such that tan a = -^- (Fig. 145). 

Now let us determine the velocity of the particle. From Eqs. (18) and (19) 
we obtain 

»*=£ = 8(1 — 0. V,= -^ = 6(1-0; 


u =F«'*+»j = io(i -/>. 

To determine the acceleration of the particle. Eqs. (20) and (21) give us: 



d ! x 

dC- 




6, w— 10m/sec s . 


Vectors v and w are evidently directed along the path, i.e., along AB. 
As o:' = const., the motion is uniformly variable. The projections of the accel¬ 
eration on the coordinate axes are always negative, 
consequently the acceleration is always directed from 
B to A. The projections of the velocity at 0</ 
< 1 are positive, consequently, within this time 
interval, the velocity is directed from O to B. At 
time / = 0, o=10 msec, and at time/=l sec, 
o = 0. When />1 sec, both projections of the 
velocity are negative and, consequently, the velocity 
is directed from B to A, i.e., similarly as the 
acceleration. 

Finally, note that, at t — 0. x = 0 and y = 0; 
at / = 1 sec, a-= 4 and y = 3 (point B ); at / = 2 
sec, x — 0, y = 0; at / > 2, the absolute values of x and //continue to increase 
in the negative direction. 

rhus. the equations given in the statement of the problem tell us everything 
about the motion of the particle. The motion begins at point O with an initial 
velocity = 10 m sec and is along a straight line AB inclined to the x axis 

3 

at an angle a such that tan a = —. On the portion OB the motion is uni¬ 
formly retarded, and in one second the particle comes to rest at point 5(4, 3). 
From there it moves back with uniform acceleration. At t = 2 sec. the particle 
returns to the origin of coordinates and continues to move along OA. The accel¬ 
eration is all the time 10 ni sec 1 . 

Problem 55. The motion of a particle is described by the equations: 

X = a sin to/, y = a cos (ot, z — ut, 
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where a, 10 , and u are constants. Determine the path, velocity and acceleration 
of the particle. 

Solution. Squaring the first two equations and adding them, we obtain 
(since sin 1 lot -f- cos* co/ = 1): 

** -f -y* = a*. 


Hence, the path lies on a circular cylinder of radius a. the axis of which is 
coincident with the z axis (Fig. 146). Determining t from the third equation 
and substituting its value into first, we find: 


x = asin(-^j). 

Thus, the path of the particle is the line 
of intersection of a sinusoidal surface, 

whose generators are parallel to the y axis, 
with the cylindrical surface of radius a. This 
curve is called a screw. It can be seen from 
the equations of motion that the particle 

makes one turn along the screw line in 
time determined by the equation id/, = 2jt. 
The displacement of the particle parallel to 

. , 2/xu 

the z axis in that time is h = ut l — —— 

(l) 

and is called the pitch of the screw. 

Let us now determine the velocity and 
acceleration of the particle. Differentiating 
the equations of motion with respect to time, 
we obtain: 

v x = aio cos v y = — aco sin lot, v z = u. 



whence__ 

v — y a'o* (cos* o)/ sin 1 lot) -|- u* = l^u*o> -f- u*. 


The quantities under the radical are constant. Consequently. the magnitude 
of the velocity is constant and is directed at a tangent to the path. From 
Eqs. (20) we calculate the projections of the acceleration: 

w x = — ao>* sin lot. Wy = — ao> 2 cos lot, = 0, 
whence _ 

W = V l£>* -f- l£>* = Ud) 1 . 

Thus, the motion has an acceleration of constant magnitude. To determine 
the direction of acceleration, we have the equations 


cos a, 


E* 

w 


= — sin lot 



„ w v . y w. 

cos B, = —— = — cos lot =-— , cos y, =—- = 0 . 

11 w a w 

But evidently 

x y o 

— = cos a, — = cos ft , 

a a 

where a and f) are the angles made by the radius a. drawn from the axis of 
the cylinder to the moving particle, with the x and y axes. As the cosines of 
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angles a, and p, differ from the cosines of the angles a and p only in sign, we 
conclude that the acceleration of the particle is continuously directed along the 
radius of the cylinder towards its axis. 

It should be noted that although, in the present case, the motion has a 
velocity of constant magnitude (i.e., has a constant speed), the acceleration 
of the particle is not zero, as the direction of velocity is continually changing. 

Problem 56. Determine the path, velocity and acceleration of point At in 

the middle of the connecting 
rod of the crankgear in Fig. 
147, if OA=AB = 2a and 
angle <p increases in propor¬ 
tion with time: tp = to/. 

Solution. Let us first 
develop the equations of mo¬ 
tion of point Af. Drawing 
the coordinate axes as shown 
and denoting the coordinates 
of M by x and y, we obtain: 

x = 2a cos q> -j— a cos <p, 

Fig. 147. i/ = asin<p. 

Substituting the expression for qp, we obtain the equations of motion of 
point Af: 

x = 3a cos to/, y = a sin to/. 

To determine the path of Af we write the equations of motion in the form 



— = cos iot, 
3a 


— = sin to/. 
a 


Squaring these equations and adding them, we obtain: 

JL — JL— , 

9a 2 “ a 2 ' 

Thus, the path described by point Af is an ellipse with semiaxes equal to 
3a and n. 

i-rom Eqs. (18) and (19) we determine the velocity of point M: 

Vjf — — 3ato sin to/. v y = ato cos to/; 
v — aioY 9 sin* wt -f- cos 2 to/. 

We sec that the velocity is a variable quantity, changing with time from 
I'm in — ^*-0 to t’rnnx — 3at0. 

Now, from Kqs. (20), we determine the projections of the acceleration of 
point Af: 

w x = — 3uto 2 cos to/ =: — to*x, Wy = — ato* sin to/ = — to 2 //, 

whence 

w = V a> 4 (x 2 -f- (/*) = toV, 

where r is the radius vector from the origin to point Af. Thus, the magnitude 
of the acceleration of the point changes in proportion to its distance from the 
centre of the ellipse. 
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To determine the direction of w, we have, from Eqs. (21): 


cos a, = 





We see that, as in problem 55. the acceleration of point M is continually 
directed along MO towards the centre of the ellipse. 


68 . Natural Method of Describing Motion. Determination of 
the Velocity of a Particle. The natural method of describing 
motion is convenient when the path of a particle is known at 
once. Let a particle At be moving with respect to a frame of 
reference O x x x y x z x along an arbitrary path 
AB (Fig. 148). Take any fixed point O 
on the path as the origin of another 
frame of reference; now, taking the path as 
an arc-coordinate axis, assume the positive 
and negative directions, as is done with 
rectangular axes. The position ol the par¬ 
ticle At on the path is now specified by 
a single coordinate s, equal to the distan¬ 
ce from O to At measured along the arc of Fig. 148. 

the path and taken with the appropriate 

sign. When At moves, the distance s changes with time. In 
order to know the position of At on the path at any instant, 
we must know the relation 

s = /(/). (22) 

Eq. (22) expresses the law of motion of the particle At along 
its path. 

Thus, in order to describe the motion of a particle by the 
natural method, a problem must state: 1) the path of the particle', 

2 ) the origin on the path, showing the 
positive and negative directions', 3) the 
equation of the particle's motion along 
the path in the form s = f(t), where the 
distance s = OM gives the arc coor¬ 
dinate of the particle. 

The dependence of s on / may be 
Fig. 149. shown graphically, as in the case of 

recti linear motion (§61). Here, of course, 
the distance of s, instead of x, should be laid olT along the 
ordinate axis. 

Let us see how the velocity of a particle can be determined 
when the motion is described by the natural method. If in some 
time interval A/ = /,— t a particle moves from position M to 
position M,, the displacement along the arc of the path being 
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As — s, s (Fig. 149), the numerical value of the average veloc¬ 
ity will be *: 


_S — s _ As 

av /, - t'~ At * 

Passing to the limit, we obtain the numerical 
instantaneous velocity for a given time /: 



value of the 


v 


lim 

Af o 


As 

At 


or v = 


ds 

IT' 



Thus, the numerical value of the instantaneous velocitu of a 
particle is equal to the first derivative of the displacement (of the 
arc coordinate) s of the panicle with respect to time 

The velocity vector is tangent to the path, the latter assumed 
to be known. As in the case of rectilinear motion, if y>0 the 
velocity vector v is in the positive direction of s, if y<0,’ v is 
in the negative direction of s. Thus, the numerical value of the 
velocity defines simultaneously the modulus and the direction of 
he velocity vector. Eq. (24) also shows that v can be calculated 
as the ratio of the infinitesimal displacement ds of a particle 
along the arc of its path to the corresponding time interval dt. 


bJ. Tangential and Normal Acceleration of a Particle. Let us 
now determine the acceleration of a particle. As the vector of 
acceleration w of a particle always lies in an osculating plane 

(see § 65). the former can be 
determined if we obtain the 
projections of the vector on 
any two axes in such a plane. 
Let us draw one axis along 
the tangent Air to the path in 
the direction of the positive 
displacement s (Fig. 150), 
and the other along the nor¬ 
mal Ain towards the inside 
. of the path. The normal Ain, 

which lies in the osculating plane (or in the plane of the curve 
itsdi if the curve is two-dimensional), is called the principal normal. 

I he two axes — the tangent and principal normal — have as 
their origin the moving particle At and move with it in space. 



* It will be noticed that the values of v av as obtained from Eqs. (23) and 
*!- * ( *o coincide with each other (the first specifying t> av for motion along 

an arc the second for the shortest path from M to At,). In the limit, however, 
when At * 0. both equations give the same result for v, since in the limit 
tin ratio ol arc As to chord Al.Vt, is unity. On the concept of “numerical 
value” of velocity see footnote on p. 130. 
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Let the particle occupy a position Af and have a 
at any time /, and at time t x = t -}- At let it occupy 

of the 

90 

Av 


M, and have a velocity v x . Then, by virtue 


velocity v 
a position 
definition. 


W 


lim - 


Al 


At 


lim 

At —» 0 


V, — V 

At 


Let us now express this equation in terms of 
of the vectors on the axes Air and Ain through 
Fig. 150). From the theorem 
of the projection of a vector 
sum (or difference) on an axis 
we obtain: 


the projections 
point M (see 


w. 


w 


lim 

At —* o 


Vl-— v-. 
At 


lim 

At 



At-> 0 

Draw through point A f, a 
line ab parallel to Afx and 

denote the angle between the vector v x and the tangent Aft by the 
symbol Acp. This angle between the tangents to the curve at 
point M and M, is called the angle of contiguity. 

It will be recalled that the limit of the ratio of the angle of 

contiguity Acp to the arc AfAf, = As defines the curvature & of the 
curve at point AL As the curvature is the inverse of the radius 
of curvature q at Af, we have: 


lim 

As -+ 0 


4 *=* = 1 . 

As Q 


From the diagram in Fig. 150, we see that the projections of 
vectors v and v x on the axis Mr and Mn are 


v _ 


V, 


v tz =u, cos Acp, 


V n = 0, 

v... = u t sin Acp, 


1/1 


where v and v x are the numerical values of the velocity of the 
particle at instants t and Hence, 

v, cos Acp — v 


lim 

At O 


A/ 


n 


TI 5 )- 


It will be noted that when At —*0. point Al, approaches M 
indefinitely, and simultaneously Acp—►O, As —*0, and v x —- v. 
Hence, taking into account that lim (cos Acp) = 1, we obtain 

A'f o 

for w x the expression: w x = lim v ' ~ v dv 


Al 


At 


dt 
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Multiplying the numerator and denominator of the fraction in 
the expression of w n by A<pAs, we find 


w n = lim 

iif -*■ 0 



sin A<p A9 
Aq) As 



> 


since, when A/—► 0, the limits of each of the cofactors inside the 
brackets are 


lim u, = v, 


lim 


sin A<p 
A9 




lim 


As ds 




Finally we obtain 


dv d s <* 

w -- = lu=-dP-’ 




We have thus proved that the projection of the acceleration of a 
particle on the tangent to the path is equal to the first derivative 
of the numerical value of the velocity , or the second derivative of 
the displacement (the arc coordinate) s, with respect to time; the 
projection of the acceleration on the principal normal is equal to the 
second power of the velocity divided by the radius of curvature of 
the path at the given point of the curve. This is an important 
theorem of particle kinematics. 

Let us lay olT vectors w. and w n (equal in scalar magnitude 
to w. and &-„) along the tangent Air and principal normal Mn 
respectively (Fig. 151). These vectors are the normal and tangential 
components of the acceleration of the particle. Component w n is 
always directed along the inward normal (the value of w n is 
always positive), while component w. can be directed either in 
the positive or the negative direction of the axis Air depending 
on the sign of the projection w. (see Fig. 151a and b). 

The acceleration vector w is the diagonal of a parallelogram 
constructed with components and w„ as its sides. As the 
components are mutually perpendicular, in magnitude 


W =Y+k = Y (^) 2 +(ir)* (26) 

The angle jj between vector w and the normal Mn is determined 
by the formula 

tanu = -L^J-. (27) 

Thus, if the motion of a particle is described by the natural method 
and the path (and, consequently, the radius of curvature at any 
point) and the equations of motion (22) are known, from Eqs. 
<24) and (25)-(27) we can determine the magnitude and direction 
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of the velocity and acceleration vectors of the particle for any 
instant *. 

70. Some Special Cases of Particle Motion. Using the results 
obtained above, let us investigate some special cases of particle 
motion. 

1) Rectilinear Motion. If the path of a particle is 

U 2 

a straight line, then q = oo, and w n = — = 0 and the total accel¬ 
eration is equal to the tangential acceleration: 

dv 

di 


W = W.=-77 


As in this case the velocity changes only in magnitude, we 
conclude that the tangent id acceleration characterises the change 
of speed. 

2) Uniform Curvilinear Motion. Curvilinear motion 

is uniform when the speed is constant: v = const. Then w. = ^ = 0, 

and the total acceleration of the particle is equal to the normae 
acceleration: 

v s 

W = W„ = -. 


n 


The acceleration vector w is continuously directed along the 
normal to the path of the particle. 

As in this case acceleration is represented only by the change 
in the direction of the velocity, we conclude that the normal 
acceleration characterises the change of direction of the velocity. 
Let us deduce the equation of uniform curvilinear motion. 

From Eq. (24) we have ( -^ = v, or ds = v dt. 

Let a particle be at the initial time (( = 0) at a distance s, 
from the origin. Then, integrating both members of the equation' 
over the respective intervals, we have 


S t 

^ds=^vdt or s — s, 


vt, 


So 


as u = const. Finally, we obtain the equation of 
linear motion in the form 

s = s 0 4-u/. 


uniform curvi- 


* From Eq. (26) it is evident that in the general case w ^ 
was already pointed out at the end of § 66. 


dv 

dt 


(28) 


whicli. 
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3) Uniform Rectilinear Motion. In this case 
i 0 n = ay. = O, therefore, w = 0. Note that uniform rectilinear mo¬ 
tion is the only case of motion in which the acceleration is contin¬ 
ually zero. 

4) Uniformly Variable Curvilinear Motion. Cur¬ 
vilinear motion is called uniformly variable if the tangential 
acceleration is constant: w. = const. Let us write the equation of 
this motion, assuming that, at t=0, s=s 0 and v = v 0 , where v 0 

is the initial velocity of a particle. By Eq. (25), ~=w z , or 

dv = w z dt. 

As w x = const., intergrating both members of the last equa¬ 
tion over the corresponding intervals gives us: 

v = v 0 -\-w z t. (29) 

Let us write Eq. (29) in the form 

~-v 0 -\-w x t or ds = v 0 dt -\-w.t dt. 

Integrating again, we obtain the equation of uniformly variable 
curvilinear motion of a particle in the form 

+ V + • ( 30 ) 


The velocity of this motion is given by Eq. (29). 

The difference between Eqs. (29) and (30) and the correspond¬ 
ing Eqs. (9) and (8) for rectilinear motion is that instead of the 

acceleration w, the former have 
the tangential acceleration w x , and 
instead of the rectangular coordi¬ 
nate X they have the arc coor¬ 
dinate s. 

!f, in curvilinear motion, the 
magnitude of the velocity in- 
Fig- >52. creases, the motion is said to be ac¬ 




celerated, if it decreases, the mo¬ 
tion is said to be retarded. As the change of magnitude of the 
velocity is characterised by the tangential acceleration, the motion 
is accelerated if v and w. have the same sign, i.e., the angle 
between vectors v and w is acute (see Fig. 152a), and retarded 
if the signs are different (the angle between v and w is obtuse, 
see Fig. 152/>). 


Solution of Problems. As pointed out before, in order 
to solve problems of kinematics, we must know the equations of 
motion for a given particle. If the motion is described by the 
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natural method (the path and the equation of motion along it 
are given) all its characteristics are found from the equations 
developed in §§ 68-70. If the motion is described by the coordi¬ 
nate method, its characteristics (including the tangential and 
normal accelerations and the radius of curvature of the path) can 
be found as in Problem 59. 


Problem 57. Small oscillations of the pendulum shown in Fig. 153 are 
represented by the equation of motion s = asinA7 (the origin is at O, a and k 
are constants). Determine the velocity, tangential and normal accelerations of the 
bob and the positions at which they become 
zero if the bob describes a circular arc of ra¬ 
dius /. 

Solution. From the respective equa¬ 
tions we find: 

ds . .. dv -. . ., 

v = — = ak cos kt; i£». = — = — ak- sin pi, 

dt ' 


dt 
a 7 k 2 

W.. = — = —r- COS kt. 


n 


V 

1 


l 



The equation of motion is that of simple 
harmonic motion, the amplitude of swing 
being a. In the extreme positions A and B, 

sin kt — + 1 , and consequently, cos kt = 0. Hence, in positions A and 
B, the velocity and normal’ acceleration are zero and the tangential acceleration 
has its maximum value IT1JX = ak 7 . At the origin O, where s = 0, the reverse 
is true, and sin kt = 0 while cosA7=l. In this position, u> T = 0 and u and lo„ 
have their maximum values: 

a 7 k 7 


v 


max 


= ak. 


w 


ii max 


/ 


We observe from this example that in non-uniform curvilinear motion to. 
or w n may become zero at dilTercnt points of the path, specifically, io. = 0 wher¬ 
ever 



i.e., for example, where v is at its maximum or minimum; w„ = 0 at the 
points where o = 0 (as in the present case) or where y = oo (the points of 
inflection of the path). 

Problem 58. A train starts moving from rest witli uniform acceleration 
along a curve of radius R = 8U0 m and reaches a velocity u, = 36 km/h after 
travelling a distance s,=600 m. Determine the velocity and acceleration of 
the train at the middle of this distance. 

Solution. As the train moves with uniform acceleration and u 0 = U, 
its equation of motion (assuming s 0 = 0) is 


s 



and its velocity is 



w 


T 


/. 


Eliminating time t from these equations, we obtain 
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According to the conditions of the problem, at s = s 1( v = o y , whence we 
find. 

w -~~2 s, * 

At the middle of the path, where s s = -£, the velocity v. is: 


V' 


u, = V2 w7s z = Vwfx = . 

The normal acceleration at this point of the path is: 


v 


v 


w 


ni 


R 2 R' 


Knowing and w ni , we find the total acceleration of the train at the 
middle of the curve: 


w. 




Substituting the numerical values, we obtain: 

m/sec, zo 2 = ^=i:0.1 m/sec*. 

Problem 59. The equations of motion for a particle thrown with a hori¬ 
zontal velocity are: 

x = v Q t, y = — gt\ 

where v 0 and g are constants. 

Determine the path, velocity and acceleration of 
the particle, its tangential and normal accelerations 
and the radius of curvature of its path at any point, 
expressing them in terms of the velocity of the par¬ 
ticle at the given point. 

Solution. Determining t from the first equation 
and substituting its expression into the second, we obtain 



' J= K 


x*. 


The path of the particle is a parabola (Fig. 154). 

Differentiating the equation of motion with respect to time, we findt 


dx dij . 

v *=di= a * v y~di ~ e ’ 


whence 


v = V v? + g 2 t 2 . 


(a) 


Thus, at the initial moment (/ = 0) the velocity of the particle v = v 0 and 
it continuously increases with time. 

Let us now determine the acceleration of the particle, From the respective 
equations we have: 

d*x . dry 

— dt z — 


dt 2 
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Consequently, the acceleration is 


w = g. 


In the present case the particle has an acceleration of constant magnitude 
and direction, parallel to the y axis. Note that, although w = const., the motion 
of the particle is not uniformly variable, since the condition for uniformly 
variable motion is not w — const., but if. = const. In this case, we shall find, 
w T is not constant. 

Knowing the dependence of v on t [formula (a)], we can find io T : 


w. 


du 

dt 


U 2 t —8*1 

v "■>:+«*<* 0 


But from equation (a) we have o* = t/* and consequently, 


i= jVv- vi- 


Substituting this expression of /, we express w. in terms of the velocity v: 


w 


v 


It follows that at the initial moment, when v = v„, w. = 0. then increas¬ 
ing together with v and. at v —-oo, w.—+ g. Thus, in the limit the tangen¬ 
tial acceleration approaches the total acceleration g. 

To determine w n , we refer to the equation 


w' = w* + w' 


whence 


and 




= « 


Thus, at the initial moment (v = v 0 ), w„ = g. decreasing as u increases 
and in the limit approaching zero. 

To determine Hie radius of curvature of the path, we use the equation 


w 


n 


whence 




0 “ ~~ v 0 g 


At the initial moment the radius of curvature has its smallest value 

v 2 

Omin = 

• 

U 

As v increases, the radius of curvature increases, and consequently, the 
curvature of the path decreases. As v —*■ co, q —*■<», and the curvature tends 
to zero. 
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71. Velocity in Polar Coordinates. If a particle moves in a 
plane, its position can be specified by its polar coordinates r 
and cp (Fig. 155). As the particle moves, these coordinates change 
with time, the motion of the particle in polar coordinates being 

given by the equations 

r=fAD, <P = M0- (31) 

The numerical value of the ve¬ 
locity of the particle is ^ 

it is equal to the ratio 
infinitesimal displacement 
the time interval dt. In this case 
the displacement ds is the geomet¬ 
rical sum of the radial displace¬ 
ment, equal in magnitude to dr, 
and the transverse displacement 
perpendicular to the radius and 
equal in magnitude to r d cp. The velocity v is thus the geomet¬ 
rical sum of the radial velocity v r and the transverse velocity zl, 
whose scalar magnitudes are, respectively, 



, i.c., 

of the 
ds to 


dr 

° r dt ' 


.. _ r l ll 

dt ’ 


(32) 


As v r and v. are mutually perpendicular, 


dr\' 


V (ji 


' dtp 
dt 


r z 


(33) 


Eqs. (32) and (33) give the velocity of a particle moving in 
plane in polar coordinates. 


72. 


Graphical Analysis of Particle Motion. The graphical method of 
solving problems of particle kinematics is useful when the analytical expres¬ 
sion o: the relationship s = (f)t (or, in rectilinear motion. x = f(t)] is too 
involved, or when the motion is described by graphs obtained experimentally 
or ['lotted by recording instruments. 

II we have a graph of motion expressing the displacement-time rela¬ 
tionship tl-;g. 156). we can ['lot a velocity curve by the method of graphical 
differentiation. It is apparent from the diagram that the average velocity of 
the given particle in the time interval A t — is given by the tangent of 

the angle which the secant K,K t makes with the horizontal, as 


v av — 


s. — 5, As 

-r - 1 = — = tana, 

t . — /, A/ 


the accuracy depending on the scale factor. 
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The velocity of the particle at the given time l, is specified bv the tan¬ 
gent of the angle made by the tangent to the curve through point' A',. a 5 


v 


(34) 


is explained in the solution 


= (;£),=,, = ,anct - 

also within the scale factor. 

Thus, by drawing tangents to the displacement curve at points A',. K, 
we can find the corresponding velocities at instants /,. t,. ... from the‘tan¬ 
gents of the respective angles to the horizontal 
and plot a velocity curve. Similarly \\e can 
plot a curve for the tangential acceleration 

w, = ~. The order to be followed in plot¬ 
ting the curves 
of Problem 60. 

To plot the curves of the normal and total 
acceleration (in the case of curvilinear mo¬ 
tion) the values of w n and w at different mo¬ 
ments are computed from the corresponding 
equations. The values of u and uj. are taken 
from the plotted velocity and tangential accel¬ 
eration curves, and q is determined from 
the given path. 

If the velocity curve is known for a given mo¬ 
tion. it is easy to plot a displacement curve by 

the method of graphical integration. As ds = o ill, then, assuming s o = 0 we have 





dt 


The integral in the right-hand side is computed as the respective area, 
taken with a plus for positive values of v and a minus for negative values! 

For greater convenience in computing areas! 
the curve should be plotted on graph paper: 
the area is then obtained by simply counting 
the squares. In the case in Fig. 157. the dis¬ 
placement s, at time t x is equal to the difference 
between the upper and lower shaded areas mul¬ 
tiplied by a scale factor*. By determining s 
for different instants t. we can plot a dis¬ 
placement curve. A tangential acceleration curve 
can be used in the same way to plot a veloc¬ 
ity curve. 



Fig. 157. 


Problem 60. To investigate graphically the motion of a piston of a crank¬ 
shaft mechanism (Fig. 158), if the crank is of length O' A = 0.2 m. the con¬ 
necting rod is of length AB = QA m, and the crank rotates uniformly making 
one revolution in time 7*= 1.6 sec. 

Solution. 1) P 1 o t t i n g the displacement curve for the 
piston. The following operations should be performed: 

a) (.boose scales for the displacement x and the time /. If you are using 
graph paper, remember that the error in measurement can be as high as 

The sum of these areas defines the distance travelled by the particle in 
time /, if s = U. 
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ztz 0.25 to 0.5 mm (depending on the quality of the paper and the drawing). 
Let us take a scale of 0.1 m to 1 cm for x, and 0.2 sec to 1 cm for t. 

b) Draw a schematic design of the mechanism to the scale chosen for x 
(Fig. 158a): we have 0'A 0 = 2 cm and ,4 0 fl 0 = 4 cm. Draw the coordinate axis 
O'x coincident with the path of the piston. Divide the semicircle along which 
point A travels into 8 equal parts (the greater the number of parts, the more 
accurate the graph). Point A travels along each part in 0.1 sec. Set the legs 



of your compass 4 cm apart (the distance AB) and from the end of each arc 
of the semicircle make an intercept on the axis O'x. These intercepts give the 
values of x for the instants t equal to 0. 0.1 sec. 0.2 sec, etc. 

c) The obtained plots of x and / give us the points for plotting the dis¬ 
placement curve for the piston through one revolution of the crank (Fig. 1586); 
the right-hand branch of the curve in this case is symmetrical to the left-hand 
branch. 

2) Plotting the velocity curve. 

a) Draw axes v and t (Fig. 158c) to the same scale of t as in Fig. 1586. 
Lay off along the t axis a segment O,/( 0 , which denotes one second to the 
given scale (0,A' 0 = 5 cm). 
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b) Determine the direction of the tangent to the curve x=flt) at point C 
corresponding to time r, = 0.1 sec *. Draw through point K 0 a line K„D 0 parallel 
to the tangent (the dashed line in Fig. 158c). Segment 0,D 0 specifies the velocity 
at time /,=0.1 sec, since O,/C 0 =l sec and. from Eq. (34), 

( u )f = 0.l sec =tanCX « = §^ = 0 > D o- 

If the scale of the displacement x is 1 cm to 0.1 m. the scale of the veloc¬ 
ity v will be 1 cm to 0.1 m/sec. If the scale is inconvenient for drawing 

being too large or too small, it can be altered as shown below. 

c) In our case the scale of u is too large. Let us reduce it by three. For 

this lay off from O, a segment 0,/C = y O t K 0 . Draw through K a line KD X 

parallel to the tangent through point C, (or to line K„D„). Segment C,D, now 

defines the velocity at time /, = 0.1 sec to the scale 1 cm to 0.3 m sec (the 

scale of v). 

Drawing D,£, parallel to axis O x t, we obtain point E. of the velocity 
curve. 3 

Similarly, by drawing through K lines KD t . KD„ ... parallel to the tan¬ 
gents through point C 2 , C 3 , .. . we obtain points E : , E 3 .joining which in 

a continuous curve, we obtain the velocity graph for the piston (Fig. I58r). 

3) Plotting the acceleration curve from the velocity 
curve (or the tangential acceleration curve if the motion is curvilinear) 
The procedure is analogous to the procedure for plotting the velocity curve 
from the displacement curve. Fig. 158d gives the acceleration curve for the 
piston to the scale I cm to 2.5 m/sec*. 

Problem 61. Determine by graphical construction the contour of the cam 
in Fig. 159a, such that when it rotates uniformly about its axle O', the mo¬ 
tion of rod AB will be as described by the curve in Fig. 1596, where T is 
the period of one revolution of the cam. During the first quarter revolution 
the rod moves up 0.2 in, during the second quarter revolution it remains 
motionless, and during the second half revolution it returns to its initial po¬ 
sition. Also plot the velocity and acceleration curves for the rod. The scale 
of the displacement curve is 1 cm to 0.1 m. 

Solution. Let us plot the contour of the cam to the same scale 
as the given displacement curve. For this draw a circle of radius 3 cm with 
its centre at O' and divide it into 1G equal parts. Also divide segment OT on 
the / axis of the graph into 16 equal parts. Lay off the value of x for each 
instant of time along the corresponding radii from the centre O' (O' A ^— Qg 
GA, = ba l . etc.). Joining points A a , A lt etc., in a smooth curve, we obtain 
the required contour of the cam. 

If the shape of the cam were given, we could plot the displacement curve 
for the rod AB by a similar construction. 

By specifying any time T for one revolution of the cam. we can construct 
the velocity and acceleration curves for the rod AB as in the previous problem. 


A convenient instrument for drawing a tangent through a given point of 
a curve is a ruler with a reflecting surface perpendicular to the plane of the 
ruler (you can make such an instrument yourself by pasting a strip of smoothed 
aluminium foil to the side of your slide rule). Now place your ruler approx¬ 
imately perpendicular to the curve at the required point and turn it till the 
curve and its reflection make a continuous line. In this position the ruler gives 
the direction of the normal, the perpendicular to which through the given point 
is the tangen t at that point. If you are using a strip of foil instead of a mirror 
better draw the curve in Indian ink. * 
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a) 


Fig. 15‘J. 



The curves are given in Figs 159c and d. As stated in the conditions of 
the problem, the velocity and acceleration of the rod are zero during the 
second quarter revolution of the cam. The velocity of the rod changes continu¬ 
ously, but the acceleration jumps at instants /, = '/« T and /, = */* T. 


Chapter 11 

TRANSLATORY AND ROTATIONAL MOTION 

OF A RIGID BODY 

73. Motion of Translation. In kinematics, as in statics, we 
shall regard all solids as perfectly rigid bodies, i. e., we shall 
assume that the distance between any two points of a body 
remains the same during the whole period of motion. 

Problems of kinematics of rigid bodies are basically of two 
types: 1) definition of the motion and analysis of the kinematic 
characteristics of the motion of a body as a whole; 2) analysis 
of the motion of every point of the body in particular. 

We shall begin with the consideration of the motion of trans¬ 
lation of a rigid body. 

Translation of a rigid body is such a motion in which any 
straight line through the body remains continually parallel to itself. 

Translation should not be confused with rectilinear motion. 
In translation the particles of a body may move on any curved 
paths. Here are some examples of translation. 
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1. When a motor car travels along a horizontal road, the 
motion of its body is that of translation, since every point of 
the body moves on a straight-line path. 

2. The motion of the connecting rod AB in Fig. 160 is also 
that of translation, since, when the cranks O.A and O..B 
( O t A = O t B ) rotate, any straight line 
through the rod remains parallel 
to itself. 

The properties of translatory mo¬ 
tion are defined by the following the¬ 
orem: In translatory motion , all the 
particles of a body move along similar 
paths (which will coincide if superim¬ 
posed) and have at any instant the same velocity and acceleration. 

To prove the theorem, consider a rigid body translated with 
reference to a system of axes Oxyz. Take two arbitrary points .4 
and B on the body whose positions at time t are specified by 
radius vectors r A and r H (Fig. 161). Draw a vector ~AB joining 

the two points. It is evident that 

r u = r A +~AB. (35) 

The length of AB is constant, be¬ 
ing the distance between two points 
of a rigid body, and the direction of 

AB is constant by virtue of the trans¬ 
latory motion of the body. Thus, 

Fig. 1C 1. the vector AB is constant throughout 

the motion of the body (47* = const.). 
It follows, then, from Eq. (35) (and the diagram) that the path 
of particle B can be obtained by a parallel displacement of all 
the points of the path of particle A through a constant vector 

A&. Hence, the paths of particles 4 and B are identical curves 

which will coincide if superimposed. 

To determine the velocities of points 4 and B, we differen¬ 
tiate both parts of Eq. (35) with respect to time. We have 

dr H _ (Jr* | (UAB) 
dt dt i dt 


But the derivative of the constant vector AB is zero while 
the derivatives of vectors r A and r H with respect to time give 
the velocities of points 4 and B. Thus we find that 



I - 2 



6 — 
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i.e., at any instant the velocities of points A and B are equal 
in magnitude and direction. 

Again, differentiating both sides of the equation with respect 
to time, we obtain 


dv 4 _ dvn 

dt ~ dt 


or 



Hence, at any instant the accelerations of A and B are equal 
in magnitude and direction. 

As points A and B are arbitrary, it follows that the paths and 
the velocities and accelerations of all the points of a body at 
any instant are the same, which proves the theorem. 

It follows from the theorem that the translatory motion of a 
rigid body is fully described by the motion of any point belong¬ 
ing to it. Thus, the analysis of translatory motion of a rigid body 
is reduced to the methods of particle kinematics examined before. 

The common velocity v of all the points of a body in trans¬ 
latory motion is called the velocity of translation , and the com¬ 
mon acceleration w is called the acceleration of translation. 



Vectors v and w can, obviously, be shown 
as applied at any point of the body. 

It should be noted that the notions of 
velocity and acceleration of a body make 
sense only when translation is considered. 
In all other cases, as we shall see later, 
the points of a body have different ve¬ 
locities and accelerations and the expres¬ 
sions “velocity of a body” or “acceleration 
of a body” are meaningless. 

74. Rotational Motion of a Rigid Body. 


t ig 162. Angular Velocity and Angular Acceleration. 

Rotation of a rigid body is such a motion 
in v. flick there are always two points of the body (or body extended) 
which remain motionless (see Fig. 162). The line AB through 
these fixed points is called the axis of rotation. 

Since the distance between the points of a rigid body does not 


change, it is evident that in rotational motion all points of the 


body on the axis of rotation are motionless, while all the other 


points of the body describe circular paths the planes of which 
are perpendicular to the axis of rotation and the centres of which 
lie on it (this is another definition of rotational motion) *. 


* A body may rotate about an axis without any point of it belonging 
to that axis. e.g.. the rotation of a wheel on an axle or the rotation of 
i\ person riding a merry-go-round. 
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To determine the position of a rotating body, let us pass two 
planes through the axis of rotation Az (Fig. 162): plane /, which 
is fixed, and plane//through the rotating body and rotating with it. 
The position of the body at any instant will be fully specified 
by the angle (p between the two planes, taken with the appro¬ 
priate sign, which we shall call the angle of rotation of the body. 
We shall consider the angle positive if it is laid oil counter¬ 
clockwise from the fixed plane by an observer looking from the 
positive end of axis Az, and negative if it is laid olT clockwise. 
Angle cp is always measured in radians. 

The position of a body at any instant is completely specified 
if we know the angle q> as a function of time t, i.e., 

<P = /(0- (36) 


Eq. (36) describes the rotational motion of a rigid body. 

The principal kinematic characteristics of the rotation of a 
rigid body are its angular velocity co and angular acceleration a. 

If in an interval of time A/ = /,— t a body turns through an 
angle Acp = cp l —cp, the average angular velocity of the body in 
the given time interval is 


The angular velocity of a body at a given time t is the value 
towards which <o av tends when the time interval At tends to 
zero: 


to = 1 i m 

M-+ 0 


A<p 

A T 


or to 




Thus, the angular velocity of a body at a given time is equal in 
magnitude to the first derivative of the angle of rotation with 
respect to time. Eq. (37) also shows that the value of cu is equal 
to the ratio of the infinitesimal angle of rotation c/cp to the cor¬ 
responding time interval dt. The sign of co specifies the direction 
of the rotation. It will be noticed that o)^>0 when the rotation 
is counterclockwise, and cd<^0 when the rotation is clockwise. 
The dimension of angular velocity, if the time is measured in 
seconds, is 



radian 

sec 


sec " 1 , 


as the radian is a dimensionless unit. 

The angular velocity of a body can be denoted by a vector of 

magnitude o>=^ along the axis of rotation of the body in the 

direction from which the rotation is seen as counterclockwise 


6* 
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{see Fig. 163). Such a vector simultaneously gives the magnitude 
of the angular velocity, the axis of rotation, and the sense of 
rotation about that axis. 

Angular acceleration characterises the time rate of 
change of the angular velocity of a rotating body. 

If in a time interval A t = t x — t the change of angular velocity 
of a body is Aco = co 1 — o>, the average angular acceleration of 
the body in that interval of time is 

_Ao> 

av “AF * 


The angular acceleration at a given time t is the value towards 
which e,.. tends when the time interval At tends to zero. 

Thus, 

Ato d 0) 

e = lim 


av 





A t 


dt 


or, taking into account Eq. 

d(o d* cp 

E -~dT — dF' 


(37), 


(38) 


Thus, the angular acceleration of a 
body at a given time is equal in mag¬ 
nitude to the first derivative of the 
angular velocity , or the second derivative of the angular displace¬ 
ment, of the body with respect to time. The dimension of angular 
acceleration is [e] = sec~\ 

If the angular velocity increases in magnitude, the rotation is 
accelerated, if it decreases, the rotation is retarded. It will be 
readily noticed that the rotation is accelerated when co and e 
are of the same sign, and retarded when they are of different 
sign. 


By analogy with angular velocity, the angular acceleration of 
a body can be denoted by a vector e along the axis of rotation. 
The direction of e coincides with that of « when the rotation is 
accelerated (Fig. 163a), and is of opposite sense when the rotation 
is retarded (Fig. 1636). 


75. Uniform and Uniformly Variable Rotation. If the angular 
velocity of a rotating body does not change (a) = const.), the rotation 
is said to be uniform. Let us develop the equation of uniform 
rotation. We have from Eq. (37) dy = u)dt. Hence, assuming that 
at the initial moment ? = 0, angle cp = 0, and integrating the 
left-hand member from 0 to tp ana the right-hand member from 
0 to t, we obtain 


tp = cot. 


(39) 
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It follows from Eq. (39) that in uniform rotation 


CD 




In engineering, the velocity of uniform rotation is often expressed 
as the number of revolutions per minute, viz. n rpm*. 

Let us establish the relation between n rpm and to sec" 1 . 
A complete revolution turns a body through an angle of 2 jt, and n 
revolutions takes it through an angle 2 jt/z. If the duration of 
this rotation is t = 1 min = 60 sec, then from Eq. (40) we have 

o> = ^0.1n. (41) 

If the angular acceleration of a body does not change during 
the rotation (e = const.), the rotation is said to be uniformly 
variable. Let us develop the equation of uniformly variable rota¬ 
tion, assuming that at the initial instant /=»0, angle cp = 0 and 
that the angular velocity cd = cd 0 (where cn 0 is the initial angular 
velocity). 

From Eq. (38) we have do) = edt. Integrating the left-hand 
member over the interval co 0 to to and the right-hand member 
from 0 to /, we obtain 

co = co # + eL (42) 

Let us write Eq. (42) in the form 

— U) o et or dtp = (o 0 dt -f- etdt. 


Integrating again, we obtain the equation of uniformly vari¬ 
able rotation: 

cp = co 0 / + e£. (43) 

The angular velocity to of this rotation is given by Eq. (42). 
If cu and e have the same sign, the rotation is uniformly accel¬ 
erated, if they have opposite signs, it is uniformly retarded. 

In conclusion, mention should be made of the analogy between 
the equations of rectilinear motion of a particle and the equa¬ 
tions of rotational motion of a rigid body. It will be noticed 
that all the equations developed In Chapter 9 turn into the 
equations of this section if instead of x, v, and w we substitute 
cp, <d and e, respectively. 


• It should be noted that n is not an angle but angular velocity. 
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76. Velocities and Accelerations of the Points of a Rotating 
Body. Having established in the previous sections the character¬ 
istics of the motion of bodies as a whole, let us now investigate 
the motions of individual points of bodies. 

Consider a point M of a rigid body at a distance h from 

the axis of rotation Az (Fig. 162). When the body rotates, point 

A1 describes a circle of radius h in a plane perpendicular to the 

axis of rotation with its centre C on that axis. If in time dl 

the body makes an infinitesimal displacement through angle d<p, 

point M will have made a very small displacement ds = hd(p 

along its path. The velocity of the point is the ratio of ds to 
dl, i.e., 

ds 

di 


v =^- 


i, ^ 
dt 


or 


v = I no. 


(44) 


This velocity v is called the linear, or circular, velocity of 
the point M (not to be confused with its angular velocity). 

Thus, the linear velocity of a point belonging to a rotating 
body is equal to the product of the angular velocity of that body 

and the distance of the point from the axis 
of rotation. The linear velocity is tangent 
to the circle described by point M, or 
perpendicular to the plane through the 
axis of rotation and the point At. 

As the value of co at any given in¬ 
stant is the same for all points of the 
body, it follows from Eq. (44) that the lin- 
ear velocity of any point of a rotating body is proportional 
to its distance from the axis of rotation (Fig 164). 

In order to determine the acceleration of'point At we apply 
equations 



Fig. 164. 


dv 

w ' =sr • 




n 


In our case, q = /i. Substituting 
Eq. (44), we obtain 


and finally 


i did 

^= h dt • tt ’ 


n 


the expression for v from 


h 2 (o 2 
h * 


Wt =he, w n = hio 1 . 


(45) 

The tangential acceleration w x is tangent to the path (in the 
direction of the rotation if it is accelerated and in the reverse 
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direction if it is retarded); the normal accelerations,, is always 
directed along the radius h towards the axis ol rotation (Fig. 165). 
The total acceleration of point Af is 




I's* -\- = I fi'e 2 -j- /rap, 


or 


w = h] e 2 —o>^. 


The inclination of the vector of total acceleration to 
radius of the circle described by the point is specified by 

angle p given by the equation 


06 ) 

the 

the 



tan 


i:'- 


w 


n 


Substituting the expressions 
s.. from Fqs. (45). we obtain 


ft 


tan p - 


5J 

1 


it) 


of s_ and 


(47) 


it 


angle p 
166). 


Since at any given instant e and co are 
each the same for all the points of the 
body ‘t follows from Fqs. (46) and (47) that the accelerations 
of all the points of a rotating rigid body are proportional to their 
distances from the axis of rotation and make the same 
with the radii of the circles described by them 
Fqs. (44)-(47) make it possible 
to determine the velocity and acceler¬ 
ation of any point of a body if the 
equation of rotation of the body 
and the distance of the given point 
from the axis of rotation are known. 

With these formulas, knowing the 
motion of any single point of a body. Fig. 

it is possible to determine the mo¬ 
tion of any other point and the characteristics of the motion 
of the body as a whole. 
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Problem 62. A shaft rotating with a speed of n = 90 rpm decelerates 
uniformly when the motor is switched off and stops in /,=40 sec Determine 
the number of revolutions made by the shaft in this time. 

Solution. As the rotation is uniformly retarded, 

<P = <•>„/ -F p «j • 

w — oj v -f e/. 


(■*) 

(b) 
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The initial angular velocity of the uniformly retarded rotation is that which 
the shaft had before the motor was switched off. Hence, 


nn 

0)0 “ 30 * 


At the instant / = /„ when the shaft stopped, its angular velocity was co, = 0. 
Substituting these values into equation (b), we obtain: 


nn 


° = 30 ^" £/ ' and e== 


nn 

30?i 


If we denote as M the number of revolutions of the shaft in time /, (not to 
be confused with n, which is the angular velocity!), the angle of rotation in 
that time will be <jp, = 2nAf. Substituting the values of e and qpj in equation (a), 
we obtain 


2 nN = 


whence 


N 


nn nn _ nn 

30 ** 6(T ~60 


^ = 30 revolutions. 


Problem 63. A flywheel of radius /? = 1.2 m rotates uniformly, making 
n = 90 rpm. Determine the linear velocity and acceleration of a point on the 
rim of the flywheel. 

Solution. The linear velocity of such a point is v = /?o), where the 
angular velocity co must be expressed in radians per second. In our case _ 


nn 

t0 = 30" = 3ji sec 


Ilence, 


nn 

V = 30 R 


11.3 m/sec. 


As (0 = const., e = 0, and consequently 


w = w„ = Ro>* = 


n*n 2 

■900 


R 106.6 m/sec 1 . 


The acceleration is directed towards the axis of rotation. 

Problem 64. The equation of the motion of an accelerated flywheel Is 

• 

Determine the linear velocity and acceleration of a point lying at a distance 
// = U.8 m from the axis of rotation at the instant when its tangential and 
normal accelerations are equal. 

Solution. We determine the angular velocity and angular acceleration of 
the flywheel: 


0) 


_ dy _27 t _ dio _27 

dt 32 * ’ e — dt—\6 t ' 


The formulas for the tangential and normal acceleration of the point are 
w x — he, and w n = tno*. 
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Denote the instant when w, = w n by the symbol f,. Obviously, at that 
instant e, = to*, or 


2 -Lt 
16 ** 




whence 


j_64 

‘ 27 


and /, = — sec 

•j 


Substituting this value of t x in the expressions for <o and e, we find that at 
e /. 


time /. 


3 

2 


w. = 4s-sec *, 


9 

e, = — sec 2 . 


The required values are thus 

i/, ==; /io), = 1.2 m/sec; w l =hV ej = 1. =^: 2.54 m/sec*. 

Vector w t makes 45° with the radius h. 

Problem 65. The weight B in Fig. 167 rotates a shaft of radius r with gear 
1 of radius r, mounted on it. The weight starts moving from rest with a con¬ 
stant acceleration a. Develop the equation of 
rotation of the gear 2 of radius r x which is 
meshed with gear 1. 

Solution. As the initial velocity of 
the weight is zero, its velocity v /{ at any 
instant t is at (v H ^at). All the points on 
the surface of the shaft have the same ve¬ 
locity. At the same time, their velocity is 
<o,r. where o>, is the angular velocity of both 
the shaft and gear 1. Consequently, 


at 

o>,r =at, o), = — 



Fig. 167. 


Now let us determine <o.. As at point 
C, where the gears mesh, tne linear veloc¬ 
ity of both gears must be the same, we have t/ c = o^r, = o)/ t , whence 

r i r \ a , 

0). = — <o. = — t. 

r t rt r 

Thus, the angular velocity of gear 2 increases in proportion to time. 
Since where (p x is the angle of rotation of gear 2, we have 

d(p = — t dt. 

W 


from which, integrating both sides and assuming angle cp t = 0 at time 
/=0, we obtain the equation of uniformly accelerated rotation of geai 2 in 
the form 
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Chapter 12 
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77. Equations of Plane Motion. Resolution of Motion Into 
Translation and Rotation. Plane motion of a rigid body is such 
motion in which all its points move parallel to a fixed plane P 
(Fig. 168). Many machine parts have plane motion, for example, 
a wheel running on a straight track or the connecting rod of a 

reciprocating engine. Rotation is, in 
fact, a special case of plane motion. 

In plane motion, all the points of a 
body belonging to a line AfM' (see 
Fig. 168) normal to plane P move in 
the same way. Therefore, in investi¬ 
gating plane motion it is sufficient to 
investigate the motion of a section S 
of that body produced by passing any 
plane Oxy through it parallel to the 



'S//S//S/4 ///////////////,‘‘ 

Fig. 168. 


fivpH nlon Q Dr 4, • , ''•'■it ■-•••wL.gii II jJdiduci iu me 

V T if* n h,S 5 0ok we sha!l aKva ys take the plane Oxy 
parallel to the page and represent a body by its section S. 

u v f »._ p0SIs f c tion 5 in plane Oxy is completely specified 

conrH,nnf P0Slt,0n an ^ point A of the section, i.e., by its 

a " d y.\ (Fig. 169), and the angle cp between an 
arbitrary line AB in section S and the * axis. 




The point A chosen to define the position of section S is called the 
{ , 5 the body moves, the quantities x At y A , and rp are changing 

and the motion of the body, i.e., its position in space at any 
moment of time, is completely specified if we know 


*a=/,(0; y A =ft(0i q>=/,(/)• (48) 


a 


Eqs. (48) are the equations of plane motion of a rigid body. 
Consider the successive positions / and // of the section 5 of 
moving body at instants and t 1 = t l -\- At (Fig. 170). It will 
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be observed that the following method can be employed to move 
section 5, and with it the whole bodv, from position / to posi¬ 
tion //• Let us first translate the body so that pole A occupies 
position A t (line A l B l occupies position A,B[) and then turn the 
section about pole A s through angle Acp,. In the same way we can 
move the body from position // to some new position '///, etc. 
We conclude that the plane motion of a rigid bodu is a combina¬ 
tion of a translation, in which all the points move in the same watt 
as the pole A. and of a rotation about that 
pole*. 

The translatory component of plane 
motion can, evidently, be described by the 
first two of Eqs. (48). and the rotational 
component by the third. 

The principal kinematic characteristics 
of this type of motion are the velocity 
and acceleration of translation, equal 
each to the velocity and acceleration of 

the pole (v iril , l s = v A , w [r; , n% = w ,), and the angular velocity <» 
and angular acceleration e of the rotation about the pole. The 
values of these characteristics can be found for any time t from 
Eqs. (-18). 

In analysing plane motion, we are free to choose any point 
of the body as the pole. Had we chosen some point C instead of 
A (Fig. 171), the characteristics of the translatory component of 
the motion would have been different, for in the general case 
v c=/- v a an( l w r =*=w A (otherwise the motion would be that of 
pure translation). The characteristics of the rotational component 
of the motion oi and e remain, however, the same. For, drawing 
CD parallel to AB to determine the rotation about pole C (which 
is always possible, because AB and CD are arbitrary), we obtain 
that at any instant angle (],=(], i.e., the equations of rotation 
about poles A and C are the same. Hence, 


Fig. 171. 


in 


_'/ f f 


or 


(It • 
co. 


(It 2 


(l- ff. 


0 ), 


ill 


e. 


i t 


This result can also be explained as follow's. Consider again 
the displacement of the body from position / to position // (see 
Fig. 170). taking point B as the pole. Then, by translating the 


* The rotation takes place about an axis perpendicular to the plane P 
through the pole A. For the sake of brevity, however, we shall speak s ruolv 
of rotation about the pole A. F y 
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body together with the pole, we bring it from position B x into 
position B 2 (line B X A X occupying the position B 2 A[). Now, rotat¬ 
ing the section 5 about pole B : through an angle A(p 2 , we bring 
the body into position II. It will be readily noticed that in this 
case the translatory displacement B X B 2 differs from displacement 
A x A it when point A was taken as the pole, while the angle of 
rotation A(p 2 = A(p, (as B 2 A\ || A 2 B' X ). Consequently, the rotational 
component of the motion is the same for any position of the pole. 

78. Determination of the Paths of the Points of a Body. Let us now 
investigate the motion of individual points of a rigid body, 

i.e., determine their paths, velocities 
and accelerations. For this, as has been 
shown, it is sufficient to analyse the mo¬ 
tion of the points lying in section S. We 
shall begin with the determination of the 
paths. 

Consider point M of a body whose 
position in section 5 is specified by its 
distance b = AM from the pole A and the 
angle BAM —a (Fig. 172). If the motion 
of the body is described by Eqs. (48), 
the x and y coordinates of point M in the system Oxy will be 

* = x a + b cos (<P 
1 / = L , a~t b sin ((p 

where x A , tj A , <p are the functions of time t given by the Eqs. (48). 

Lqs. (49) describe the motion of point A1 in plane Oxy and at 
ilie same time give the equation of the point’s path in parametric 
form. The usual equation of the path can be obtained by eliminat- 
ing time t from Eqs. (49). 

If the body under consideration is part of a mechanism, the 
path of any point M of the body can be determined by expressing 
the coordinates of the point in terms of a parameter specifying the 
position of the mechanism and then eliminating that parameter. 

In this case the equations of motion (48) are not necessary. 




Problem 66. Blocks ,4 and B, to which the rule of an ellipsograph is at¬ 
tached slide in mutually perpendicular slots (Fig. 173). Assuming AB = l, deter¬ 
mine the path of point M of the rule. 

Solution. Taking point A as the pole, let us specify the position of M 
on he rule in terms of segment .4A1 = b. The position of the rule itself is spee¬ 
ded by angle q>. Hence, for coordinates X and y of point A1 we obtain 


x — (b — l) c*s <p, y = b sin <p. 
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Eliminating parameter qp, we find that the 
path of the point (independent of the equation 
of motion of the rule) is an ellipse: 

_ \-^ = \ 

(b — b* 

with semiaxes a=\b — l\ and b and centre 
at 0. 

By adjusting the distances / and b, we 
can trace with a pencil at Af an ellipse with 
any given semiaxes not longer than the rule, 
which is why the instrument is called an 
ellipsograph. 

79. Determination of the Veloc- Fi 8 173 - 

ity of Any Point of a Body. 

Plane motion of a rigid body is a combination of a translation 
in which all points of the body move with the velocity of the pole v A . 
and a rotation about that pole. Let us show that the velocity of 
any point M of the body is the geometric sum of its velocities 
for each component of the motion. 

The position of a point M in section S of the body is specified 
with reference to the coordinate axes O xtj b y the radius vector 

r = r A -\- r' (Fig. 174), where vector r' = AM. Then, 



v — d Z — <*LA 
— at ~ dt 



dr' 
dt * 


In this equation < ^A = v a , i.e., it is equal to the velocity of the 


dr’ 


pole A; the quantity -tj is equal to the velocity v MA of point M 



at r A = const., i.e., when A is fixed 
or, in other words, when the body 
rotates about the pole A. It thus fol¬ 
lows from the preceding equation 
that 

®AI = ®4 + ®AM- (50) 

The velocity of rotation v MA of point 
M about pole A is (§ 76) 


Fig. 174. 


= W MA (^ma± ma ), ( 51 ) 


where m is the angular velocity of the rotation of the body. 

Thus, the velocity of any point M of a body is the geometric 
sum of the velocity of any other point A taken as (he pole and the 
velocity of rotation of the point A1 about the pole. The magnitude 
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a-nd direction of the velocity v.. are found by constructing a paral¬ 
lelogram (Fig. 175). 


Problem 67. Determine the velocity of a point M on the rim of a wheel of 
radius R (Fig. 176) running without slipping along a straight rail, if the veloc¬ 
ity of the centre C of the wheel is v c , and angle DKM = a. 




Solution. Taking point C. whose velocity is known, as the pole, we 

1'imI that u = vc -f- where v Mc J_ CM, and in magnitude u» r = ci) MC = 
--- lo/?. I lie magnitude ol the angular velocity is determined from the condition 
tli.it point l\ of the wheel does not slip and, consequently, at the given moment 
£ /. - !■. f >n the other hand, just as for point At, -f- where 

r AC- : "» hC =. t»R. For point A', and v r are collinear, therefoie, at = 



u hence 



11 ms we find that 



, T ‘ :f ‘ Parallelogram constructed with vectors v Mr and v r as its sides is a 
m: >. But the angle between v c and v MC is equal to angle 0. as the sides 
V’ ti:r<e are mutually perpendicular. On the other hand, angle 0 = 2a, 

cir-iia: angle subtended bv the same arc as the inscribed angle a. Hence, 
!*■ (, ‘ ** !( * properties of a rhombus, the angles between v ( • and V\\ and 

!Ht\\«.-(.-:i and are aPo equal to «. Finally, as the diagonals of a rhom- 
a;e mutually perpendicular, we obtain 


V M = - V C cos a and v M J_ A At. 


The computations, 
<1 cu ' methods which 
( 1 e Problem 69). 


we see. were rather cumbersome. Further on we shall 
make it possible to solve such problems much simpler 


-SO. Theorem of the Projections of the Velocities of Two 
Points of a Body. The use of Eq. (50) to determine the veloci¬ 
ties oi the points of a body usually leads to involved computa¬ 
tions (cf. Problem 67). However, ' we can evolve from Eq. (50) 
several simpler and more convenient methods of determining the 
velocity of any point of a body. 
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One of these methods is given by the theorem: The projections 
of the velocities of two points of a rigid body on the straight line 
joining those points are equal. 

Consider any two points A and B of a body (Fig. 177). Tak¬ 
ing point A as the pole, we have from Eq. (50) v B = v A -\-v BA , 
Projecting both members of the 
equation on AB and taking into 
account that vector v BA is perpendic¬ 
ular to AB, we obtain 

v B cos p == v A cos a, (52) 

and the theorem is proved. This 
result offers a simple method of 
determining the velocity of any 
point of a body if the direction of motion of that point and the 
velocity of any other point of the same body are known. 

Problem 68 . Determine the relation between the velocities of points .-1 and 
B of the ellipsograph rule in Fig. 173 if angle (p is given. 

Solution. The directions of the velocities of points A and B are known. 
Hence, projecting vectors v A and v B on AB and applying the above theorem, 
we obtain 

v A cos 9 = v n cos (90° — (p), 

whence 

v A = v B tan q>. 



81. Determination of the Velocity of Any Point of a Body 
Using the Instantaneous Centre of Zero Velocity. Another simple 

and visual method of determining the 



velocity of any point of a body perlorm- 
ing plane motion is based on the con¬ 
cept of instantaneous centre of zero ve¬ 
locity. The instantaneous centre of zero 
velocity is a point belonging to the sec¬ 
tion S of a body or its extension which 
at the given in'lant is momentarily at 
rest . 

It will be readily noticed that if a 


Fig. 178. body is in non-translatory motion, such 

a point, and only one point, always 
exists at any instant t. Let points A and B in section 5’ of a body 
(Fig. 178) have, at time t, non-parallel velocities v A and v lt . Then 
point P at the intersection of perpendiculars Aa to vector v A 
and Bb to vector v B will be the instantaneous centre ol zero velocity, 
as v p =0. For, if we assumed that v P =?=0, then, by the theorem of 
the projections of the velocities of the points of a body, vector v p 
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\.°u d have to be simultaneously perpendicular to AP (as®, | AP) 

?ho !hpf~ P wh,ch . is im Possible. It also follows from 

" theorem that, at the given instant, no other point of section S 

£ TfSi "* proi “ ,io " -- ™ 

.r"p.:rv;'i , ,: l * by a Eq po w,'’ g Ii “ p * •* u ~ <• "* 


v a=v„ + v ap = v 


AP> 


nf fh'n 0 ', T11 tu 5amf :, resu,t can be obtained for any other point 
°L',V b Q ody - Thu . s ' the , velocity Of any point of a body lying in 
section S is equal to the velocity of its rotation about the y instan- 
tamous centre of zero velocity P. From Eqs. (51) we have 


v a = ioPA, 
v B = a)PB, 

It also follows from Eqs. (53) that 


(*a -L P_A), 

(v b ±PB), etc. 


(53) 


V A _ 

PA PB 


(54) 

)'ts\i)s,tcXnn l fh^ 1 T J POi '“ ° f “ b0d y is Proportional to 
“ Venice from the instantaneous centre of zero velocitu 

>e,e results lead to the following conclusions: ' 

l) h> determine the instantaneous centre of zero velocitu it is 

Mrec,ions °f ihe velocities v A and v/of any 
^ P mm .*1 and B of a section of a body (or their oaths)- the 
nstantaneous centre of zero velocity lies at the intersection of the 

V ociTiel' J or rS to er the e t ''“"I A and B to their respective 

7 , , the tangents to their paths. 

w ", ,o determine ihe velocity of any point of a body, it is neces- 
V 1 „/ a’ ,e h 'T SmtU , de t , an i direction of the velocity of any 

' at B ft Jll T tu“- t ecHon °f lhe veloc “y of another 

iHipendiculars tn L Then ’. b y,. erecti ng from points A and B 

of V-'ro velocity P A f F1 | V t H ' we obtain the instantaneous centre 

rotation of the Lriv M ' the direction of *0 ‘he sense of 

the ve ocitv , b ° n dy ' Next v k t no ';‘ n g V' ve can find from Hq. (54) 

, , l m_o[ any point M of the body. Vector is ner- 

P-udicular to PM in the direction of the rotation. * ? 

i r ‘{\ • lC C . ln 8 u ^ at velocity of a body f as can be seen from Ens 

any '^nt‘b^£gZ Z^ctiTs io ^ dT ° f I'* 
taneous centre of zero velocity P. lr °" 1 the insta '" 


0) 


?A 

PA' 


(55) 
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Let us evolve another expression for to. It follows from Ecis 

_.1 / r i \ it i i • . i 


(50) and (51) that v 


co 


ar — \ V A~ 
\*A—Vr\ 


V 


R 


and v AB = co • AB, whence 

I V A + ( — Vr) I 


AB AB 

Eqs. (55) and (56) give the same quantity as, from § 77, it 
follows that the rotation of the section S about either point A or 
point P takes place with the same angular velocity co. 

Example. The directions of the velocities of points A and B of the 
ellipsograph rule in Fig. 179 are known. Erecting perpendiculars to them, we 

obtain the instantaneous centre of zero velocity 
P of the rule. 

Knowing P, we obtain from the proportion 
V A _ v n PA 


PA 


v a=v b — = v b tan <p, i.e.. 


the 

we 


PB ' -" PB 

same result as in Problem 68 . Similarly, 

PM 

obtain for point Af, Oai = 00-7777 • The length of 

ID 

PM can be calculated if we know AB, AM, 
and angle <p. The direction of vector v M is shown 
in the diagram (®ai_L PM). 

From Eqs. (55) and (56) we find the angu¬ 
lar velocity of the rule: 




or co = 


_ I Vr — Va 



PB w — AB 

It is easy to verify that both equations 
give the same answer. 

Let us consider some special cases of the instantaneous centre 
of zero velocity. 

a) If plane motion is performed by a cylinder rolling without 
slipping along a fixed cylindrical surface, the point of contact P 

(Fig. 180) is momentarily at rest and, conse¬ 
quently, is the instantaneous centre of zero 
velocity (v p = 0 because, if there is no slip¬ 
ping, the contacting points of both bodies 
must have the same velocity, and the second 
body is motionless). An example of such 
motion is that of a wheel running on a rail. 

b) If the velocities of points A and B of 
the body in Fig. 181 are parallel to each 
other, and AB is not perpendicular to v A , 
the instantaneous centre of zero velocity lies in infinity, and 
the velocities of all points are parallel to v A . From the' theo¬ 
rem of the projections of velocities it follows that u^cosa^ 
==u /l cos p, i.e., v B = v A \ the result is the 0 same for all other 
points of the body. Consequently, in this case the velocities of 
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all points of the body are equal in magnitude and direction at 
every instant, i.e., the instantaneous distribution of the velocities 
of the body is that of translation (this state of motion is also 
called instantaneous translation). It will be found from Eq. (56) 
that the angular velocity of the body at the given instant is zero. 

c) If the velocities of points A and B are parallel, and AB 
is perpendicular to v A , the instantaneous centre of zero velocity 

P can be located by the 
construction shown in Fig. 
182. The validity of this 
construction follows from 
the proportion (54). In this 
case, unlike the previous 
ones, we also have to know 
the magnitules of veloci¬ 
ties v A and v B to locate 
the instantaneous centre 
of zero velocity P. 

The above shows that in 
plane motion the velocities 
of the points of a body are distributed at any given instant as if the 
body were rotating about an axis Pz, perpendicular to the sec¬ 
tion S through point P. This line is called the instantaneous 
axis of rotation of the body. Unlike a fixed axis of rotation, the 
instantaneous axis continually changes its position. Plane motion 
is the result of a series of consecutive infinitesimal rotations 
about the instantaneous axis of rotation. 

82. Solution of Problems *. In order to determine the kine¬ 
matic characteristics of motion (the angular velocity of a body 
or the velocities of its points) we must know the magnitude and 
direction of the velocity of an arbitrary point of the body and 
the direction of the velocity of any other point of that body 
(with the exception of cases a) and b) discussed in § 81). The 
solution of any problem begins with the determination of these 
characteristics from the statement of the problem. 

The mechanism whose motion is being investigated should be 
drawn in the position for which the corresponding characteristics 
are being determined. In solving a problem, it should be remem¬ 
bered that the concept of instantaneous centre of zero velocity 
applies to a given rigid body. In mechanisms consisting of sever¬ 
al bodies, every body performing non-translutory motion has at any 


* An example of the •methods of problem solution discussed here can be found 
in § 96, Problem 90. 
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instant its own instantaneous centre of zero velocity and its own 
angular velocity. 

Problem 69. Determine the velocity of point M on the rim of the rolling 
wheel in Problem 67 by introducing the instantaneous centre of zero velocity. 

Sol ut ion. The point of contact P of the wheel (Fig. 183) is the instanta¬ 
neous centre of zero velocity, as l' p = 0. Consequently, _L PM. As the right 
angle PAID rests on the diameter, the velocity 
vector v M of any point of the rim passes through 
point D. Writing the proportion 

JMf _ v _£_ 

" PC 


PM 



and noting that PC = R and PM = 2R cos a, we find 

Oft = 2v c cos a. 

The further point M is from P, the greater its 
velocity. The upper end D of the vertical diameter 
has the maximum velocity Vq-=2v ( -. The angular 
velocity of the wheel, from Eq. (55), is 

vc _ v c 

PC R ’ 

The velocities are similarly distributed for all cases of a wheel or gear rolling 
along a cylindrical surface (see Fig. 180). 

Problem 70. Determine the velocity of the centre C of the free pulley of 
radius r in Fig. 184 and its angular velocity to if load A is moving up with a 

velocity v A and load B is moving down with 
a velocity v B . The thread does not slip and 
all its sections are vertical. 

Solution. As the thread does not slip 
on the free pulley, the velocities of points a 
and b of the pulley are equal in magnitude 
to the velocities of the loads, i.e., v u =v A 
and v b —v H . Knowing the velocities of points 
a and b and assuming for convenience that 
t'/ { > v\, we can determine the position of 
the instantaneous centre of zero velocity P of 
the free pulley by the same method as in 
Fig. 182. The velocity of the centre of the 
pulley C is denoted by the vector v c . From 
Fq (56) we develop the equations 





Fig. 184. 


_ I 4- ( — v n ) I _ I ~ v c 

ab bC 


whence, as ab —2r and bC = r, we obtain 


2r 


_ v n - v A 


v c = - 


2 


At v B > v A the centre moves up; if v B < v A it moves down; at v B = v A , 

v C — 0 . 

The values of co and v c for the case of both loads lowering can be found by 
substituting — v A for u A in the equations. 
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Problem 71. Crank OA of length r of the mechanism in Fig. 185 rotates 
with an angular velocity u> 0A . The length of the connecting rod AB = l. If 
angle <p is given, determine: 1) the velocity of block B, 2) the position of the 
point M on the connecting rod which has the least velocity, 3) the angular 
velocity of the connecting rod. Also analyse the positions of the mechanism 
for q> = 0 and cp = 90°. 

Solution. It follows from the statement of the problem that the velocity 
of point A is v A = o 0A r perpendicular to OA, and the velocity of B is directed 

along BO. This data is sufficient to deter¬ 
mine all the kinematic characteristics of 
the connecting rod. 

1) From the theorem of the projections 
of velocities we have v A cos <x= t^cosp. 
Angle OAD, as a supplementary angle 
of triangle OAB, is equal to <p-|-p. 
Hence, a = 90° — (qp-f-P). and 



Fig. 185. 


sin (cp-f- p) 

v ‘=*oAr - cos - jT - = 

= <*>oA r (sin <P -f- cos qp tan P). 


Now eliminate angle P from the equation. From triangle OAB, 


Furthermore, 


and finally 



vn = <»0A r 



_ r_co s <p 

y l 3 — r z sin 2 (p 



2) The instantaneous centre of zero velocity P of the connecting rod (AP is 
an extension of OA) is located by erecting perpendiculars from points A and B. 
The point with the least velocity M is that which is closest to the centre P, 
i.e., on the perpendicular PM to AB. Its velocity is 

V M = V A cos a = o ) 0A r sin (<p + p). 

3) From Fq. (55), the angular velocity of the rod is 


10 AB — 7^4 or = -pB * 

The length PB (or PA) is calculated from the data given in the statement 
of the problem. 

•1) At angle = 0 (Fig. 186a), the perpendicular AB to velocity v A and the 
perpendicular Bb to v n intersect at B. Consequently, for this position point B 
is the instantaneous centre of velocity, and v B = 0 (the "dead centre”, position 
of the mechanism). For this position 

V A r 

“ /ls — Jb~T “O' 1 ' 


The distribution of the velocities along the connecting 
diagram. 


rod is shown in the 
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5) At angle <p = 90° (Fig. 1866), velocities v A and v B are parallel, and the 
perpendiculars to them intersect in infinity. Consequently, at that instant all 
the points of the rod have the same velocity v A \ 0 )^ = 0. 




Problem 72. Link OA in Fig. 187 rotates about axis O with an angular 
velocity w OA ; with it moves gear 1 which rolls around the fixed gear 2. The 
radii of the two gears are both equal to r. Hinged to gear 2 is a connecting 
rod BD of length /, attached to which is a rockshaft DC. Determine the angu¬ 
lar velocity <o BD of the connecting rod for the instant when it is perpendicu¬ 
lar to link OA, if at that instant angle BDC = 45°. 

Solution. To determine to w£ > we must know the velocity of an arbitrary 
point on the connecting rod BD and the position of its instantaneous centre 
of zero velocity. Let us determine the velocity of point B from the fact that it 
also belongs to gear 1, for which the velocity is known to be u A = i o OA 2r (v A OA) 
and the instantaneous centre of zero velocity is at P x . Consequently, v B J PB, 
and from the theorem of the projections of velocities v B cos *15° = v A , whence 

v, i = v A V2 = 2ru ioA V t T. 

Now we know the velocity v B of a point of the connecting rod and the 
direction of velocity v D (V/) J_ DC). Erecting perpendiculars to v B and Vp, we 
obtain the instantaneous centre of zero velocity P B p of the connecting rod. It 
will be readily noticed that the segment 


whence 


BP nD =l 



u>IiD = ~5VfT D — 4 T oi ° A ' 

It should be noted that it would be wrong to attempt to locate the instan¬ 
taneous centre of zero velocity by drawing perpendiculars to vectors v A and 
v D (a characteristic mistake). Points A and D belong to different bodies, and 
the intersection of these perpendiculars does not locate the centre of zero 
velocity (compare with Problem 73). 

Problem 73. A gear 7 and crank OA are mounted independently of each 
other on an axle 0 (Fig. 188). The crank rotates with an angular velocity io OA . 
Fixed to the connecting rod AB with its centre at A is gear 2. The crank OA 
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carries axis A of the gear 2, the connecting rod passes through the rocker 
slide C. The radii of gears 1 and 2 are both equal to r. Determine the angular 
velocity w, of gear 1 at the instant when OA±OC, if / ACO=30°. 

Solution. To determine the angular velocity of gear 1, we have to find 
the linear velocity of its point E. For this we make use of the fact that point £ 
of gear 2 has the same velocity. For gear 2 we know the direction and magni¬ 
tude of the velocity of point A: 

V A _L OA, v A = to 0 A 2 r. 

Besides, we know the direction of velo¬ 
city v F , but in this case this is not suffi¬ 
cient, as v E \ v A . Neither can the value of v E 
be found from the theorem of the projections 
of velocities, since v A and v E are perpen¬ 
dicular to AE. 

Therefore we shall exploit the fact that, 
being riveted together, gear 2 and the con¬ 
necting rod are actually one body for which 
we know the direction of the velocity of 
point C: vector v c is directed along CA, as 
at point C the rod can only slide in the rock¬ 
er. By erecting perpendiculars to v A and v c , 
we obtain the instantaneous centre of zero 
velocity P of the body BAE. 

From the statement of the problem, 
/ ACO = 30°, hence /. CPA = 30°. Therefore 

AC = 2 AO = 4 r, PA = 2 AC 

and from the proportion 

ua 

PE ~ PA 



= Sr, PE = 7r, 


we find that — v A 


■j r(o OA , whence 
, _ v r 7 

1 ~ 0£ — T 0) °- 4 ' 


8,'j. Velocity Diagram. The velocity of any point of a body 
can be determined graphically by constructing a velocity dia¬ 
gram. A velocity diagram is a drawing in which from some 
centre are laid off the velocity vectors of points of a body. 

Let v A , v /{ , v c be the velocities of points A, B, C of a given 
body (Fig. 189a). Then the velocity diagram can be drawn by 
laying olf to some scale from an arbitrary point 0 (Fig. 189fr) 
line segments 

Oa = v A , Ob = v B> Oc = v c . 

Let us establish the properties of, and the procedure for con¬ 
structing, a velocity diagram. From Eqs. (50) and (51) (see §79) 
we have 

v b = Va + Vra> 


where 


VraI-AB and v DA = u- AB. 


(57) 

(57') 
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But from triangle Oab we have Ob = Oa-\-ab, or v R = v A -\-ab- 
Comparing this result _with Eq. (57), we find that ~ab=v BA . 
Similarly we find that ac = v CA , etc. Then, from formulas (57'), 

abJi_AB, ac_\_AC, etc. (58) 

Furthermore, it also follows from those formulas that ab =<.)• AB, 
ac = (o-AC, etc., whence 

ab ac be 

~AB ~AC liC —**• ( 58< ) 

Thus, the lines joining the tips of the velocity vectors in the 
velocity diagram are perpendicular to the lines joining the respec- 


b) 





live points of the body and are proportional to them in magnitude; 
the figures denoted by the same letters in the velocity diagram 
and in section S of the body are similar and lie at right angles 
to each other. 

The relations in (58) and (58') make it possible to construct 
a velocity diagram and to determine the velocity of any point 
of a body if the magnitude and direction of the velocity of any 
one point and the direction of the velocity of any other point 
of the body are known. 

If a velocity diagram is available, the angular velocity is 
determined by formula (58'). 

The velocity diagram of a mechanism is constructed as a 
combination of the velocity diagrams of all its parts (bodies), 
all the vectors being laid off from a common centre O. An exam¬ 
ple of such a construction is given in Problem 74. 

Problem 74. Construct a velocity diagram for the mechanism in the position 
shown in rig. 190a, if velocity v A of the end of crank O' A is known. The 
connecting link ABC is a rigid triangular lamina. Rod O"D is hinged at D to 
the centre of rod CC (CD ~ DC). 

Solution. 1) Choose a scale (e.g., 1 cm toO.Im) and draw the mechanism 
in the required position (Fig. 190a). 

2) Determination of v, f . Choose a velocity scale (e. g., 1 cm to 0.5 m/sec) 
and lay off from an arbitrary centre O vector Oa = v A perpendicular to O'A 
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^Fig. 1906). From the same centre lay off a line Ob parallel to Vr (velocity 
v n is directed along BO'), and from point a line ab J_ AB to its intersection 
with Ob. Then, from Eq. (58), point b gives the tip of vector Ob=v B . 

3) Determination of v c . From point a draw a line perpendicular to 
AC, and from point b a line perpendicular to BC. By Eq. (58), their intersec¬ 
tion gives point c. Joining points 0 and c, we obtain vector Oc = Vp. 

4) Determination of vp. The direction of v D is known («o 1 O'D). 
Drawing from 0 line Od parallel to v D , and from point c a line perpendicular 

to CD, we obtain at their intersection point d. 

Joining 0 and d, we obtain vector Od = Vp. 

5) Determination of Vp. Point E 
lies on line CDE, hence, by virtue of similarity, 
point e on the velocity diagram must lie on 
cde and from Eq. (58') we obtain cd: de = CD'.DE. 
As DE = CD, by laying off de = cd along the 
extension of cd, we obtain point e. Joining 

points O and e, we obtain vector Oe = v E . 

Note: The relations in (58) are valid only 
for a given rigid body. Therefore line be in 
the velocity diagram, for instance, will not 
be perpendicular to BE, as points B and E of 
the mechanism belong to different bodies. 

From Eq. (58') we obtain the formulas for 
calculating the angular velocities of links ABC 
and CE for the given instant: 

cd 




w ABC = 


ab 
AB * 


W C£ 


CD 


In calculating the values, the different scales should be taken into account. 


84. Determination of the Acceleration of Any Point of a 
Body. We shall demonstrate that, like velocity, the acceleration 
of any point M of a body in plane motion is composed of its 
accelerations of translation and rotation. The location of point 
A1 with respect to axes Oxy (see Fig. 174) is specified by the 

radius vector r = r A -\-r', where r' — AM. Hence, 

_ d ! r d s r A r/V' 

W M — Jfz di! • 

In this equation the quantity t ^d = w A is the acceleration of 

d l r* 

the pole A, and the quantity — = w A1A is the acceleration of 

point M in its rotation with the body round A (see § 79). 
Hence, 

W M = W A + W„ A . (59) 

From Eqs. (46) and (47) (see § 76), the acceleration of point Af 
in its rotation about A is 

w ma = ma V V + tan p = , (60) 


Sec. 84) 


Acceleration of Any Point of a Body 


1*5 


where a) and e are the angular velocity and angular acceleration 
of the body*, and p is the angle between the direction of w... 
and line MA. 

Thus, the acceleration of any point M of a body is composed 
of the acceleration of any other point taken for the pole and the 
acceleration of the point M in its rotation together with the body 
about that pole. The magnitude and di¬ 
rection of the acceleration W M are deter¬ 
mined by constructing a parallelogram 
(Fig. 191). 

However, the computation of w M by 
means of the parallelogram in Fig. 191 
makes the solution more difficult, as it 
becomes necessary first to calculate the 
angle p and then the angle between vec¬ 
tors w MA and w A . Therefore, in problem solu¬ 
tions it is more convenient to replace vector 

W MA by its tangential and normal components w\ IA and Wma> where 

= AM-e, W' . = AM -to*. (61) 



Fig. 191. 


W MA 


is perpendicular to AM in the direction of the 
rotation, if it is accelerated, and opposite the rotation, if it is 


Vector w\ iA 



retarded; vector w" t . , is 


ma 


ways directed from point 
to the pole A (Fig. 192). 
f Instead of Eq. (59) 
“V obtain 


al- 

M 

we 


W>M = 1»A + “'’a, A + W’l, A • (62) 

If pole A is in non-recti- 
Fj , 92 linear motion, its acceleration 

’ is also composed of the tan¬ 

gential and normal accelerations, hence 

w M =w A ,+w An +w- v A +w" MA , (62’) 

the magnitudes of the latter two components being obtained from 
Eq. (61). Eqs. (61) and (62) should be used in solving problems, 
first computing the vectors in the right-hand part of the equa¬ 
tion and then finding their geometric sum or making a graphic 
construction. 


• In the diagram the solid circular arrow indicates the direction of to (the 
direction of rotation), and the dashed arrow, the direction (the sign) of e. If the 
motion is accelerated, both arrows point in the same direction, if the motion 
is retarded, they are of opposite sense. 
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Solution of problems. The acceleration of any point of 
a body at any time can be determined if the following data are 
known: 1) the vectors of the velocity v A and acceleration w A of 
any point A of. the body at the prescribed time; 2) the path of 
some other point B of the body. In some cases, instead of the 
path of the second point of the body, it is sufficient to know the 
location of the instantaneous centre of zero velocity. 

In solving problems, the body (or mechanism) should be drawn 
in the position for which the acceleration of the required point 
has to be found. The computation starts with the determination, 
from the conditions of the problem, of the velocity and acceler¬ 
ation of (he point chosen as the pole. The subsequent stages of 
the computation are examined in detail in the sample problems 
below, together with necessary additional suggestions. 

Problem 77 gives the graphical method of solution. 


Problem 75. The centre 0 of a wheel of radius R = 0.2 m 
straight rail (Fig. 193) has at a given instant a velocity 


v 0 =l 


rolling along a 
m/sec and an 



lienee the angular 


acceleration w 0 — 2 msec*. Deter¬ 
mine the acceleration of point B 
lying at the end of diameter AB 
perpendicular to OP and the ac¬ 
celeration of point P coincident 
with the instantaneous centre of 
zero velocity. 

Solution. 1) As v a and w 0 are 
known, we take point 0 for the pole. 

2) Determination of <o. 
The point of contact P is the instan¬ 
taneous centre of zero velocity; 
velocity of the wheel is 


O) 


n 




PO R ’ 


(a) 


The direction of w is determined by the direction of v 0 and is shown in 
the diagram by the solid arrow. 

3i Determination of e. As in equation (a) the quantity PO = R is 
constant for any position of the wheel, by differentiating the equation with 
respect to time we obtain 


dii) 1 di< w n 

dt~R ~dt ° r 8 — R ’ 



The signs of e and « are the same, therefore the rotation of the wheel is 
accelerated. 

It is important to remember that the value of e is determined from the 
equation (b) only when the distance PO in equation (a) is constant. 

Note: a) It should not be assumed that v 0 is constant only because tlie 
given value of v 0 — I m sec. This value, stated in the conditions of ttie prob¬ 
lem, is for the given instant, and it changes with time, since w Q 0. 
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b) In this case ~ — w Q , as the motion of point O is rectilinear. In the 

general case = w n 

dt 

4) Determination of w' BO and w n B0 . As point O is our pole, from 
Eq. (62) we have 

w n = + w ro + w bo- (c> 

In our case BO = R , and 


w 


DO 


=zBO e = iv 0 = 2 m sec*. 




v 


do — BO- 0)2 ~ ~d~ — 5 m/sec*. 


id) 


Now draw a separate diagram for point B, showing (not necessarily to 
scale) the component vectors of the acceleration w n , namely vector w Q (trans¬ 
ferred from point O), vector w] )Q (in the direction of the rotation as it is 
accelerated), and vector vo n DO ’(always from B towards the pole 0). 

5) Determination of w B . Drawing axes Bx and By, we find that 

w Rx = ™oo ~ w o = 3 m/sec 2 . w By = w’ BO = 2 m/sec 2 . 

whence 

w B = Vw Bx -f Vb.j — V 13 =5r 3.G m/sec 2 . 

Similarly we can easily find that the acceleration of point P j s 
w P =Wp 0 = 5 m/sec 2 and is directed along PO. Thus, the acceleration of 
point P, whose velocity at the given 
instant is zero, is not zero. 

Problem 76. Gear 1 of radius r x = 0.3 m 
in Fig. 194a is fixed; rolling around it 
is gear 2 of radius r t = 0.2 m mounted 
on link OA. The link turns about axis O 
and has at the given instant an angular 
velocity to = 1 sec -1 and an angular 
acceleration e = — 4 sec" 2 . Determine 
the acceleration of point D on the rim 
of the moving gear at the given in¬ 
stant (radius AD is perpendicular to the 
link). 

Solution. 1) To solve the problem, 
consider the motion of gear 2. From the 
statement of the problem it is easy 
to determine the velocity v a and accel¬ 
eration w A of point A of the gear, 
which we take as the pole. 

2) Determination of Va and w a- Knowing to and e of the link we 
obtain 

vA = 0/1 • o) =0.5 m/sec, 

w Ax = OA e = — 2 m/sec*. (a j 

w An = OA o) 2 = 0.5 m/sec*. 

As the signs of v A and w A - are different, the motion of point A from tho 
given position is retarded. Vectors w A , and w An are directed as shown in the 
diagram. c 




Fig. 194. 
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3) Determination of The point of contact P is the instantaneous 
centre of zero velocity of gear 2; consequently, the angular velocity of gear 2 is 

= g) 2 = 2.5 sec -1 . (b) 

The direction of (the direction of rotation of the gear) is determined by 
the direction of v A and is indicated by the solid arrow. 

4) D e t e r m i n a t i o n of e t . As in the previous problem, the quantity 
AP = r 2 is constant, and consequently 


p 1 d VA — W A-.. 

dt ~r 2 dt ~ r s ’ 


e z = — 10 sec 



As Wj and e t are of different sign, the rotation of gear 2 is retarded. 

5) Determination of w~ DA and w'p A . The acceleration of point D is 
found from Eq. (62'): 

n>D = 4- «M/» + W DA 4- W DA • 

In our case DA=r t , and 

w' DA = DA e t = — 2 m/sec*, Wp A = 0-4 ( 0 *= 1.25 m/sec 2 . 

Now draw the component vectors of acceleration w D (Fig. 1946), namely 
'W 4 .. w An (transferred from point A), w~ DA (directed against the rotation, as 

it is retarded), and w'p A (from D towards the pole A). 

6 ) Calculation of Drawing axes Dx and Dy, we find that 

&D\ = | w A . ( + w n DA = 3.25 m/sec*, w Dy = | w~ DA | — w An = 1.5 m/sec 2 , whence 

ii< n = V w 2 Dx -j- w 2 Du = 3.58 m/sec 2 . 


The magnitude of Wp can also be obtained graphically by constructing a 
vector polygon with vectors w A ., w An , w " DA , and w" )A to scale. 

Problem 77. Attached to a crank OA (Fig. 195) rotating uniformly about 
axis 0 with an angular velocity c>o .4 = 4 sec -1 is a connecting rod AB hinged 
to a rockshaft BC. The given dimensions are: OA = r = 0.5 m AB = l 2r, 



Fig 195. 
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BC = rV 2. In the position shown in the diagram. /_OAB =90° and 
Z. ABC = 45°. Determine for this position the acceleration of point B of the 
connecting rod and the angular velocity and angular acceleration of the rock- 
shaft BC. 

Solution. The problem can be solved either graphically or analytically. 

A. Graphic solution. 1) Considering the motion of the connecting 
rod AB, we take point A as the pole. As io OA = const.. we obtain: 

v A = r <*oA = 2 m/sec. w A = u An z=ru$ )A =8 m/sec*. (a) 

Draw vectors v A and w A on the diagram. 

2) Determination of io AB . We know the path of point B of the con¬ 
necting rod (a circle of radius BC). Hence, knowing the direction of v R 
_1 BC). we can locate the instantaneous centre of zero velocity P of the 
rod. It is evident that AP = AB = 2r. Therefore. 

AD = Jp or «>Ali = -rp = 2 sec '• (b) 


The direction of rotation is shown in the diagram. 

In this case the distance AP changes with the motion of the mechanism 
and we cannot apply the method used in the previous two problems to deter¬ 
mine e A n. That is why for this problem the graphic method of solution is 

more convenient. First determine the values of w BA and H' Bn . 

3) Determination of w BA . Knowing io AR from Eq. (61), we have 


W HA = AB- to*,„ = 4 m/sec 2 . 



4) Determination of w Rn . Knowing the path of point B. we can 
determine its normal acceleration w Bn . For this, applying the theorem of 
projections (or the instantaneous centre of zero velocity P). we first determine 

the velocity v B . We have v n cos 45° = v A . whence v B = c A } 2 . Therefore. 


w 





msec*. 



Note: If a velocity diagram has been constructed for the mechanism, then 

a) the value of u> AB can be found from Eq. (58): = Then the 

AB 

computations in sections 2 and 3 can be omitted and w BA found directly 
from the equation 


w nA = ADb >An = 


(ab) 

AB 


b) the value of v lf for determining w B „ can also be obtained directly from 
the velocity diagram. 

5) Determination of w B . Note that, on the one hand. w B = w Rr -f- w R 
and. on the other hand, w B is given by Eq. (62). It follows, then, that 


W A 4- ™HA 4- ™)iA = ™lin + ( c ) 

Let us express this equation graphically. From an arbitrary centre O, lay 
oU to some scale vector 0,a, = tv A . from point a, lay off vector 
a t k = zv BA (w BA tt BA), and from point k draw kb x perpendicular to a k k. This 
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line gives the direction of and somewhere on it lies the tip of the re¬ 
quired vector w R . _ _ 

Now from point 0, lay off vector O x ii = w Bn (Wg tl tf BC) and draw perpen¬ 
dicular to it nb t , which gives the direction of w B .. The tip of vector w must 
lie on this line as well. Consequently, point b t , w here kb x and nb x intersect, 

gives us the tip of vector Wg*. Thus, Wg = O x b x . Scaling 0,6,, we find that 
w B = 5 : 13 m, sec 2 . _ 

At tlie same time it follows from the construction that kb x = w BA and 

nb~ x = Wg.. . 

By constructing the accelerations of other points of the mechanism in the 
same way (and from the same centre 0 ), we obtain an acceleration diagram. 

6 ) Determination of e AB . Measuring the length of kb x , we find from 
Eq. (61) 

. ,_kLil _ kb « 

I e An I AB 

Applying the scale, we find that |e,\/?l = 20 see - *. It can be seen in the 
diagram that vector v BA = Vg — v A is directed opposite to w' BA \ consequent¬ 
ly, the rotation of rod AB is retarded and e A g =— 20 sec -2 . 

B. Analytical determination of Wg. After the computations 
performed in sections 1-4, construct, as in the graphical solution, vector 
polygons expressing equation (e). 

Now draw coordinate axis O x x perpendicular to the unknown vector w BA 
and project on it both sides of the vector equation (e). We obtain 

Wg A = w Rn cos 45° — | w B . | cos 45°, 
whence _ 

I**, l=*»« - >°BA 1^2 =8 J-T - 4 VT = 4 yT, 
and finally _ 

K'/? = Vw z H . -f- w 2 g n = 4 1^10 = 12.65 m/sec 2 . 


If it is necessary to compute we project both sides of equation (e) on 

axis 0 ,/j, which is perpendicular to w Br , and obtain: 

— w A cos 45° -f- w BA cos 45° -j- j w~ BA | cos 45° = Wg, t , 

whence 


Finally 


^ba = ^ - ™ n BA + w Bn V 2 = 20 m/sec 2 . 


,e ^ ,=L ^ = 20 sec ' S * 


When v B and w Rx are determined, either graphically or analytically, the angu¬ 
lar velocity and angular acceleration of the rockshaft BC can be found from 
the equations 

_ Vg 


* If the direction of Wg were immediately known, the vector wg = O x b x 
could be obtained at once as the intersection of kb x and O x b x \\Wg. 
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Solving them, we obtain: io RC = 4 sec \ e RC = — 8 sec * (the minus shows 
that w R . is directed opposite to v R ). 


85. Instantaneous Centre of Zero Acceleration. If a rigid body is in 
non-translatory motion, at every moment there is in its section S or in a 
plane rigidly connected with it a point Q whose acceleration is zero. This 
point is called the instantaneous centre of zero acceleration. If we know the 
acceleration w A of an arbitrary point A of the body and the values of <«> and 
e. we can locate the instantaneous centre of zero acceleration by the follow¬ 
ing method: 


1) Compute angle p (Fig. 196) by the formula tan p = 


I g I 

or 


2) From point A draw' AE at an angle p to vector w A . the line being 
turned from w A in the direction of the rotation of the body if the rotation is 
accelerated, and opposite to that direction if the rotation 

is retarded. 

3) Along AE lay off a segment 


AQ = 


w i 


yv-t-o* 


(63) 





Point Q thus obtained is the instantaneous 
centre of zero acceleration. For. from Eqs. (59) and (60). 

u>q = + W QA- 

where Wq A = QA -}- w 4 .Substituting the value of 
CM from Eq. (63). we find that wq A = u A . Besides, 
vector Wq A must make an angle p with CM. and 

consequently vector Wq A is parallel to w A but opposite in sense. Therefore. 
™QA = — «M and w Q = 0. 

If point Q is taken as the pole. then, as w 0 = 0. the acceleration of any 

point M of the body is. by Eqs. (59) and (60). 

«Mi= *>q+*>mq= v>MQ and w m —QM ] (64) 

Thus, the acceleration of any Point of a body 
is equal to its acceleration of rotation about the 
instantaneous centre of zero acceleration Q. And 
from (64) we have 



Q-Vf 


= etc 

ft i< Q/l ••• viv '* • 


(65) 


i.e.. the acceleration of any point of a body is 
proportional to its distance from the instanta¬ 
neous centre of zero acceleration. A diagram of 
the distribution of accelerations is given in Fig. 197. 

It should be borne in mind that the positions of the instantaneous centre 
of zero velocity P and the instantaneous centre of zero acceleration Q at any 
given time do not coincide. For example, if a wheel rolls along a straight 
rail (see Fig. 198), the velocity of its centre C being constant (»,• = const.). 
the instantaneous centre of zero velocity is at point P (Vp = 0). but. as was 
shown in Problem 75. w P r- 0. and P is not the instantaneous centre of zero 
acceleration. In this case it is obviously located at C. since it is in uniform 
rectilinear motion and u> c =.(). The instantaneous centres of zero velocity and 
zero acceleration coincide only when a body rotates about a fixed axis. 
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The concept of instantaneous centre of zero acceleration is convenient in 
solving certain problems. 

Problem 78. A wheel rolls along a straight rail so that the velocity v c of 
its centre C is constant. Determine the acceleration of a point M on the rim 
of the wheel (Fig. 198). 

Solution. As tf r = const., then, as shown above, point C is the instan¬ 
taneous centre of zero acceleration. The instantaneous centre of zero velocity 

is at P. Consequently, 



co 


_ v r __ v c _ 


— — = const., 


PC R 


d(o _ . e _ 

' = - = <), tan |i = -, = 0 , 

and from Eq. (64) we obtain 

= CAfa>* = 


Ll = 0 


V. 


R 

Thus, the acceleration of any point Af on the rim 
(including P) is equal to v^/R and is directed to¬ 
wards the centre of the wheel, since angle |x = 0. 
Note that for point A/ this is not the normal accel¬ 
eration, for the velocity of Af is perpendicular to PM (see Problem 69) 
and consequently the tangent Af. to the path of point Af is directed along 
A/D. while the principal normal Mn is directed along MP. Therefore, 
w Aln = w m cns a a nd = w M sin a. 

Problem 79. Crank OA rotates with a constant angular velocity wo.-i 
(Fig. 199). Determine the acceleration of tlm slide block B and the angular 
acceleration of the connecting rod AB 
at the instant when /_ 50/1 = 90°, if 
C/,4 r and AB = /. 

Solutin n. At the given instant the 
velocity of all points of the connecting 
rod is v A (see Problem 71. Fig. 1866), 
the instantaneous centre of zero velocity 
is at infinity, and <a AR — 0. Therefore, 

t«' n |i — = oo and fi = 90° (e.^ ^ 0, 





ah 


Fig. 199. 


ns otherwise, according to Eq. (64), 

the accelerations of all the points of AB would be zero, but w A z± 0). 

'Hie acceleration of point A is w A =w An = rio^ A and is directed along AO. 
The acceleration of point B, which is in rectilinear motion, is directed along DP. 
It will be noticed from Fig. 197 that the acceleration of any point Af of the 
body makes an angle with QM. In the present case fi = 00°, consequently 
QA and QB are perpendicular to w A and w H . Erecting these perpendiculars, 
we locate point Q. Writing the proportion (65), 

QB~ QA ’ 


where QB — r and QA = ) l 2 — r z , we obtain 


w B = 


V P - r 


2 ^OA 
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The acceleration w A j of any other point At of the connecting rod is per¬ 
pendicular to QM (p = 90°); the magnitude of is found from Eq. (65). 

The angular acceleration e A/i of the connecting rod is found from the 
equation &a= QA-e AI} obtained from Eq. (64) at u A/) = 0. Hence, 

e - 4,i = 


Chapter 13 

MOTION OF A RIGID BODY HAVING ONE FIXED POINT 
AND MOTION OF A FREE RIGID BODY 

86. Motion of a Rigid Body Having One Fixed Point. Let us 
investigate the motion of a body having a fixed point O. A top, 
whose point of contact with the plane on which it spins is fixed 
relative to it, or any body, with a ball-and-socket joint are illus¬ 
trations of such motion. 

The position of a body having a fixed point O can, evidently, 
be specified by the position of any other two points A and B 
not collinear with O (otherwise, if 
A and B were fixed, the body could 
have turned round axis AB, which is 
impossible when point O, not lying 
on AB, is fixed). 

To get a full picture of this type 
of motion, let us demonstrate tlie 
following theorem of Euler-d' Alembert: 

Any displacement of a riff id body hau- 
l "8 a fixed point O can be effected 
by a simple rotation of the body about 
a certain line through that point. 

Let the body occupy position / 

! n space at time and at time t z 
let it occupy position //, as shown 
in Fig. 200 by the dashed contour. 

Let us choose points A and B of the 



Fig. 200. 


by which we shall 
A is arbitrary and 
to which point .-1 


body. 

specify its position in space, such that point 
point B is that point in space at time /, 
comes at time t 2 . 

When the body occupies configuration II, point A moves to 
position A,, which was previously occupied by B, while B moves 
to some new position B x . To prove the theorem, let us pass a 
Plane through points A, A t , and B x and erect a perpendicular 01) 
to it from O. Note that OA=OA x =OB x and AB = A X B X , as the 


7 _ 
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body is rigid. But this means that AD = A X D = B X D, as the pro¬ 
jections of equally inclined equal lines on the same plane. 

Consequently, &ADA t =& A % DB l% whence /_ADA ,= 
= J /A t DB l = Ah. If, now, the body is turned through angle AO 
about axis OD, triangle ADA X will move in its plane until it 
coincides with triangle A X DB X , with point A moving to A t and 

B to B x . Thus, the body has been transferred from 
position / to position II by the simple rotation, 
about axis OD through angle AO. 

This theorem asserts that the body can be 
moved from position I to position II by the sim¬ 
ple rotation about axis OD; this, of course, does not 
necessarily mean that the motion of the body in 
the time interval A I = t 2 — t x was actually that 
of simple rotation. Actually the body may have 
been moved from one position to the other in 
some other way. However, the smaller the time 
Fig. 201. interval At, i.e., the closer position II to posi¬ 
tion /, the closer will the rotation through angle 
A f ) about axis OD resemble the actual motion of the body. When 
the interval At is indefinitely diminished, axis OD will approach 
a certain limiting position OP called the instantaneous axis of 
rotation of the body. By a rotation about 
this axis through an infinitesimal angle oO, a 
the body is brought from one position to 
another, infinitesimally close position (Fig. 

201). The angular velocity 

AO 


with which the rotation is made is the in¬ 
stantaneous angular velocity of the body at the 
given time t. This angular velocity can be 
depicted by a vector to along axis OP (see § 74 ). 

Unlike a fixed axis, the instantaneous 
axis of rotation continuously changes its Fig. 202. 

direction in space and in the body. Thus, 
the motion of a rigid body about a fixed point can be regarded 
as a series of infinitesimal rotations with angular velocity to round 
many instantaneous axes of rotation through the fixed point 
(Fig. 202). The successive positions of the instantaneous axis of 
rotation generate a conic surface, and the tip A of vector to 
describes a curve on that surface. 

The angular acceleration e of the body, which in the present 
case characterises the time rate of change of the angular velocity 
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<o both in magnitude and direction, is 

d io 

6 ~di * 

By analogy with Eq. (13) (§ 64), we conclude that vector e 
is parallel to the tangent to the path of the tip of vector to at 
point A (see Fig. 202). Thus, in this case, unlike the case of 
rotation about a fixed axis, the direction of vector e does not 
coincide with that of vector to. 

87. Velocity and Acceleration of Any Point of a Body. Since 
at any moment of time a body moving about a fixed point has 
an instantaneous axis of rotation OP, the 
magnitude of the velocity of any point A J 
of the body (Fig. 203) at that moment will 
be specified (by analogy with § 76) by the 
equation 

v=ioh, ( 66 ) 

where <o is the angular velocity of the body 
and h is the distance of point M from the 
instantaneous axis of rotation. The velocity 
vector v is normal to plane MOP through 
the instantaneous axis and point Af in the 
direction of the rotation of the body. Fig. 203. 

Eq. (66) is not always convenient for de¬ 
termining v, as (unlike the case in § 76) the quantity h changes 
with time. For the same reason we cannot obtain Irom Eq. (66) 
an expression for the acceleration of point A1, as was done in 
§ 76, where h=const. 

Let us therefore develop another formula which would enable 
us to obtain directly the velocity vector v for point M. 

Consider the vector product w X where r is the radius vec¬ 
tor from the fixed point O to the point M. The absolute value 
of the product is 

jto X r\ — Mr s > n cc = m'i. 

Vectors <o X r and v, it will be readily observed, have the 
same direction (the direction of a vector product was discussed 
in § 41) and dimension. Consequently, 

» = iuX f - (67) 

i.e., the velocity vector for any point M of a body is equal to the 
vector product of the angular velocity of that body and the radius 
vector of the point. 
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From Eq. (67) we can obtain the acceleration of M: 

dv (dm . , \ , ( .. dr \ 

W dT (rff X f'j + X • 

But c ^- = £ t and ^ = v, therefore 

w = (£Xr) + ((oX*z>). (68) 

The acceleration fl), = £Xr is the rotational component, and 
«! = »X* is the component of the acceleration o f point M directed towards 
the axis of rotation. Vector w, is normal to the plane through point M and 
vector £ (Fig. 204); in magnitude w t = er sin p = e//,, where h x is the distance 
from point Af to vector t. Vector w z , which is perpendicular to both v and to. 
is directed along MC (see Figs 203 and 204), and in magnitude w, = (ov sin 
90° = to*/i, as v = (o/i. 

Problem 80. Determine the velocities of points B and C of the bevel wheel 
in Fig. 205 if the velocity v A of the wheel centre A along its path is known. 
The wheel runs without slipping on the fixed conic surface K. 



F'g 204. Fig. 205. 


Solution. The wheel rotates about a fixed point O. As it runs without 
slipping, the points of the wheel on line OB must have the same velocity as 
the points of surface K, i.e., zero, and OB is the instantaneous axis of rota¬ 
tion of the wheel. Therefore v A = where co is the angular velocity of the 
wheel in its motion about axis OB, and h, is the distance of A Irom that 
axis. Hence, to = 7*,. 

The velocity v c 'of point C is w/i,. where h. is the distance of C from OB. 
As in this ca^-e // 2 = 2/i,, l' c = 2u^. For point B, which is on the instantaneous 
axis of rotation, i*^ = 0. 

68. The Alost General Alotion of a Free Rigid Body. Let us 
now examine the most general motion of a rigid body free to 
move in any direction in space. In this case the posi¬ 
tion of the body relative to a frame of reference Oxyz (Fig. 206) 
is, evidently, specified by the position of any three non-collinear 
points A, D, C of the body. Let the body occupy a position / 
at time /,, and at time /, le't it be in position II. The displace¬ 
ment of the body in the time interval A t=t 2 — t x can be per¬ 
formed in the following manneri first translate the body so that 
any arbitrary point A x (the pole) occupies a new position A 3 , the 
body as a whole occupying position /'. Now, to bring the body 
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into position II, it has to be rotated about the pole A 2 as round 
a fixed point. This, by the theorem in $ 86, can be performed 
by a simple rotation of the body about line Ad). Thus the body 
has been moved from position I to position // by first translat¬ 
ing it and then rotating it about an axis AIJ through a pole A. 
However, for an arbitrary time interval A/, this displacement 
does not give an actual pic¬ 
ture of the body’s motion. 

This can be obtained by di¬ 
viding the duration of the 
motion into infinitesimal i ime 
intervals, for each of which 
the axis AD occupies a cor¬ 
responding limiting position, 
i.e., that of the instantaneous 
axis of rotation, 

We conclude, then, that the 
most general motion of a free 

rigid body is composed of a translation of the body . in which all its 
points move with a velocity v A in the same way as an arbitrary 
pole A, and a series of infinitesimal rotations with an angular ve- 

lOCltlJ 



Fig. 


206 . 


(0 


u/iu u ot i icj v..—.... ” o- 

about the instantaneous axes of rotation through the pole A 

(Fig. 207). This, for exam¬ 
ple, is the picture of motion 
in any non-translatory dis¬ 
placement of a body in air: a 
thrown stone, an aircraft 
engaged in stunt flying, a 
gun-shell, etc. 

Plane motion of a free body 
(Chapter 12) can be treated 
as a special case in which 
the vector <o remains contin¬ 
ually normal to the plane 
of motion. It should be noted 



Fig. 207. 
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that both in the general case and in plane motion the rotational 
component of the motion (for instance, the value of <u) does 
not depend on the choice of the pole. 


In the mo>t general motion, as well as in plane motion (see §79. Fig. 175), 
the velocity v M of any point M of a body is the resultant of the velocity v , 
of the pole A and the velocity v M of point M in its rotation together with 
the body about A, i.e., 

VM = *aA-V M a. (69) 

The val idity of this result is proved as in § 79. And. from Fq. (67), 
V MA = *«X AM. 
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Similarly, we obtain for the acceleration of any point M (see § 84) 

= w A + W MA- (70) 

The qua ntity w A \ A is given by Eq. (68), assuming r = AM and v = Vm A — 

= w X AM. 

Chapter 14 

RESULTANT MOTION OF A PARTICLE 

89. Relative, Transport, and Absolute Motion. So far we 
have considered the displacement of a particle or body with re¬ 
spect to one given frame of reference. But in solving problems of 
mechanics it is often more expedient (and sometimes necessary) 
to consider the motion of a particle (or body) simultaneously 
with respect to two frames of reference, one of which is assumed 
to be fixed and the other moving in some specified way with 
reference to the first. The motion performed in this case by the 
particle (or body) is called resultant, or combined motion. 

For example, when a sphere rolls on the deck of a moving 
boat its motion with respect to the shore is the resultant of its 
rolling relative to the deck (the moving frame of reference) and 

its motion together with the deck 
with respect to the shore (the fixed 
frame of reference). Thus, the result¬ 
ant motion of the sphere can be re¬ 
solved into two simpler, and easier 
y analysed, motions. The method of 
resolving a motion into simpler mo¬ 
tions by introducing a supplementary 
moving frame of reference is widely 
employed in kinematic calculations, 
thereby underlining the practical val- 
208 • ue of the theory of resultant motion 

considered in this and the following 
chapters. Furthermore, the conclusions of this theory are used 
in dynamics to investigate the relative equilibrium and motion 
of bodies subjected to the action of forces. 

Consider the resultant motion of a particle M moving with 
respect to a frame of reference Oxyz which is in turn moving 
with relation to another frame of reference O x x x y x z x , which we 
assume to be fixed (Fig. 208). (Each of these frames of reference 
is, of course, associated with a definite body, not shown in the 
diagram.) We shall employ the following definitions: 

1. The motion performed by the particle M with respect to the 
moving coordinate system is called relative motion (this is the 
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motion seen by an observer moving together with the moving 
axes Oxuz). The path AB described by the particle in relative 
motion is called the relative path. The velocity of the motion 
along this path AB is called the relative velocity (denoted by the 
symbol v rci ). The quantity characterising the time rate of change 
of the relative velocity z> rct of the particl M in its motion along 
AB (i.e., in its relative motion) is called the relative accelera¬ 
tion (denoted by the symbol w nl ). 

2. The motion performed by the moving frame of reference 
Oxyz together with all the points ol space fixed with respect 
to it,’ relative to the fixed system O x x x y l z l is. for the particle M, 
the motion of transport. 

The velocity of the point fixed in the moving axes Oxyz with 
which the particle M coincides at a given instant is called the 
transport velocity of the particle M at that instant (denoted by v lf ). 
and the acceleration of that point is called the transport acceler¬ 
ation of the particle A1 (denoted by w u )- In other words, if we 
imagine the relative motion of particle M to be taking place on 
the surface of (or inside) a rigid body in which the moving 
coordinates Oxyz are fixed, then the transport velocity (or accel¬ 
eration) of particle M at any given instant is the velocity 
(or acceleration) of the point of the body' which coincides with Af 

at that instant. . .. 

It is evident that the transport acceleration characterises the 

time rate of change of the transport velocity v u of the moving 
frame of reference. 

3. The motion of the particle with respect to the fixed frame 
of reference O l x l t/ l z l is called the absolute, or resultant, motion. The 
path CD described in this motion is called the absolute path, the 
velocity is the absolute velocity (denoted © a ), and the acceleration 
the absolute acceleration (denoted w.J. 

In the example cited in the beginning of this article, the mo¬ 
tion ol the sphere with respect to the deck is relative motion, 
and the velocity of this motion is the relative velocity of the 
sphere; the motion of the ship with respect to the shore is, for 
the sphere, the motion of transport, and the velocity of the point 
of the deck with which the sphere coincides at the given time 
is, for the sphere, the transport velocity; finally, the motion of 
the sphere with respect to the shore is the absolute motion of the 
sphere, ’and the velocity of that motion is the absolute velocity 
of the sphere. 

In order to solve the relevant problems of kinematics it 
is necessary to establish the relationships between the velocities 
and accelerations of the relative, transport and absolute 
motions. 
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90. Composition of Velocities. Consider a particle M perform¬ 
ing a resultant motion. Let the relative displacement of the 
particle along its path AB in the time interval At = t l — t be 

specified by the vector MM' (Fig. 209a). In the same time inter¬ 
val, the path AB itself, moving together with the moving axes, 
occupies a new position A x B xt and the point of curve AB coin¬ 
ciding with the particle M at time t performs a transport dis¬ 
placement MM". As a result of these displacements particle M 
will occupy a position M x% its absolute displacement in the time 

interval At being MM X . From the vector triangle MM"M X we 

have: _ 

MM x = MM"-\-M"M x . 


Dividing the equation through by At and passing to the limit, 
we obtain 


lim 


SI 


AMI, _ 
At 


.. AMI" , .. AIAI, 
= lim —---4- lim —— 5 



But by definition 


lim 

At 0 


AIAI, 

A/ 



lim 

At 0 


AIAI" 

A/ 



As to the last component, since, at At —-0. curve A X B X tends 
to coincide with curve AB, in the limit we have 


lim 

At o 


Af"AJ, _ 
A t 


lim 

St -> 0 


AM/' 


A/ 


= V 


rcl- 


The obtained velocities are tangent to the corresponding paths 
(Fig. 2096). 

Substituting all these values into Eq. (71), we obtain 

v,=v tCl -\-v u . (72) 




B 





a) 


b) 


x, 


Fig. 209. 
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Thus, in resultant motion the absolute velocity of a point is the 
geometrical sum of the relative velocity and the transport velocity. 
This is known as the theorem of the composition of velocities. 
The construction in Fig. 2096 is called the parallelogram of veloc¬ 
ities. 


If the angle between the 
is a, then in magnitude 

= 1 


directions of velocities *z> rel and v 


tr 


V 


V ro\ 


+ v\ T 4" 2c» rt .)L', r cos a 


(73) 


Ea (72) can be obtained by another course of reasoning. Let the position 
of a moving particle with respect to the fixed a xes O ,*, //,?, b e spec Hied by a ra¬ 
dius vector r. (see Fig. 209a) and let vectors AML MM", and ALU, be very 
small displacements performed in the time inter val d l along the tangents to the 

respective paths through point M. Then vector AIM, will denote the tot.Imcre- 
ment dr received by vector r, in the time interval dt. Similarly, vector MM is 
the increment (</r,) rel received by vector r, during the tune intervals 
suit of only the relative displacement of the particle along curve AB and AIM 
is the increment (dr,)u received by vector r, as a result of only the transport 
displacement of curve AB We have 

tlr x = i -f- (^i)tr* ^ ^ 

ie „, e total increment ot vector r, in the infinitesimal time interval dt is the 
geometrical sum ol its increments in the relative and transport motions. Dividing 
Eq. (7*1) through by dt, we have 


dr, (dr,) fL -i , (dr,)„ 
dt dt “ r dt 


(74) 


>olved with the help of 

• • A m 


V\ 


f' 


to determine v 


I* 


or as. by virtue of the definition, the ratios in Eq. (74') are 

respective’y equal to v A . v te \, and v„. 

The following problems of particle kinematics art 
the parallelogram of velocities: a) knowing z' r ,i anJ 
b) knowing v a and the directions of x> fw .| and v- t . to 
determine the magnitudes of the latter two veloci¬ 
ties; c) knowing v a and v {t . to determine the rela¬ 
tive velocity of a particle from the equation 

Vrd = ®a + <— ®u>- 1 

Problem 81. Point M moves in a straight line 
along OA (Fig. 210) with a velocity u, while OA 
itself lurns in the plane Ox,//, round O with an angu¬ 
lar velocity <■>. Find the velocity of point Af rela¬ 
tive to the axes Ox,i /, expressed a*> a function of the 
distance OM=r. .... 

Solution. Consider the motion of point At 
as a resultant. motion consisting of its relative 

motion along OA and its motion together with OA. Then the velocity u along 
OA is the relative velocity of the point. The rotational motion of OA about 
O is. for the point M, the motion of transport, and the velocity of the point 
of o'A with which M coincides at the given instant is the latter's transport 
velocity v u As this point of OA moves along a circle of radius OM='. 
Vu—r and is perpendicular to OA1. Constructing a parallelogram with vectors 



Fig. 210. 
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a and f> tr as its sides, we obtain the absolute velocity v 3 of M relative to the 
axes Ox,r/,. As u and v are mutually perpendicular, in magnitude 

u a = V u 2 + G)V*. 

Problem 82. The current of a river of width h has a constant velocity v 
A man can row a boat in motionless water with a velocity u. Determine the 
direction he should take in order to cross the river in the least possible time 

and the point where he will reach the opposite 
^ bank. 

“* J ‘ Solution. Assume that the boat lias 

| i ordinate axes Ox l y 1 and show the boat in an 

I [ [ u s ' arbitrary position Af. Assume further that the 

h i rower steers his boat at a constant angle a to 

l ]/ S' / axis Ch/,. Then the absolute velocity ©a of the 

| Js „ boat is compounded of the relative velocity f re) 

v ( _ imparted to it by the rower (? reI = «) and the 

' - - -; ^ -• -- ■ -• ..-V/.V/Z $ transport velocity v it , which is the velocity of 

u the stream (® tr = i7): 


r * u 

• 1 ar 


/ . ' • • * f * s * s 


Fig. 211. 


= ®rd + v u = u + v. 


The projections of the absolute velocity on the coordinate axes are (accord¬ 
ing to the theorem of the projection of a vector sum): 

y a .v, = « sin a-\-v\ v ay , = u cos a. 

As both projections are constant, the displacements of the boat along the 
coordinate axes are 

x x =r (u sin a -j- v) t; //,=(« cos a) t. 

When the boat reaches the opposite bank, y l =h, whence the duration of 
the crossing is 




u cos ct 


Obviously /, will have the least value when cosa=l, i.e., when a = 0. 
Consequently, in order to cross the river in the shortest time, the rower should 
steer his boat perpendicular to the bank. This time is: 


t . —_ 

‘min — u • 


Assuming u = 0 and f = / inin in the expression for x,, we have 


x, = — h. 
u 

Thus, the boat will reach the other bank at a point 8 at a distance x, 
downstream from Oy t directly proportional to v and h and inversely proportion¬ 
al to u. 

Problem 83. At a g'ven instant, the arm OAf of a recording mechanism 
makes an angle a with the horizontal and the pencil AI has a velocity v direct¬ 
ed perpendicular to OM (Fig. 212). The drum with the paper rotates about 
a vertical axis with an angular velocity co. Determine the velocity u of the 
pencil on the paper if the radius of the drum is a. 
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Solution. The absolute velocity of the pencil is v 3 = v. Velocity v can 
be regarded as the geometrical sum of the velocity of the pencil relative to the 
paper (i.e., the required velocity u) and the transport velocity v [t . which is 
equal to the velocity of the point of the paper with which tfie pencil coin¬ 
cides at the given moment; its magnitude is i ’ tr = (uu. 

From the theorem of the composition of velocities we have v = u-\-v u , 
whence u = V- f-(—® lr ). Constructing a parallelogram with vectors v and (—v Xr ) 
as its sides, we obtain the required velocity u. As the angle between v and 
(—*> tr ) is 90", in magnitude 

u = 1 r v* -f- w*a s -f- 2vioa sin a. 

The angle between u and the direction of v it can now be determined by 
the law of sines. 


fi-W 




Fig. 213 


Problem 84. End ft of a horizontal rod A B is hinged to a block sliding 
along the slots of a rocker OC and turns the latter round axis O (f ig. 213). 
The distance from O to AB is h. Find the dependence of the angular velocity 
of the rocker on the velocity v of the rod and angle <p. 

Solution. The absolute velocity of the slide block equals the velocity v 
of the rod. It can be regarded as compounded of the relative velocity T' re l of 
the block in its motion in the slots of the rocker ami the transport velocity 
which is the velocity of the point of the rocker with which the block 
coincides at the given time. The* direct ions of these velocities are along OB 
and perpendicular to OB, respectively. We obtain v rel and v u by resolving 
velocity v along them. From the parallelogram we find that in magnitude 
v u = v cos <f>. 

But, on the other hand, the transport velocity t', r = u O/J = owhere 

<i> is the angular velocity of the rocker. Equating these two expressions of o u , 
we obtain the angular velocity: 

v , 

0 ) — — cos* <p. 

91. Composition of Accelerations. Coriolis Theorem. Let us 
first define more accurately the concepts of the relative 
acceleration and acceleration of transport of a particle. In result¬ 
ant motion, the increase of the relative velocity ^ rel of a particle 
takes place in both the relative and the transport components of 
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its motion, i.e., analogous to Eq. (74) in § 90: dv t0 = (</® rcl ) Icl + 
—|— (rf®rei)tr* But by definition the relative acceleration of a par¬ 
ticle is the quantity w rcl which characterises the time rate of 
change of its relative velocity v ul only in the .relative motion . 
Consequently, 



(^rcl>rel 

ill 



The change of vector ® rel due to the motion of transport is 
not taken into account by w rcf . 

Similarly, the transport velocity v lt changes both in the rela¬ 
tive and the transport components of the motion, whence 
dv u — (dv. t ) te i + But by definition the transport accelera¬ 

tion of a particle is the quantity w lr which characterises the time 
rate of change of the transport velocity only in the motion of 
transport (w ir is the acceleration of a point fixed in a set of 
moving axes, i.e., not performing relative motion). Consequently, 




The change which vector v u receives in the relative motion 
is not taken into account by.w lr . 

Thus, unlike the velocities, the quantities which we define in 
kinematics as the relative acceleration and the transport acceler¬ 
ation when compounded do not give the total (absolute) acceler¬ 
ation of the particle. The definitions, however, are convenient 
insofar as they are useful in calculating the values of w re , and 
For since in determining w e . we do not have to take into account 
the motion of the moving axes Oxyz, the former can be calculat¬ 
ed by the usual methods of particle kinematics (see §§ 67 and 69). 
Furthermore, since in calculating w u we do not have to take 
into account the relative displacement of the particle, it is calcu¬ 
lated as the acceleration of some rigid body fixed in the axes 
Oxyz, i.e., by the methods of rigid body kinematics (see §§ 76, 
8-1, etc.). Thus, with the definitions of and w lt given by Eqs. 
1 75) and (76). they can be calculated by applying the known 
formulas of kinematics. 


The fact that each of the vectors z» r j and v, f do change in both the rela¬ 
tive and transport components of the motion is illustrated by the following 
particular case. Let a particle be moving with acceleration along a straight 
line Ox, which itself rotates about an origin O in a plane Ox,//, (see Problem 81). 
Then, during the relative displacement of the particle from position .VI to .IF 

(Fig. 21-hi), vector v 1t \ will change into x»^ c , (which is not shown in the diag¬ 
ram), the increment in the time interval (It being (c/z» rt .|) r ^i. the ratio of which 
to dt gives the relative acceleration ii' r ci °f the particle. But simultaneously. 
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due to the rotation of Ox, vector © rc , will be displaced to position ® rcl . its 

increment in the motion of transport being (dv [cl ) [T . the ratio of which 10 di 
gives a supplementary acceleration, not included in the term w re i- 

Similarly, in the motion of transport (the rotation of Ox), particle Af r> 

displaced in the time interval dt to position Af" (Fig. 2116) and the vector z', r 

becomes v'\ t . its increment being (</©,,)„. the ratio of which to dt gives he 
transport acceleration w lr of the particle. But at the same time during the 

relative displacement of the particle from position A1 to Af . the vector ©,, 

receives an additional increment (<i© lr ) rtfl , since, in position Af. ©,, = ui-oai. 
and in position Af', ©; r = u) OAf'. The ratio of this increment to dt gives 
a supplementary acceleration not included in the term w f . 



Now let us prove the theorem of the composition of acceler- 

.... dv, « 

ations. The absolute acceleration of a particle is ~JT‘ 

in resultant motion v^ = v ft;X -\-v u , it follows that 



The total increments dv, ei and dv u of the respective vectors in 
the right side of the equation consist, as shown above, of their 
respective increments in the relative and transport components of 
the motion. Separating these increments, we can write the last 
equation in the form 

(//© rt .,) ri .| I (</© ro |), r I (dv x r>fol I (dV{,\\t 
W ‘> dt ‘ dt ' dt ‘ dt 


or taking into account Eqs. (75) and (76), 


w 


«» re , + w, r + 




dt 


+ 


dt 


(77) 


1. The Case of Translatory Motion of Transport. 
The last two components in Eq. (77) take into account the change 
of the relative velocity v tKX in the motion of transport and the 
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transport velocity v u in the relative motion. Let us first deter¬ 
mine the values of these components in the case when the mo¬ 
tion of the moving set of axes Oxyz — and of curve AB (see 
Fig. 208) together with them—is translatory. In this case the 
transport displacement of AB into configuration A^B y is such that 
vector v :c] remains parallel to itself, i.e., it receives no incre¬ 
ment (Fig. 215a; the moving axes are not shown). Consequently, 
in the present case (dv tKl ) lr = 0. 




Furthermore, since AB is in translatory motion, the transport 
velocity (the velocity of all the points belonging to AB) is the 
same in position AI' as in position M (Fig. 2156). Therefore, in 
the present case vector v u does not change during the transport 
displacement of the particle from M to AT, and (dv u ) nt = 0. 
Thus, from Eq. (77) we obtain 


= *»,•! + W tr 



Thus, in translatory motion of transport the absolute acceleration 
of a particle is equal to the geometrical sum of its relative and 
transport accelerations. 

2. The Case of Non-Translatory Motion of Trans¬ 
port. In this case the quantities (dtf rcl ) tr and ( dv tt ) lcl are not zero. 
Let us introduce the symbol 


w 


cor 


(deeply I ft^trVel 
dt ' dt 



The quantity w cor which characterises the time rate of change 
of the vector of relative velocity v TCl in the motion of transport 
and the time rate of change of the vector of the transport veloc¬ 
ity v tr in the relative motion, is called the supplementary , or Corio¬ 
lis, acceleration of the particle. Then, from Eq. (77), we obtain 

w . = w re i -f Wt, + w cor - ( 80 ) 
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Eq. (80) expresses the following theorem of Coriolis*: 

In non-translatory motion of transport, the absolute acceleration 
of a particle is equal to the geometrical sum of three accelerations: 
the relative acceleration, which characterises the time rate of change 
of the relative velocity in the relative motion, the transport acceler¬ 
ation, which characterises the time rate of change of the transport 
velocity in the transport motion, and the Coriolis acceleration, which 
characterises the time rate of change of the relative velocity in the 
transport motion and of the transport velocity in the relative motion. 

92. Calculation of Coriolis Acceleration. In the most gen¬ 
eral transport motion, the motion of a set of axes Oxyz is the 
result of a translation together with some pole and a rotation 
about that pole (§ 88), the ro¬ 
tational component of the mo¬ 
tion being independent of the 
choice of the pole. In order to 
calculate the Coriolis accelera¬ 
tion of a particle for the most 
general case, it is necessary to 
determine the components of the 
right side of equation (79). 

a) Deter mination of 
(dv tKl ) ir In the transport dis¬ 
placement of a set of axes Oxyz 
together with a curve AB (Fig. 

216a; axes Oxyz are not shown), 
vector v tvl , which is tangent 
to AB, in a time interval dt 
will suffer a translation to point Af" and a rotation about that 
point to a position v" rcl . The resultant increment of vector x» rcl 
is {dv f ,)„, which can be calculated by the formula (dv te] ) lt = v b dl, 
where v b is the velocity of the displacement of point b, i.e., of 

the tip of vector M"b = v tcl in its rotation about AT'. But this 
rotation is performed with a transport angular velocity (O u , i.e., 
with the angular velocity of rotation of the m oving set of axes 

(Fig. 216/;). Hence, by Eq. (67), V b = (O lt X M”b = ca tr X an( * 
(^rc.)l , = V b dt = (ca, r X «rel) dt ' whenCC 



(dv u \)u __ 
dt 



( 81 ) 


* Gustave Coriolis (1792-1843)—a French scientist famous lor his works in 
theoretical and applied mechanics. 
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b) Determination of {dv u ) It .\- The transport velocity v ir 
is equal to the velocity of that point of AB fixed in the moving 
set of axes Oxyz which coincides with particle M at the given 
instant (Fig. 216/;). Taking the origin 0 as the pole, this veloc¬ 
ity will consist of the velocity i/ 0 of the origin and the velocity of 
rotation of the axes about their origin. Consequently, from Eqs. 

(67) and (69), v lT = v (l -f- co u X r » where r = OM and w tr is the 
angular velocity of rotation. The relative displacement of the 

particle in the time interval dt is MM' =v t ^dt, and its new 

position is M\ for which v lr = v 0 -{- w lr X r\ where r' = r-j- MAT. 
Consequently, the increment to vector v lr due to the relative dis¬ 



placement of the particle from po¬ 
sition M to AT is 

(‘K),d = = «, r 'X (r'—r)— 

= to,, X MM ' = w, r X ®rcl dt • 

whence 

= CJ t[ X ®rcl • ( 82 ) 

Substituting the expressions (81) 
and (82) into Eq. (79), we obtain 


w cor = 2(a„Xf ICI ). 



Thus, the Coriolis acceleration of a particle is equal to the 
don hie vector product of lhe angular velocity of the motion of trans¬ 
port and the relative velocity of the particle. If the angle between 
the vectors v tvX and ca lr is 
u then in magnitude 

, T =2 tcv’ rcl sin u. (84) 

flie vector is of 

the same sense as the vec¬ 
tor co Ir ^ r ,i ie.. nor¬ 
mal to the plane through 

vectors cd lr and v ul in the 0 j /,j 

direction from which a 

counterclockwise lotation Fig. 217. 

would be seen to carry vec¬ 
tor w tr into vector through the smaller angle (Fig. 217a.). 

It can also be seen from Fig. 217a that the direction of 
vector can be obtained by projecting vector z» rcl on plane P, 

which is normal to cj u , and turning the projection vth through 
9t) in the direction of the rotation of transport. 
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If a resultant motion is in a plane (the relative path is a plane 
curve moving in its plane), then angle a=90 3 (Fig. 217 b) and in 
magnitude 

cor ^ | W lr • V nt | . (85) 


W 


w nr 

* -r- 

90 1 


3 


M 


U'<l 


~r 


It can be seen from Fig. 217 /j that in the case of plane motion 
the direction of w cof can be obtained by turning the vector of the 
relative velocity v rcl through 
90" in the direction of the ^ 

ro fat ion of transport (i.e., 
clockwise or counterclock¬ 
wise. depending on the 
sense of the rotation). 

To illustrate the above. 

Fig. 218 shows the direc¬ 
tion of the Coriolis accel¬ 
eration of a bead AI mov¬ 
ing in a tube AB for the 
cases when the tube itself ~ F| £ 

turns in the plane of the 
diagram (Fig. 218a) and when it describes a cone (Fig. 218/0- 

From Eq. (84) we see that the Coriolis acceleration is zero when: 

1) w tr = 0, i.e., if the motion of transport is translatory (Eq. (78)) 
or if the angular velocity of the rotation of transport becomes 
zero at a given instant. 

2) u rc .|=0, i.e., if there is no relative motion or if the relative 
velocity becomes zero at a given instant. 

3) Angle a = 0 or a=!80°> i.e., if the relative motion is 
parallel to the axis of the rotation of transport or if vector 
is parallei to that axis at a given instant. 




v 


rel 


93. Solution of Problems. A. Translatory Motion of Trans¬ 
port. When the motion of transport is translatory. the nature of the prob¬ 
lems and the methods of their solution are analogous to the problems on n,.» 
composition of velocities (§ 90). 1 

Problem 85. A wedge moving horizontally with an acceleration w. pushes 
up a rod moving in vertical slides (Fig. 219). Determine the acceleration of 
the rod if the angle of the wedge is a. 

Solution. The absolute acceleration w A of point A is directed verti¬ 
cally up. It can be regarded as consisting of a relative acceleration w 
directed along the side of the wedge and a transport acceleration w, which 
is equal to the acceleration of the wedge w,. As the motion of transport of 
the wedge is translatory, by drawing a parallelogram on the basis of Fq ( 78 ) 
and taking into account that w tr = ut l , we obtain *’ ’’ 

K'/l = w, tana, 

which is the acceleration of the rod. 
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B. Rotational Motion of Transport. Let us investigate in gen- 
eral form the determination of when the motion of transport is a rota¬ 
tion about any fixed axis. . .. r t 

Let a particle M be moving along a relative path AMB on the surface of 
a body (say a sphere) rotating with retardation about an axis BA (Fig. 220). 
In order to find the absolute acceleration of the particle at a given time 
we must know for that instant: 1) the position of the particle on the curve AB; 

2) the relative velocity r rc i of the particle; 

3) the angular velocity o> and the angular 
acceleration e of the body (i.e., to and e 
of the motion of transport). If these quan¬ 
tities are not given, they should be deter¬ 
mined from the conditions of the problem. 

The next step is to draw the moving 
particle in its position at time t , and show 
vectors z» re j and cj in the diagram. The fur¬ 
ther computations are then as follows. 

1) Determination of a> re i- Mentally 
stop the rotation of the body and calculate 
the acceleration of the particle in its motion 
along AB according to the formulas of 
is given, then (§ 69) 



WtrHl 4 


Fig. 219. 

particle kinematics. If AB 


W rcl- dt ' 


,:, n 


V 


rcl 


rc! 


Orel 


where i* re | is the radius of curvature of AB at point M. If the relative motion 
is described by the coordinate method, 
then b rc , and cc’ reI are calculated accord¬ 
ing to tlie formulas of § 67. 

2) Determination of w> lr . Cal¬ 
culating the acceleration of that point 
of the body with which the particle M 
coincides at the given moment, we ob¬ 
tain the transport acceleration from the 
formulas of rigid-body kinematics 
(* 76): 


m| r =he. w” r = /ta) : , 

where h = AID is the distance of Af from 
the axis of rotation at time 

3) Determination of zt» COf . The 
calculation is according to the procedure 
explained in § 92. 

•1) Determination of w d . Draw 
all the computed vectors on the dia¬ 
gram (taking into account their directions). From Coriolis theorem we have 

= «>rel + <el +■ + <r + w cor- 

If it is difficult to obtain the sum of the vectors in the right side of the 
equation geometrically, draw an arbitrary set of rectangular axes Mxijz (see 
Fig. 220) and compute the projections of all the component vectors on these 
axes. Then, from the theorem of the projection of a vectoi sum, we have 



Fig. 220. 


i£' a .v — 2 k-i.v* ^ay — 2 — 2 K,< ** 
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and finally 

*>* = V w l*+ w + '*%*' 

Note: In computing be careful not to assume 



= V “fei+<+■»; 


or 


(a characteristic mistake), as in the general case vectors u; rc ,. w it . and w Cnr 
are not mutually perpendicular. 

Problem 86. The rocker CM in Fig. 221 turns with a constant angular 
velocity to about axis O. A block B slides along the slots with a constant 
relative velocity u. Determine the 
dependence of the absolute acceleia* 
tion of the block on its distance x 
from O. 

Solution. Stopping the rocker 
at time t x , we find that the rela¬ 
tive motion of the block along it is 
uniform and rectilinear; consequently 

l£' fe l =0. 

For the block, the motion of the 
rocker is that of transport; conse¬ 
quently, the transport acceleration «', r 
of the block is equal to the acceler¬ 
ation of the point of the rocker, with 
which the block coincides at the given time. Since that point of ttic rocker is moving 

in a circle of radius OB = x and o> = const., vector w lr = w" r and is direct¬ 
ed along BO. In magnitude w lt = w" T = 

As the motion is in a plane, the Coriolis acceleration u\ or = 2 mu. By 
turning the vector of the relative velocity u about point B through a right 
angle in the direction of the rotation of transport (clockwise), we obtain the 
direction of tv, fir . 

From Coriolis theorem, 



u 


= tt’rcl H-Wir + w car¬ 
lo the present case w rtt , = 0 and tv cnT is perpendicular to w [t . Consequently, 

w a — Y + “'for = CO + 4 u\ 

Problem 87. The eccentric in Fig. 222 is a circular disc of radius R rotat¬ 
ing with a uniform angular velocity oi about axis O through the rim of the 
disc. Sliding from point A along the disc witli a constant relative velocity 
u is a pin M. Determine the absolute acceleration of the pin at any time /. 
The motions are directed as shown in the diagram. 

Solution. At time t the pin is at a distance s = AM=ut from A. 
Consequently, at that instant angle AOM=cr. will be 

a = 2R = 2R t ’ 

as angle a is equal to half the central angle ACM. 
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Stopping the motion of the disc at time t, we find that the relative motion 
of tiie pin is along a circle of radius R. As v K y = u = const., 

■t 

(b) 






.n 


U' 


tt ’rel - R * 


The vector «j re , = zt>" e , is directed along the radius MC. 

For the pin the motion of the disc is that of transport. Hence, the transport 
acceleration w tr of the pin is equal to the acceleration of the point of the disc 

with which it coincides at the given time. This 
point moves in a circle of radius OM = 2R cosa» 
For the disc, w = const., hence e = 0, and 

w[ T = O/M • e = 0; io” r = OM • or = 2Ru* cos a. (c) 

Vector w {t = w “ T is directed along AfO. 

As the motion is in one plane, 

w C0T — 2(au. (d) 

The direction of w cnT is found by turning 
vector z> ie , = « round P oint M through 90° in the 
direction.of the motion of transport (counter¬ 
clockwise). 

The absolute acceleration of the pin is 



= u\ el -f- w u + W cor 

lri this case vectors zu rcl and w cor are collinear and can be replaced by 
a collinear vector zo, of magnitude tc*, = t^’rei—^’cor- 

Adding vectors w } and zu tr according to the parallelogram law, we obtain 
finally 

“-’a "j/ K ‘t r + (-he l — -cor)* + 2^tr (^rcl ^cor) cos a * 

where the values of ct, io re1 , u' tr , and w COT are given by equations (a), (b), (c), (d). 

Problem 88. A body in the Northern Hemisphere is translated from North 
to South along a meridian with a velocity 
i' fil u m sec (Fig. 223). Determine the magni¬ 
tude and direction of the Coriolis acceleration of 
the body at latitude X. 

Solution. Neglecting the dimensions of 
the body, we treat it as a particle. The rela- 
tive velocity of the body u makes an angle X 
with the earth’s axis. Consequently, 

to COf = 2(0u sin X, 

where to is the angular velocity of the earth’s 
rotation. 

Thus, the Coriolis acceleration is greatest at 
the Pole, where X=90°. As the body approaches 
the equator, the value of io cor decreases, till it 
reaches zero at the equator,where the vectorz> fC |=u Fig. 223. 

is parallel to the axis of rotation of the earth. 

The direction of w,. or is found by the rule of a vector product. As n> CO r= 
= 2(u)X«), we find that vector w cor is perpendicular to the plane through 
vectors u and to, i.e., perpendicular to the meridian plane, and is directed 
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eastwards, from where the shortest turn from vector to to vector u is seen coun¬ 
terclockwise. 

The question of how the Coriolis acceleration affects the motion of bodies at 
the earth’s surface is studied in the course of dynamics. However, from the 
formula obtained it can le seen that the value of u/ cor is usually small, as the 
angular velocity of rotation of the earth is small: 



2.*x 

24-3,000 



The triangle rotates about axis 

f' 


It is apparent, therefore, that for motions with small velocities the Coriolis 
acceleration can, for all practical purposes, be neglected. 

Problem 89. The hypothenuse of the right-angled triangle ABC in Fig. 224 
is AB —2a —20 cm, and /_ CBA — a = 60 
according to the law' q>=10/— 2 1 2 . Parti¬ 
cle AI oscillates along AB about its middle O, 

its equation of motion being £ = a cos (-g t ^ 

(axis OH, is directed along OA). Determine 
the absolute acceleration of the particle .41 at 
time f, = 2 sec. 

Solution. 1) Determine the position 
of M on its relative path AB at time 
From the equation of the motion we have 


5,= a cosl - 3 -J — Y- 



i.e.. at time t x the particle Af is at 
the middle of segment OB. Show' this position 


Fig. 224. 

in the diagram. 


2) Determination of v tK \. As the relative motion is rectilinear, 


</£ n 

v rcl = -? = — — a sin 


dt 


3 


T' 


At time /, = 1 sec, ^ 

x» rc i, =— “ a \ 3; I ® rt |. I = t 1 


cm sec. 


The minus indicates that 
from M to B. 

3) Determination o 



the given instant /, the vector v r ,. c is pointed 
0 ) and e. Differentiating, we obtain 

= 10 — 4/, 0 ) 1 = 2seC"‘, 


where w x is the value of o> at time t x — 2 sec; 


e = = — 4 sec-' 

dt 


The signs indicate that A time t x the rotation is counterclockwise (observed 

from the tip of axis Cz.) and is retarded. 

4) Determination of w fvl . As the relative motion is rectilinear. 



de IV | 

dt 


.n a 

— a cos 
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At time /, = 2 sec, 


w rd,= = y Jt s cm/ser 2 . 


5) Determination of zt> tr . For the particle Af the motion of the 
triangle is that of transport, and the transport acceleration of A1 is equal to 
the acceleration of the point of the triangle with which Ai coincides at the 
given time. This point of the triangle moves in a circle of radius MD = h, and 
at time (, — 2sec. 



,/ 3 

SHI a = 5 —rr- 


cm. 


Thus, at the given instant. 

w\ T — eh = — 10 ) r 3 cm'sec 1 ; w'j r = id 5 // = 10 cm/sec*. 


Vector is normal to plane ABC in the direction opposite to that of 

the rotation of the triangle. Vector is directed along AID towards the axis 
of rotation Cz t . 

6) Determination of «; cor . The magnitude of U' for at time /, = 2 sec is 

tu cor = 2 | 0 )t* ri | | sin a = 10 ji cm/sec*. 

as in this case the angle between o r , and axis Cz t is a. 

Projecting vector P rc) on a plane perpendicular to O, (the projection 
lies along AI/)) ami turning the projection through a right angle in the 
direction of the rotation of transport, i.e., counterclockwise, we obtain the 

direction of «.' c ,, r (which in the present case coincides with the direction of o>” r ). 

7) Determination of w A . The absolute acceleration of the particle 
A/ at time /, is 

w a = W.el -f + «W 


In order to determine the value of w a . draw a set of axes Oxyz (see Fig. 224) 
and calculate the projections of all the vectors on them. We obtain 


k\iv = K'cr, r -f I I = I On -f 10 } 3 48.7 cm/sec*. 

Wjv = a'rei sin a — ^'" r = ~ ]J— 10 ) 3 — 12.6 cm., sec*. 


= — i 2 > K icosa = — — 2.7 cm/sec*, 

I O 


and finally 


w 


= )/ 


50.4 cm'sec*. 


Vector can be constructed according to its rectangular components along 
the coordinate axes Oxyz. 
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Chapter 15 

RESULTANT MOTION OF A RIGID BODY 

94. Composition of Translatory Motions. If a body moves with 
respect to a set of moving axes Oxyz (see Fig. 208) which are in 
transport motion relative to a fixed system Ox x y t z lt the resulting 
absolute motion of the body is called resultant, or combined, 
motion (see § 89). 

The problem of kinematics in this case is to determine the 
relation between the characteristics of the relative, transport, 
and absolute motions. As we know, the main kinematic character¬ 
istics of the motion of a body are its translatory and angular 
velocities and accelerations. We shall coniine ourselves to estab¬ 
lishing only the relations between the translatory and angular 
velocities of the motions. 

Consider first the case when the relative motion of a body 
is a translation with a velocity v x and the motion of transport 
is also a translation with a velocity v t . Then in the relative motion 
all the points of the body will have a velocity v x , and in the 
motion of transport, v ,. From the theorem of the composition of 
velocities, in the absolute motion all the points of the body will 
have the same velocity v = v l -{-v 2 , i.e., the absolute motion 

will be that of translation. 

Thus, the resultunt motion of two translatory motions with 
velocities v, anti v 2 is also a translation with a velocity v = v, 

The composition of velocities in this case is reduced to a prob¬ 
lem in particle kinematics (§ 90). 

95. Composition of Rotations About Two Parallel Axes. 
Consider the case of a relative rotational motion of a body with 
an angular velocity <•>, about a shalt a a' 
mounted on a crank ba (Fig. 225), and a ro¬ 
tational motion of transport of the crank ba 
round axis bb’ with an angular velocity <o 2 . 

If axes aa ' and bb’ are parallel, the 
body will be in plane motion perpendic¬ 
ular to the axes. Let us investigate 
the cases of rotations of same and op¬ 
posite sense. 

1) Rotations of Same Sense. 

The figure S in Fig. 226 is a cross sec¬ 
tion of a body perpendicular to the axes of rotation. Let us 
denote the points of intersection of the axes of rotation with 
the section by the letters A and 13. It will be readily noticed 




o'. 
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that, as A lies on the axis Aa', its velocity is due only to the 
rotation about axis Bb\ whence v a = o> s -AB. Similarly, v n = co^AB. 
Vectors v A and v B are, of course, parallel, both being perpendic¬ 
ular to AB, and of opposite sense. Therefore, point C (see § 81. 
Fig. 182) is the instantaneous centre of zero velocity (r c = 0), 
and, consequently, axis Cc', which is parallel to both Aa' and Bb ’, 

is the instantaneous axis of rotation of 
r /, the body. 

The angular velocity to of the abso¬ 
lute rotation of the body about axis 
Cc' and the position of the axis i.e., 
of point C, can be determined from Eq. 
(55) (§ 81): 

v r JtA 

w — BC — AC ‘ 

By virtue of the properties of pro¬ 
portions. we obtain: 

F 'g 226 ‘ + 

AB * 

Substituting v A = a ) t >AB and v B = io l - AB into the last two 
equations, we finally obtain 

(») = (•), -4— o> 2 , (86) 




Thus, if a body participates simultaneously in two rotations 
(j s ante sense about parallel axes, the resultant motion will be an 
instantaneous rotation with an angu- 
Lr velocity tu = w, -J- to. about an in¬ 
stantaneous axis parallel to the two 
given axes\ the position of this axis 
determined by the ratio (87). 

The instantaneous axis of rota¬ 
tion Cc' moves with time, describ¬ 
ing a cylindrical surface. 

2) Rotations of Opposite 
Sense. Again draw a section 5 of 
llie body under consideration (Fig. 

227) and let us assume that to,^>co 2 . 

Then, reasoning in the same way as above, we find that the 
magnitudes of the velocities of points /I and B are respectively: 

> Z ’AB, v 0 = ti) l 'AB, the two velocities being parallel and 
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of same sense. The instantaneous axis of rotation passes through 
point C (Fig. 227) and 


VR _ V.\ __ Vn — v a 

BC ~ AC BC - AC ’ 


- v.\ 

AB 


Substituting the values of u A and v B in these equations, we 
obtain finally 

(!) = (•), — (o 2 , (88) 

to, to. _W_ 

BC~~ AC AB' 


Thus, in this ease, too, the resultant motion is an instan¬ 
taneous rotation with absolute angular velocity to = to 1 — to 2 about 
the axis Cc' , the position of which is spec¬ 
ified by the ratio (89). 

These results show that in rotations 
about parallel axes the vectors of the an¬ 
gular velocities are compounded like the 
vectors of parallel forces (§ 17). 

3) Couple of Rotations. Con¬ 
sider the special case of rotations of op¬ 
posite sense about parallel axes (Fig. 228) 
in which in magnitude gj, =(«>,. Such a 
combination of rotations is called a rota¬ 
tion couple , and vectors to, and to 2 make an Fig. 228. 

angular velocity couple. In this case we 

have v A = v n = io t -AB. Then (see § 81. Fig. 181) the instantaneous 
centre or zero velocity lies at infinity and all points of the body 

have the same velocity v =M t - AB. 

Thus, the resultant motion of the 
body will be a translation (or an in- 
- stantaneous translation) with a velocity 
v equal in magnitude to o ) t -AB and nor¬ 
mal to the plane through vectors to, 
and <o 2 ; the direction of vector v is de¬ 
termined in the same way as the direc¬ 
tion of the moment m of a force 
couple in statics (§ 44). Thus, a rota- 
Fig. 229. lion couple is equivalent to a translation 

(or an instantaneous translation) with a 
velocity v equal to the moment of the angular velocities of the couple. 

An example of such motion is the translatory displacement 
ol a bicycle pedal DE with respect to the bicycle frame (Fig. 229) 
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resulting from the relative rotation of the pedal about axle A 
mounted on the crank BA and the rotational motion of transport 
of the crank about axle B. The angular velocities co, and w, of 
these rotations are equal in magnitude, as at any instant the 
angle of rotation of the pedal relative to the crank (p, is equal 
to the angle of rotation of the crank (j> t . The velocity of the pedal’s 
translatory motion will be v = io 1 -AB. 

!)6. Toothed Spur Gearing. The results obtained in the preceding section 
can be useJ (or the kinematic calculation of spur gearing transmissions. Let us 
consider the main types of such transmissions. 



1) A common gear train is one in which all the gears, which are meshed 
successively, lotate on fixed axes. One of the gears (e.g., gear 1 in Figs 230 
and 23h is the driving gear, or driver, and the others are the driven gears, 
or followers. In the case of external (Fig. 230a) or internal (Fig. 2306) gearing 
with two wheels we have | to, | r, = J a> ? | r 2 , as the velocity of the point of en¬ 
gagement A is the same for both gears. Since the number of teeth 2 of the gears is 
proportional to their radii, and taking into account that the rotation of the 
gears is in the same direction in the case of internal engagement and in oppo¬ 
site directions in the case of external engagement, we have * 



For a train of three external gears (Fig. 231) we have 


whence 




» 






Consequently, the ratio of the angular velocities of the end gears in a 
straight drive is inversely proportional to their radii (the number of teeth) and 
does not depend on the radii of intermediate gears (idlers). 


In all the formulas of this section, o is the algebraic (numerical) value 
oi the angular velocity, “plus" indicating counterclockwise rotation and “minus" 
indicating clockwise rotation. 
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From the results obtained it follows that in a straight 
n gears 


^ = (— i = i)*£a 


oj 


/i 


drive consisting of 


(90) 


where * is the number of external engagements (in the case of Fig. 230a there 
is one external engagement; in Fig. 231 there are two external engagements; 
in Fig. 2306 there are no external engagements). 

The gear ratio of a toothed drive is the quantity which gives the ratio 
of the angular velocity of the driver to that of the follower: 



Wi. 

U),J ' 


(91) 


For a straight drive the value of is given by the right side of Fq. (90*. 

2) An epicyclic train, or planetary transmisson (see Fig. 232) is one in which 
gear 1 is fixed while the other successively engaged gears are connected by a 
link AB, called an arm. which 
rotates about the axis of the 
fixed gear. 

3) A differential trans¬ 
mission is again of the type 
in Fig. 232, with the differ¬ 
ence that gear 1 also rotates 
about its axis independently 
of the arm AB. 

Epicyclic trains can b& 
calculated by mentally giving 
the fixed plane Ax x y x a rota¬ 
tion with an angular velocity 
(o AH equal in magnitude and 
opposite in sense to the angu¬ 
lar velocity of the arm AB. 

Then, by the results of § 95, the arm will be Hxcd in this resultant motion 

and any gear of radius r^ will have an angular velocity = . where 

o> A is the absolute angular velocity of this gear relative to the axes Ax x y x . 

The axes of all the gears will be fixed and the dependence between oi* can be 
found either by equating the velocities of the points of engagement or directly 

from F.q. (90). .... 

Epicyclic trains can also be calculated with the help of instantaneous cen¬ 
tres of zero velocity (§ 81). . . . , 

Problem 90. In the epicyclic train in Fig. 232. gear 1 of radius r x is fixed 
and arm AB rotates with an angular velocity a> AR . Determine the angular veloc¬ 
ity of gear 3 of radius r 3 . 

Solution. Let us denote the absolute angular velocities of the gears 
with respect to the axes Ax,y, as w,(tu, = 0), w, and «>,. Rotating the whole 
plane Ax,y, with an angular velocity — o) AR , we obtain: 

u), = 0 — M A/i , o’), = o), — o i AR , «>j = w »— 10 /in = 0. 

The number of external engagements in the resulting common gear train is 
k = 2. Then, from Eq. (90), 

_ h or ~ m ab_ __ # 

w 4 r i — m AB r i * 





• A A 
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From this we find the absolute angular velocity of gear 3: 

Wj = ( 1 — &AB- 


3 / 


If r 3 >r,. the direction of rotation of gear 3 is the same as that of the arm; 
if r, < r, t it is opposite. If r, =r 3 we obtain w 3 = 0, and gear 3 is in translatory 
motion. 

The relative angular velocity of gear 3 (with respect to the arm AB) is 
found from Fq. (86). As the absolute velocity <o 3 = oi r 3 cl -f- 0 i AIi (the angular 
velocity of the arm is the transport velocity for gear 3), then 


to 


ret _ 


w j ~ (0 .1« — — ~ w ,1fl 

' i 


rel _ . 

3 — — bi AB 


At r 3 =r,. we obtain co 
nugular velocities form a couple, which 


The relative, 
in another 


CiJ 


r,-l 



3 , and transport. w.\n, 
way leads us to the same 
conclusion (hat the resultant motion of gear 3 
in this case is a translation with a velocity 
v = to 4 g ■ AB. 

Alternative solution*. The velocity 
of point B of gear 3 is v n = (r,-j-2r 5 + r ») (0 .trt* 
We shall determine the velocity of point A' of 
the gear, which is the point of engagement of 
gears 2 and 3. The velocity of gear 2 is v c — 
= (r, -fr a ) o) An . The instantaneous centre of 
zero velocity of the gear is at point P 2 , where 
it coincides with gear 1. Consequently. 
v K = 2t' C = 2 (r, -f- r,) t» AH . 

Then, by Eq. (56) (§ 81), 


w-t/j 


W 3 == 


_ I v n - v K | _ r 3 - 


BK 


nal 

gea 




c) a 
are: 


gear 7 mounted on 

= 120 , z =* 10 , 


The same result can be obtained by con¬ 
structing the centre of zero velocity P, of gear 3. 

Problem 91. The reduction gear in Fig. 233 
consists of a) a fixed gear 1; b) two pairs of 
twin pinions 2 and 3 mounted on a link con¬ 
nected with the driving shaft AC (the engage¬ 
ment of pinions 2 and 3 with gear 1 is inter¬ 
file driven shaft B. The number of teeth in the 
z 3 = 30, z, = 50. The driving shaft makes n A = 


— 1.500 rpm. Determine the rpm of the driven shaft B. 

Solution. Let us denote ‘he absolute angular velocities: of shaft AC 
together with the link as wj; of gear 7 together with shaft B as co/*; of the 
pinions 2 and 3 as to,, (these gears rotate as a single body). Gear 1 has an 
angular velocity (o,=0. Rotating plane .v,//, parallel to which the mechanism 
moves, with an angular velocity— i>> A . we obtain that the link in this imaginary 

motion is fixed (to >=0) and the velocities of the gears are 


0 ), — 0 — CO.j, < 0 „ = t 0 „ — (i^j, to, = to# — to 4 . 


* An alternative solution is given to show the possibility of employing 
the methods ol $81. Problems 91 and 92 could also have been solved this way, 
but usually this solution is more involved (especially for Problem 92). 
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Writing now Eq. (90) for gears 1 and 2 , and 3 and 4 , we obtain 


Ci) 


z+ 


CD 


23 


(U 


23 


03 


Multiplying the two equations, we have 


a’ 


2.2 


2 A 


-=r = — ee or 
0), 


— to.., _ 


*« ? 3 


tL, /{ — W ,1 




•whence, taking into account that the number of rpm is proportional to co. 
we find 


n B = 1 -f- j / 1.4 = 4.200 rpm. 


Problem 92. Solve the last problem, assuming that gear 1 rotates at 
n, = 1,100 rpm in the same direction as shaft AC (a differential reduction gear). 

Solution. The sequence of the solution is the same as in Problem 91. with 
the sole difference that now co, 9=0 and to, and co,, are of same sense. Coii'c- 

quently to, = <o, — o^. 

As a result, the ratio 


obtained in Problem 91 gives 


Cl) 

0) 


to, — { 'M_ 




* 1^3 


to/* — 

whence, passing to rpm, we find 


hh 

2,2, 


2,2 


n n = n A H—— n,) = 2.200 rpm. 


* 2*3 


If gear 1 rotates in the opposite direction of the shaft AC. the sign of /i, 
in the result obtained should be changed. 


Two Intersecting Axes, 
if in Fig. 225 axis aa is 


07. Composition of Rotations About 
This type of motion can be visualised 
assumed not parallel to, but coplanar 
with, axis bb '. 

If the absolute motion of a body 
is the result of a relative rotation and 
a rotation of transport with angular 
velocities co, and co 2 about axes O a and 
Ob intersecting at O (Fig. 234), then, 
evidently, the velocity of point O, as 
lying simultaneously on both axes, is 
zero. 

Consequently, the resultant motion 
of the body is a motion about the fixed 
point O, which for every infinitesimal 
time interval represents an infinitesimal turn with an angular 
velocity co about an instantaneous axis through point 0 (§ 86). 



Fig. 234. 
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To determine vector to, calculate the velocity of any point M 

of the body the radius vector of which is 0A1=r. In the relative 
motion about axis Oa , point M, by Eq. (67), has a velocity 
®rd = ®iXr in the motion of transport about axis Ob the veloc¬ 
ity of the point is v u = to 2 X Hence, the absolute velocity 
of M is 

V* = «fel + ® r = K + <«*) X t. 

On the other hand, since the resultant motion of the body is 
an instantaneous rotation with an angular velocity <o we must have 

, = « X r. 

Similar results can be obtained for every point of the body 
(i.e., for any value of r). We conclude, therefore, that 

to = co, +o> 2 . (92) 

Thus, the resultant of rotational motions about two axes intersect¬ 
ing at any point 0 is an instantaneous rotation about an axis Oc 
through 0 the angular velocity to of which is the geometrical sum 
of (he relative angular velocity and the transport angular velocity. 
The instantaneous axis of rotation Oc is col linear with vector to, 

i.e., it is directed along the diag¬ 
onal of a parallelogram with 
vectors to, and to 2 as its sides. 

Axis Oc changes its position 
with time, describing a conic sur¬ 
face with its apex at 0. 

Problem 93. Determine the absolute 
angular velocity of the roller in Fig. 235 
(see Problem 80, § 87), if its radius 
AC = R , 0.4 = /, and the velocity of 
point A is v A . 

Solution. The absolute motion of the roller is the result of its relative 
rotation about axis 0.4 with an angular velocity <o, and the transport rota¬ 
tion ot crank UA about axis OB with an angular velocity <o 8 , where 



The instantaneous axis of rotation, and consequently the vector of the 
absolute angular velocity to, are directed along OC, as the velocity oi point C 

( 0 , 

is zero (see Problem 80). Constructing a parallelogram, we find that to — • 

As sin a = ■ we obtain finally 

V I* + R 1 

t'4 . R 2 

“- 7 ? V '+r- 
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The same result can be obtained (taking into account that PC is the in¬ 
stantaneous axis of rotation) from the equation v A = i»h. where h = l sin a. 

The motion of the roller represents a succession of infinitesimal turns with 
an angular velocity o> round axis OC, which latter continuously changes its 
position, describing a circular cone with its apex at O. 

98. Composition of a Translation and a Rotation. Screw Motion. 
Let us examine the resultant motion of a rigid body having a 
translation and a rotation. Three cases are possible. 

1) The velocity of the translation is perpendi¬ 
cular to the axis of rotation (uJ_to). Let the result¬ 
ant motion of the body consist of a rotation about an axis Aa 
with an angular velocity to and a 
translation with a velocity v per¬ 
pendicular to to (Fig. 236). It is 
evident that with respect to plane 
P, which is perpendicular to Aa, 
this is plane motion, which is dis¬ 
cussed in detail in Chapter 12. 

If point A is taken as the pole, 
the motion, like any plane mo¬ 
tion, will actually consist of a 

translation with a velocity v,\ = v. 
i.e., the velocity of the pole, 

and a rotation round the 

axis Aa through the pole. 

Vector v can be replaced by a couple of angular velocities 
to', to” (§ 95), where to'=to, and to = to. The distance AP 
can be found from the equation v = o•>' AP , whence (taking into 
account that to' =o>) 

AP = — • ( 93 ) 

<o 

The resultant of vectors to and to' is zero, and we find that 
the motion of the body can be treated as an instantaneous rota¬ 
tion about axis Pp with an angular velocity to'=to. This result 
was obtained earlier in another way ($ 81). Comparing Eqs. (53) 
and (93), it will be readily noticed that point P is the instan¬ 
taneous centre of zero velocity (v p = 0) for section (S) of the 
body. Thus, we see once again that the rotation of the body 
about Aa and Pp is with the same angular velocity <o, i.e., 
the rotational component of a motion does not depend on the 
choice of the pole (§ 77). 

2) Screw Motion (v |] to). If the resultant motion of a 
body consists of a rotation about an axis Aa with an angular 
velocity to and a translation with a velocity v, directed paral¬ 
lel to Aa (Fig. 237), it is called screw motion. Axis Aa is called the 


i 



Fig. 236. 
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axis of the screw. When vectors ©and to are in the same direction, 
then, according to the rule for the notation of o>, the screw is right- 
handed; if they are of opposite sense, the screw is left-handed. 

The size of the translatory displacement of any point of the 
body lying on the axis of the screw during one complete turn is 

called the pitch h of the screw. If v 
and to are constant, the pitch of the screw 
is said to be constant. Denoting the time 
of one complete turn as T , we obtain in 
this case vT = h, and (oT = 2n, whence 



h — 2n 


V 

CO 


Fig. 237. 


Any point M of a screw with a con¬ 
stant pitch describes a screw line. The ve¬ 
locity of such a point M lying at a dis¬ 
tance r from the axis of the screw is com¬ 
pounded of the translatory velocity © and 
the rotational velocity cor perpendicular to 
it. Consequently, 

^11 = W-f 0)V 1 .' 

Velocity © M is tangent to the screw 
line, If the cylindrical surface along which 
point M moves is cut along its generator and spread out, the 
screw lines will, evidently, turn into straight lines inclined at an 
angle a to the base of the cyl¬ 
inder such that tan <z = h l 2nr. 

3) 1 h e velocity of 
translation makes an 
arbitrary angle with 
t he axis of rotation. 

In this case the resultant 
motion of the body (Fig. 238a) 
is the same as discussed in 
§ 88 (the most general mo¬ 
tion of a free rigid body). 

Let us resolve vector © 

(Fig. 238h) into its compo¬ 
nents: 1) ©' col linear with 

<o(o =ocosa), and 2) ©" perpendicular to <o (o" = v sin a). Veloc¬ 
ity © can be replaced by an angular velocity couple such that 
to _<o and <o = —<o (as in Fig. 236), and vectors <o and <o" can 
be discarded. The distance AC is found from formula (93); 




Fis. 238. 


AC = ~ 

co 


v sin a 
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The body is thus left with a rotation with an angular velocity 
<d' and a translation with a velocity v'. Thus, the distribution 
of the velocities of all the points of the body at any given in¬ 
stant is the same as in a screw motion about axis Cc with an 
angular velocity to' =<o and a translator}' velocity i’' = ucosa. 
The position of Cc changes with the motion of the body, which 
is why it is called the instantaneous screw axis. 

As a result of these operations (Fig. 2386) we have passed 
from pole A to pole C, which demonstrates that even in the most 
general motion of a body the angular velocity does not depend 
on the choice of the pole («/=<*>), and only the translatory ve¬ 
locity is affected (v'=/=v). 


8 — 2Vbi 


PART THREE 

PARTICLE DYNAMICS 


Chapter 16 

INTRODUCTION TO DYNAMICS. LAWS OF DYNAMICS 

99. Basic Concepts and Definitions. Dynamics is that section 
of mechanics which treats of the laws of motion of material bodies 
subjected to the action of forces. 

The motion of bodies from a purely geometrical point of 
discussed in kinematics. Unlike kinematics, in dynam¬ 
ic 5 the motion of bod.ies is investigated in connection with 

e acting forces and the inertia of the material bodies them¬ 
selves. 

The concept of force as a quantity characterising the measure 
of mechanical interaction of material bodies was introduced in 
the course of statics. But in statics we treated all forces as con¬ 
stant without considering the possibility of their changing with 
line. In real systems, though, alongside of constant forces (grav- 
i ^ can generally be regarded as an example of a constant 
oree) a body is often subjected to the action of variable forces 
whose magnitudes and directions change when the body moves. 

Variable forces may be both applied (active) forces and the re¬ 
actions of constraints. 

Experience shows that variable forces may depend in some 
specific ways on time, on the position of a body, or on its veloc¬ 
ity (examples of dependence on time are furnished by the trac- 
t've force of an electric locomotive whose rheostat is gradually 
switched on or off, or the force causing the vibration of a foun¬ 
dation 01 a motor with a poorly centred shaft; the Newtonian 
lorce of gravitation or the elastic force of a spring depend on 
the position of a body; the resistance experienced by a body mov¬ 
ing through air or water depends on the velocity. In dynamics 
ve shall deal with such forces alongside of constant forces. The 

aws for the composition and resolution of variable forces are 
the same as for constant forces. 

I he concept of inertia of bodies arises when we compare the 
results of the action of an identical force on different material 
hod ms Experience shows that if the same force is applied to 
two different bodies initially at rest and free from any other 



Sec. 100] 


The Laws af Dynamics 


227 


actions, in the most general case the bodies will travel different 
distances and acquire different velocities in the same interval of 

time. 

Inertia is the property of material bodies to resist a change in 
their velocity under the action of applied forces. If, for example, 
the velocity of one body changes slower than that of another 
body subjected to the same force, the former is said to have 
greater inertia, and vice versa. The inertia of any body depends 
on the amount of matter it contains. 

The quantitative measure of the inertia of body, which depends 
on the quantity of matter in the body , is called the mass of that 
body. In mechanics mass m is treated as a scalar quantity which 
is positive and constant for every body. The measurement of 
mass will be discussed in the following article. 

In the most general case the motion of a body depends not 
only on its aggregate mass and the applied forces; the nature 
of motion may also depend on the dimensions of the body and 
the mutual position of its particles (i.e., on the distribution of 

its mass). . , . . ., 

In the initial course of dynamics, in order to neglect tne 

influence of the dimensions and the distribution of the mass of 
a body, the concept of a material point, or particle, is intro¬ 
duced. . , . , 

A particle is a material body (a body possessing mass) the size 

of which can be neglected in investigating its motion. 

Actually any body can be treated as a particle when the 
distances travelled by its points are very great as compared with 
the size of the body itself*. Furthermore, as will be shown in 
the dynamics of systems, a body in trandalury motion can always 
be considered as a particle of mass equal to the mass of the 

whole body. 

Finally, the parts into which we shall mentally divide bodies 
in analysing any of their dynamical characteristics can also be 
treated as material points. 

Obviously, the investigation of the motion of a single par¬ 
ticle should precede the investigation of systems of particles, 
and in particular of rigid bodies. Accordingly, the course of 
dynamics is conventionally subdivided into particle dynamics 
and the dynamics of systems of particles. 

1 () 0 . The Laws of Dynamics. The study of dynamics is based 
on a number of laws generalising the results of a wide range of 


* Far example, in studying the motion of a planet about the sun the plan 
et can be treated as a particle. 

8* 
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experiments and observations of the motions of bodies—laws 
which have been verified' in the long course of human history. 
These laws were first systematised and formulated by Isaac 
Newton in his classical work “Mathematical Principles of Natur¬ 
al Philosophy” published in 1687. 

The First Law (the Inertia Law), discovered by Galileo 
in 1638, states: A particle free from any external influences contin¬ 
ues in its state of rest, or of uniform rectilinear motion , except in 
so far as it is compelled, to change that state by impressed forces. 
The motion of a body not subjected to any force is called 
motion under no forces, or inertial motion. 

The inertia law states one of the basic properties of matter: 
that of being always in motion. It establishes the equivalence, 
for material bodies, of the states of rest and of motion under 
no forces. It follows, then, that if F= 0, a particle is at rest 
or moves with a velocity of constant magnitude and direction 
(<y = const.); the acceleration of the particle is, evidently, zero 
(tt> = 0). No external action is required to sustain inertial mo¬ 
tion; such action is necessary only to change the motion. At the 
same time it can be asserted that if the motion of a particle is 
not inertial, there must be some force acting on it. 

A frame of reference for which the inertia law is valid is 
called an inertial system (or, conventionally, a fixed system). Expe¬ 
rience shows that, for our solar system, an inertial trame of 
reference has its origin in the centre of the sun and its axes 
pointed towards the so-called “fixed” stars. In solving most 
engineering problems a sufficient degree of accuracy is obtained 
by assuming any frame of reference connected with the earth to 
be an inertial system. The validity of this assumption will be 
proved in Chapter 20. 

I he Second Law (the Fundamental Law of Dynamics) 
establishes the mode in which the velocity of a particle changes 
under the action of a force. It states: the product of the mass of 
u particle and the acceleration imparted to it by a force is propor- 
iiona! to the acting force; the acceleration takes place in the direc¬ 
tion of the force. 

Mathematically this law is expressed by the vector equation. 

mw = F. (1) 

The dependence between the magnitudes of the acceleration and 
the force is 

mw=F . (2)' 

The second law of dynamics, like the first, is valid only for 
an inertial system. It can be immediately seen from the law 
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that the measure of the inertia of a particle is its mass, since 
two different particles subjected to the action of the same force 
receive the same acceleration only if their masses are equal; if 
their masses are different, the particle with the larger mass 
(i.e., the more inert one) will receive a smaller acceleration, 

and vice versa. 

A set of forces acting on a particle can, as we know, be re¬ 
placed by a single resultant R equal to the geometrical sum of 
those forces. In this case the equation expressing the fundamen¬ 
tal law of dynamics acquires the form 

mw = R or mw = '£F k . (3) 

Measure of mass. Eq. (2) makes it possible to determine 
the mass of a body if its acceleration in translatory motion and 
the acting force are known. It has been established experimen¬ 
tally that under the action of the force of gravitation P all 
bodies falling to the earth (from a small height and in vacuo) 
possess the same acceleration g\ this is known as the acceleration 
of gravity or of free fall*. Applying Eq. (2) to this motion, we 
obtain mg = P, whence 

m = T- (4) 

Thus, the mass of a body is equal to its weight divided by the 
acceleration of gravity g. . 

The Third Law (the Law of Action and Reaction) estab¬ 
lishes the character of mechanical interaction between material 
bodies. For two particles it states; Two particles exert on each 
other forces equal in magnitude and acting in opposite directions 
along the straight line connecting the two particles. 

It should be noted that the forces of interaction between free 
particles (or bodies) do not form a balanced system, as they act 
on different objects For example, if a piece of iron and a mag¬ 
net are placed near each other on a smooth surface, they will 
move towards each other under the influence of their mutual 
attraction and not remain at rest. Since the magnitude of the 
force acting on each body is the same, it follows from the second 
law of dynamics that the accelerations of the two bodies will be 
inversely proportional to their masses. 

The third law of dynamics, which establishes the character 
of interaction of material particles, plays an important part in 

the dynamics of systems. 

- 

• The law of free fall of bodies was discovered by Galileo. The value of £ 
varies for different localities, depending on geographic latitude and elevation 
above sea level. At sea level on the latitude of Moscow g = 9.8157 rn/sec* . 
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101. Systems of Units. The units of length and time were 
introduced in the course of kinematics. In order to measure 
dynamical quantities, it is necessary to select unit measures for 
mass m or force F. These units cannot both be arbitrary, insofar 
as they are related by Eq. (2). Thus, in dynamics we can use 
two systems of units based on different principles. 

First Type of Unit Systems. The primary units in 
these systems are: 1) unit of length (e.g., centimetre or metre), 
2) unit of time (e.g., second); 3) unit of mass (e.g., gram, 
kilogram, or ton of mass). 

In these systems force is a derived unit. In the so-called 
physical system of units CGS (centimetre, gram, second), for 
instance, the unit of force is the dyne (1 dyne = 1 g 
cm sec 1 ). v J 6 

• Sf- C °nd Type of Unit Systems. The fundamental units 
in these systems are: 1) unit of length (e.g., metre); 2) unit of 
time (e.g., second); 3) unit of force (e.g., kilogram or ton of 

lorce). In these systems mass is a derived unit (e.g., 1 kg 
sec*/m). 6 


The difference between the two types of systems is that in the 
one the mass unit is taken as a primary dynamical unit, while 
in the other force is a primary unit. 

In engineering the so-called technical system of units, in which 

the fundamental units are metre, kilogram of force, and second, 

is most widely used. We, too, shall normally employ this 
system. J ^ J 


n \ 0 . 2 *, T, !5 Problems of Dynamics for a Free and a Constrained 
I article.' The problems of dynamics for a free particle are: 
) knowing the equation of motion of a particle, to determine 
he force acting on it (the first problem of dynamics ); 2) knowing 
the forces acting on a particle, to determine its equation 
of mohon (the second, or principal , problem of dynamics). 

Both problems are solved with the help of Eq. (1) or (3), 
which express the fundamental law of dynamics, since they give 
he relation between acceleration w, i.e., the quantity charac¬ 
terising the motion of a particle, and the forces acting on it 

In engineering it is often necessary to investigate constrained 

motions of a particle, i.e., cases when constraints attached to 

a particle compel it to move along a given fixed surface or 
curve. 

In such cases we shall use, as in statics, the axiom of con- 
straints which states that any constrained particle can be treated 
qs a free body detached from its constrains provided the latter is 
represented by their reactions N. Then the fundamental law of dy 
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namics for the constrained motion of a particle takes the form 

mw = '2,Fl + N, . (5) 

where Fl denotes the applied forces acting on the particle. 

For constrained motion, the first problem of dynamics will 
usually be: to determine the reactions of the constraints acting 
on a particle if the motion and applied forces are known. The 
second (principal) problem of dynamics for such motion will pose 
two questions: knowing the applied forces, to determine: a) the equa¬ 
tion of motion of the particle and b) the reaction of its con¬ 
straints. 

103. Solution of the First Problem of Dynamics (Determina¬ 
tion of the Forces if the Motion Is Known). If the acceleration of 
a moving particle is given, the applied force or the reaction of 
the constraint can be 
immediately found from 
Eq. (1) or (5). To cal¬ 
culate the reaction it is 
also necessary to know 
the applied forces. When 
the acceleration is not 
specified but the equa¬ 
tion of motion is known, 
it is necessary first to 
calculate the accelera¬ 
tion from the formulas of 
kinematics (see§§ 59, 67, 69) and then to find the force (or reaction). 



Problem 94. A balloon of weight P descends with an acceleration w. What 
weight (ballast) Q must be thrown overboard in order to give the balloon an 
equal upward acceleration? 

Solution. The forces acting on the falling balloon are its weight P 
and the buoyancy force F (Fig. 239a). Hence, from Eq. (3) 



After the ballast has been thrown out (Fig. 239 b), the weight of the bal¬ 
loon becomes P — Q, the buoyancy force remaining the same. Hence, taking 
into account that now the bafloon is rising, we have 


P-Q 

U 





Eliminating the unknown force F from the equations, we obtain 
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Problem 95. A lift of weight P (Fig. 240) starts ascending with an accel¬ 
eration w. Determine the tehsion in the cable. 

Solutio^n. Considering the lift as a free body, replace the action of the 
constraint (the cable) by its reaction T. From Eq. (5) we obtain 


whence 


— w=T—P, 
S 


T —p ( 1 +'j) • 


If the lift starts descending with the same acceleration, the tension in the 
cable will be 




Problem 96. The radius of curvature of a bridge at point A is R (Fig. 241). 
Determine the pressure exerted on the bridge at A by a motor car of weight P 
moving with a velocity v. 

Solution. The normal acceleration of the car 

XJ* 

at point A is w n = — . Acting on it are the force of 

gravity P and the reaction of the constraint IV. Then, 
from Eq. (5), 

p v * 

_ _ — P _ jV 

6 R ' 



Fig. 241. 


whence 



N=p ('~ik)- 


d*x 


The pressure on the bridge is equal to N in magni¬ 
tude but is directed downward. 

Problem 97. A crank OA of length / (Fig. 242) 
rotates with a uniform angular velocity co and trans¬ 
lates the slotted bar K of weight P along slides 7, 7. 
Neglecting friction, determine the pressure exerted 
by the slide block A on the slotted bar. 

Solution. The position of the bar is specified by 
its coordinate x = l cos 9 . As 9 = to/, the equation of 
motion of the slotted bar is 

x = l cos (at. 

Eq. (5) for the motion of the bar in terms of its 
projection on the x axis gives mw x =Q x . But w x = 


= Jfz— —Ao* cos (ot =— io*.x; whence, as Q x = — Q, 


— — 1 o*x = —Q, Q~ 

c» 


P_ 

U 


CD*X. 


Thus, the pressure of the slide block on the slotted bar is proportional to 
its distance x from O. 

I lie examples show that the first problem of dynamics is fairly 
simple. If the acceleration of the moving particle is not given, 
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it can be determined by purely kinematic computations. There¬ 
fore, and also because of its practical importance, the second 
problem is considered the principal problem of dynamics. 


Chapter 17 

DIFFERENTIAL EQUATIONS OF MOTION FOR A PARTICLE 

AND THEIR INTEGRATION 


104. Rectilinear Motion of a Particle. We know' from kinemat¬ 
ics that in rectilinear motion the velocity and acceleration of 
a particle are continuously directed along the same straight line. 
As the direction of acceleration is coincident with the direction 
of force, it follows that a free particle will move in a straight 
line whenever the force acting on it is of constant direction and 
the velocity at the initial moment is either zero or is collinear 
with the force. 

Consider a particle moving rectilinearly under the action of 
an applied force R='£F h . The position of the particle on its 
path is specified by its coordinate x 
(Fig. 243). In this case the principal 
problem of dynamics is, knowing R, 
to find the equation of motion of the 
particle x = f(t). Eq. (3) gives the rela¬ 
tion between x and R. Projecting 
both sides of the equation on axis Ox, we obtain 


0 M RIF. 



Iig. 243. 


d*x 

or, as w x = U{it 




Eq. (6) is called the differential equation of rectilinear motion 
of a particle*. It is olten more convenient to replace Eq. (6) 
with two differential equations containing first derivatives: 


(lu v 

m of = 

V 

(7) 

dx 



dt 

= v x- 

(7) 


* This is a differential equation, as the required quantity x is under the 
derivative symbol. Eq. (6) can also be used to solve the first problem of dy¬ 
namics: knowing the equation of motion x = [(t) for a particle, to determine 
the applied force F x . 
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Whenever the solution of a problem requires that the velocity 
be found as a function of the coordinate x instead of time t (or 
when the forces themselves depend on x), Eq. (7) is converted 

to the variable x. As • ^j}— y x* Eq. (7) takes the 

form 

mv x^? = ^l F kx- ( 8 ) 

The principal problem of dynamics is, essentially, to develop 
the equation of motion x = f(t) for a particle from the above 
equations, the forces being known. For this it is necessary to 
integrate the corresponding differential equation. In order to 
make clearer the nature of the mathematical problem, it should 
be recalled that the forces in the right side of Eq. (6) can de¬ 
pend on time t , on the position of the particle x, or on the 

velocity v x — ^ ( (see § 99). Consequently, in the general case 

Eq. (6) is, mathematically, a differential equation of the second 
order in the form 

£=*('■*•£)• (9) 

The equation can be solved for every specific problem after deter¬ 
mining tlie form of its right-hand member, which depends on the 
applied forces. When Eq. (9) is integrated for a given problem, 
the general solution will include two constants of integration 
C, and C 2 , and the general form of the solution will be 

x=nt, c„ c s ). (io) 

To solve a concrete problem, it is necessary to determine the 
values of the constants C, and C 2 . For this we introduce the so- 
called initial conditions. 

Investigation of any motion begins from some specified instant 
called the initial time t — 0, usually the moment when the motion 
under the action of the given forces starts. The position occupied 
by a particle at the initial time is called its initial displacement , 
and its velocity at that time is its initial velocity (a particle can 
have an initial velocity either because at time / = 0 it was mov¬ 
ing under no force or because up to time /==0 it was subjected 
to the action of some other forces). To solve the principal prob¬ 
lem of dynamics we must know, besides the applied forces, the 
initial conditions , i.e., the position and velocity of the particle 
at the initial time. 
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In ‘he case of rectilinear motion, the initial conditions are 
specified in the form 


at f = 0, x = x n , v 




( 11 ) 


From the initial conditions we can determine the meaning of 
the constants C, and C t and develop finally the equation of mo¬ 
tion for the particle in the form 


( 12 ) 


x = f(t, x 0 , v 0 ). 

The following simple example will explain the above. 

Let there be acting on a particle a force Q of constant magni¬ 
tude and direction. Then Eq. (7) acquires the form 

dv .. 


m 


dt 


= Q X - 


As Q x = const., multiplying both members of the equation bv dt 
and integrating, we obtain * J 

= ^/ + C t . 

rn \ l 


V 


(13) 


Substituting the value of v x into Eq. (7'), we have 


dx 

dt 


£' + c,. 


obt^ 1 "^i P lying through b >' dt and integrating once again, we 


* — y% / * + C i / + c «- (14) 

in T .he S form’*gi verfIry ^“(75) °' ^ (9) ^ ‘"-P-ific problem 

Now let us determine the integration constants C, and C 

assuming for the specific problem the initial conditions given 

by (11). Solutions (13) and (14) must satisfy any moment of time 

including t — 0. Therefore, substituting zero for t in Eos (13) 

and (U, we should obtain and *. instead of o 'and * 
we should have * 


(13) 

i.e.. 


v 9 = C lt x 9 = C t . 

These equations give the values of the 
C t which satisfy the initial conditions of 
Substituting these values into Eq. (14), we 


constants C, and 
a given problem, 
obtain finally the 


* We assume that the constant of 
left to the right and included in C,. 


integration has been transposed from the 
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relevant equation of motion in the form expressed by Eq. (12): 

* = + + (15) 

We see from Eq. (15) that a particle subjected to a constant 
force performs uniformly variable motion. This could have been 
foreseen; for, if Q = const., w = const., too. An example of this 
type of motion is the motion of a particle under the force of 

gravity, in which case in Eq. (15) ^ = g and axis Ox is direc¬ 
ted vertically down. 

105. Solution of Problems. The method of integrating the 
differential equations of motion can be used for solving any prob¬ 
lem of dynamics involving variable forces acting on a particle 
(see § 99). 

The solution includes the following operations: 

1) Write the differential equation of motion. 

For this. . . ... 

1 a. Choose an origin (usually coinciding with the initial position 
of the particle) and draw a coordinate axis along the line of 
motion, as a rule in the direction of motion; if, for the applied 
forces, a particle has a position of equilibrium, it is convenient 
to choose the origin to coincide with the position of static 
equilibrium. 

b. Draw the moving particle in an arbitrary position (but such 
that x^O and u x ]>0; the latter condition is important when the 
applied forces include forces depending on velocity), and draw 
all the forces acting on the particle. 

c. Compound the projections of all the forces on the coordinate 
axis and substitute the sum into the right side of the differen¬ 
tial equation of motion. It is important to express all the variable 
forces in terms of the quantities (/, x or v) on which they depend. 

2) Integrating the differential equation of mo¬ 
tion. The integration is carried out according to the rules of 
higher mathematics, depending on the form of the obtained equa¬ 
tion, i.e.. on the form of the right-hand member of Eq. (9). 
When besides the constant forces there is only one variable force 
acting on a particle, the equation of rectilinear motion can 
generally be integrated by the method of separating the vari¬ 
ables (see Problems 98-100). If only the velocity has to be deter¬ 
mined, it is often possible to solve the problem by integrating 
only Eq. (7) or Eq. (8). 

3) Determining the constants of integration. In 
order to determine the constants of integration, it is necessary 
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from the conditions of the problem to define the initial conditions 

in the form (11). The values of the constants are found from the 
initial conditions as shown in § 104, and they can be determined 
directly after each integration. 

4) Determination of the required quantities and 
analysing the results obtained. In order to be able to 
analyse the solution and also to verify the dimensions the whole 
solution should be carried out in the most general form (in letter 
notation), inserting the numerical data only in the final results 

These general rules also hold good for curvilinear motion. 

Let us consider three specific problems, in which the force 
depends on the time, the distance, and the velocity of the motion 
of the particle. 


1. Force Depends on Time 


Problem <18. A load of weight P starts moving from rest along a smooth 
horizontal plane under the action of a force R the magnitude of which increases 
in proportion to the time, the relation being R = kt. Develop the eauation 
of motion for the load. M 

Solution. Place the origin O in the initial position of the load and 
direct the axis Ox in the direction of motion (see Fig. 2*13). Then the initial 
conditions are: at / = 0. x = 0 and v = 0. Draw the load in an arbitrary 
position and the forces acting on it. We have R x = R = kt, and Eq (7) takes 
the form ’ 


- ^=«■ 
g dt 


Multiplying through by til, we immediately separate the variables ami 
obtain 



k[f I s 

J r 2 


T- Q* 


Substituting the initial values into this equation, we find thatC,=0. Then 
substituting ^ for v x , we have 


til 2 P ‘ 


Multiplying 
we find 


through by dt we again separate the variables and. integrating. 


*g_ t__ . 
2 P 3 


Substitution of the initial values gives C t — 0, and 
of motion for the load in the form 


we obtain the equation 


x = 



Thus, the displacement of the load is proportional to the cube of the time 
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2. Force Depends on Distance 

Problem 99. Neglecting the resistance of the air, determine the time it 
would take a body to travel from end to end of a tunnel AB dug through the 
earth along a chord (Fig. 244). Assume the earth’s radius to be R =6,370 km. 

Note. The theory of gravitation states that a body inside the earth is 
attracted towards the centre of the earth with a force F directly proportional 

to the distance r from the centre. Taking 
into account that, at r — R (i.e., at 
the surface of the earth), force F is 
equal to the weight of the body 
(F = mg ). we find that inside the earth 

F = ^r 

R ' 

where r=MC is the distance of point Af 
from the centre of the earth. 

Solution. Place the origin O in 
the middle of the chord AB (where a 
body in the tunnel would be in equilibrium) and direct the axis Ox along OA. 
If we assume the chord to be of length 2a. the initial conditions will be: at 
t — 0, x — a and v x = 0. 

The forces acting on the body in an arbitrary position are F and N. Con¬ 
sequently, 



£ 


r~ r mg mg 

F kx = — F cosa=- £ r cos a = - £ x, 

K K 


as it is evident from the diagram that r-cosa = x. 

We see that the acting force depends on the coordinate x of point M. In 
order to separate the variables in the differential equation of motion, write it 
in the form (8). Then, eliminating m and introducing the quantity 


we obtain 





Multiplying through by dx, we separate the variables and. integrating, 

obtain 


v x x s 
2 ” 2 


+ c,. 


1 


From the initial conditions, at x=a, v x = 0; hence C, = — &*a*. Substi- 
luting this expression of C,. we have 


v x = +kVa z — x*. 

As in the investigated position the velocity is directed from Af to 0, v x ■< 0, 
and the sign before the radical should be minus. Then, substituting ^ for v x , 
we have 

dx 


Sec. 105] 


Solution of Problems 


239 


Separating the variables, we write the equation in the form 


and integrating, we obtain 



dx 

VV - x 2 ’ 


kt = arc cos — -f-C 2 . 


Substituting the initial data (at 1 = 0, x = a) in this equation, we find that 
Q = 0. The equation of motion for the body in the tunnel is 

x = a cos kt. 


Thus, the body is in harmonic motion with an amplitude a. 
Now let us determine the time /, when the body will reach 
the tunnel. At B the coordinate x = — a. Substituting this value 

lion of motion, we obtain coskt l = — 1, whence kt x = :t and /, = 


the end B of 
in the equa- 

= ~ ■ But 


we have assumed k = 



Calculating, 


we find that the time of the 


mo¬ 


tion through the tunnel, given the conditions of the problem, does not depend 
on the length of the tunnel and is always equal to 



42 min 11 sec. 


This extremely interesting result has given rise to a number of projects— 
so far utopian—of such a tunnel. 

Let us also find the maximum velocity of the body. From the expression 
for v x we see that v = v max at x = 0, i.e.. at the origin O. The magnitude of 
the velocity is 



If. for example, 2a = 0.1/? = 637 km. then v max = 395 m/sec = 1.422 km h. 
I he vibration of a particle under the action of a force proportional to the 
distance will be studied in greater detail in Chapter 21, where another method 
of integrating the differential equations of motion will be discussed. 


3. Force Depends on Velocity 

Problem 100. A boat of weight P = 40 kg is pushed and receives an initial 
velocity v 0 = 0.5 m/sec. Assuming the resistance of the water at low velocities 
to be proportional to the first power of the 
velocity and changing according to the equa¬ 
tion R = \iv, where the factor ji = 0.93 
kg-sec/in, determine the time in which the 
velocity will drop by one-half and the 
distance the boat will travel in that time. 

Determine also the distance the boat will 
travel till it stops. 

Solution. Let us choose the origin O 
to coincide with the initial position of the 
boat, pointing the axis Ox in the direction of the motion (Fig. 245) In 
this case the initial conditions will be: at r=0. x = () and* v ='v 
Draw the boat in an arbitrary position with the acting forces P, N, and /?. 
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Note. There are no other forces acting on the boat. The force which 
pushed the boat acted before the instant t=0. The result of its action is taken 
into account by stating the initial velocity v Q imparted to the boat by the 
force (see § 104). To be quite sure about the forces actually acting on a body • 
during its motion, always remember that a force is the result of the interac¬ 
tion of bodies. In the present case, the force P is the result of the action of 
the earth on the boat, while forces R and N are the results of the action of 
the water on the boat. No other material bodies act on the boat in its motion 
and, consequently, there are no other forces applied to it. Attention is drawn 
to this because it is often a cause of errors in problem solutions. 

Calculating the projections of the acting forces, we find that 



To determine the duration of the motion, we write differential equation (7). 
Noting that v x = v, we have 


P dv 



Separating the variables, we obtain 


whence, integrating, we have 


dv p g 
v P 



Substituting the initial values, we have C, = In i» 0 , and finally 


* = — In — 
v 



The required time is determined by assuming t» = 0.5t' o . We see that in 
this case the time does not depend on the value of t» 0 . As In 2 = 0.69, 

f t = — In 2=^3 sec. 

Pg 

To determine the distance, it is best to write the differential equation of 
motion in the form (8). as it immediately establishes the relation between x 
and v*. We thus obtain 

P dv 


whence, eliminating v and separating the variables, we find 



* The distance can also be found by rewriting Eq. (a) as an expression of 
the velocity v in terms of time /, and then substituting^ for v and integrat¬ 
ing the new equation, but this solution is more involved. 
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and consequently 


v = -'fx + C l 


Since at x = 0, the velocity u = v 0 , then C, = t/ 0 . and finally 

P i 

x= Tu (v °- v) - 

Assuming 0 = 0.50,,, we find the required displacement: 

Pv n 


(b) 


2rT 


l.l m. 


To find the distance travelled by the boat till it stops, in equation (b) w« 

p u 

assume o = 0. Then x, = —- = 2.2 m. 

PS * . . 

Determining the duration of the motion until complete rest, we find from 
equation (a) that at o=0, t t = oo. This means that, under the given law of 
resistance R = \xv, the boat will approach its final position (specified by the 
coordinate x 2 ) asymptotically. Actually, the duration of the motion till complete 
rest is finite, as, with the decrease of velocity, the resistance equation changes 
and the dependence of v on t changes accordingly. 

Another important example of motion under the action of a 
force depending on velocity is discussed in the next article. 


106. Body Falling in a Resisting Medium (in Air). A body 
moving in some medium is subjected to a resistance, which depends 
on the shape and size of the body, its velocity, and the proper¬ 
ties of the medium. 

Experience shows that at velocities which are not very small 
and not approaching the velocity of sound, the resistance is pro¬ 
portional to the square of the velocity v and can be expressed 
by the formula* 


R=Y c x qSv*, (16) 

where q is the density of the medium (for water at I5°C and 
760 mm pressure, p=r-l- ^ cc .j , S in* is the area of the projec¬ 
tion of the body on a plane perpendicular to the direction of 
motion (the middle section), and c x is a dimensionless resistance 
factor depending on the shape of the body. For example, for a 
parachute c x = 1.4, for a sphere c x = 0.5, for highly streamlined 
spindle-shaped bodies c x < 0.03. 

Let us consider a problem of a body falling in the atmosphere 
from a low height in comparison with the earth’s radius (low 




For fall in air, formula (1G) hold* good for velocities up to 300 m/*ec. 
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enough to assume the weight P of the body and the density of 
the air q to be constant). 

Directing the coordinate axis Ox vertically down (Fig. 246), let 
us investigate how the velocity of fall depends on the displace¬ 
ment x, assuming v o = 0. 

The forces acting on the falling body are P and /?; conse¬ 
quently, 

^F kx = P-R = P-\c xQ Sv\ 


In order to obtain directly the dependence of v on x, we write 
the differential equation of motion in the form (8). Then, taking 



Fig. 2*16. 


into account that v 

P dv 
'— Z) 

dx 


v , we have 
— y c x qSv \ 


Introducing the expression 

2 P 


c x qS 


a 


the previous equation takes the form 

dv f . v* \ 

v di=e{ 1 -*) 

or, after separating the variables, 

v dv 


a 2 — v 2 


f, dx. 


(17) 


Integrating through, we have 

In (a 2 — v 2 ) = — 2^x-\-C t . 

According to the initial conditions, at * = 0, the velocity v = 0, 
consequently C, = lna\ Substituting this value of C t , we obtain 



and finally 

v = a ^ ( 1 — e ~ 2 *~’ x ) . (18) 

Formula (18) gives the dependence of velocity on displacement 
for a body falling in the atmosphere* 
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— * — x 
> a 1 


As x increases, the quantity e a1 decreases, and tends to zero 
as x —*• oo. It follows, then, that the velocity of fall v increases 
as x increases, tending to a constant value a. This quantity is 
called the limiting velocity of fall and is denoted t/ IJm . From Eq. (17) 
we find that 


Yl 


2 P 
aQS 


(19) 


Thus, at u 0 = 0, a body falling in air cannot exceed a limiting 
velocity u, im . The greater the weight of a body and the smaller 
the values of c x , q, and S, the greater the limiting velocity of 
fall. 

Let us determine the speed with which the velocity of a falling 
body approaches its limiting value. For this Table l 

see Table 1, which gives the dependence of __ " 

—— upon ——— x, as calculated from Eq. (18). „ 

l, " m ‘'Urn ~t~ X — 

It follows from the table that him y nm 


x=\.2 t v = 0.95v,„ 


lim 

ft 


* = 2.0, y = 0.99c;,: 


I im* 


( 20 ) 


- S X 

U* 

Iiiii 

V 

y lim 

0 

0 

0.5 

0.80 

1.0 

1 0.93 

# 

1.2 

0.95 

1.5 

0.97 

2.0 

0.99 


Consequently, the velocity of fall approaches--- 1 -— 

its limiting value fairly rapidly, if only 12 095 

the quantities c x and 5 are not very small ~ ~T~ 

(see Problem 101). 15 1> - 97 

The existence of a limiting velocity of fall 2 o 0 99 

can be established by the following simple ' _ ' 

reasoning: The velocity of a falling body in 
air increases, consequently force R increases. If we consider 
that, obviously, force R cannot be greater than the weight of the 
body P (see Fig. 246), then R llm = P. Substituting the expression 

for R Um from Eq. (16), we obtain -^c x QSv\ im = P, whence we 

obtain the value of v tim as in Eq. (19). This reasoning, however, 
provides no clue to the rate with which the velocity of fall v 
tends towards u Um . This important characteristic can be obtained 
only from Eq. (18). 


Problem 101. Determine the limiting velocity of fall of a parachute 
jumper weighing P = 75 kg (weight of parachute included), a) in free fall, 
assuming S = 0A in*, c x = 1.0; b) with open canopy, assuming 5'— 36 m* 
c x =\A. 
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Determine for both cases the distance //, after which the jumper will have 
attained a velocity e, = 0.95 t>, im (i.e., 5 per cent less than the limiting veloc¬ 
ity), and the distance H 2 at which his velocity of fall v 2 = 0.99 

Solution. Determine the limiting velocity of fall from Eq. (19), assuming 
I kg-sec 2 

for air (? = -g-——• We find //, and H 2 from Eq. (20). As t> 1 = 0.95uj, m 


at 


U. 


v hm 


x—1.2, the required distance //, = 1.2 




lim 


g 


Similarly we find that 


//, = 2 


u *im 


g 


Performing the necessary computations, we find: 

a) in free fall u, im = 55 m/sec. 77,^370 m, // 2 =ir610 in. 

b) with open canopy e, ifn 5 m sec, 7/,=^ 3 m, H s ^= 5 m. 

We see that when the resistance is great the limiting velocity is rapidly 
achieved. 


107. Curvilinear Motion of a Particle. Consider a free particle 
moving under the action of forces F lt ... F n . Let us draw a 
fixed set of axes Oxijz (Fig. 247). Projecting both members of the 
equation mw = ^F k on these axes, and taking into account that 

- 72 .. 

etc., we obtain the differential equations of curvilinear 

motion of a body in terms of the projec¬ 
tions on rectangular cartesian axes: 




d*x 
(it 



rn 


d~x 

<77= 




Ar.v» 


m 


d-y 

It* 


E 


fcy 


rn 


d s z 

77? 




kz 


( 21 ) 


Fig. 247. 


As the forces acting on the particle 
may depend on time, the displacement or 
the velocity of the particle, then by analogy 
with hq. (9) in§ 104, the right-hand members of Fq. (21-) may contain 
the time t, the coordinates a*, y. z of the particle, and the pro¬ 
jections of its velocity . Furthermore, the right side 

of each equation may include all these variables. 

l-M- (21) can be used to solve both the first and the second 
(the principal) problems of dynamics. To solve the principal 
problem of dynamics we must know, besides the acting forces, the 
initial conditions, i.e., the position and velocity of the particle 
at the initial time. The initial conditions for a set of coordinate 
axes Oxyz are specified in the form: 
at 1 = 0, 

X === 'V- • \ 

V.= V- f 




v y — v yo' 




( 22 ) 
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Knowing the acting forces, by integrating Eq. (21) we find the 
coordinates x , y, z of the moving particle as functions of time/, 
i.e., the equation of motion for the particle. The solutions will 
contain six constants of integration C,, C 2 , ...,C S , the values of 
which must be found from the initial conditions (22). An example 
of integrating Eqs. (21) is given in § 108. 

Differential equations of motion can also be written in terms 
of projections on other coordinate systems as, for instance, in § 117. 


108. Motion of a Particle Thrown at an Angle to the Horizon 
in a Uniform Gravitational Field. Let us investigate the motion 
of a projectile thrown with an initial velocity i\ at an angle a 
to the horizon, considering it as 
a material particle of mass m, 
neglecting the resistance of the 
atmosphere, assuming that the ho¬ 
rizontal range is small as com¬ 
pared with the radius of the earth 
and considering the gravitational 
field to be uniform (P = const.). 

Place the origin of the coordi¬ 
nate axes O at the initial position 
of the particle, direct the y axis 
vertically up, the x axis in the plane through Oy and vector z/ 0 , 
and the z axis perpendicular to the first two (Fig. 248). The 
angle between vector v 0 and the x axis will be a. 

Draw now moving particle M anywhere on its path. Acting on 
the particle is only the force of .gravity P (see note to Prob¬ 
lem 100, p. 240), the projections of which on the coordinate 
axes are 

P x — 0, P y = —P = — mg, P z = 0. 



Fig. 218. 


Substituting 


d*x du x 
d? dt ’ 



these values into Eq. (21) and noting 
after eliminating tn we obtain 


dv x 

dt 





that 


Multiplying these equations by dt and integrating, we find 

v x =C lt v y = —gt-\-C„ v,*=C 9 . 

The initial conditions of our problem have tne form 

at t — 0, x = 0, y = 0, z—0; 

v x = v 0 cos a, v y = v 0 sina, v z = 0. 
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Satisfying the initial conditions, we have 

C x — v 0 cos a, C z = v 0 sin a, C, = 0. 

Substituting these values of C lf C 2 , and C, in the solutions 
above and replacing v x , v yi v z by &, 4?, we arrive at the 
equations 


rfx du 

dt = v « cos «• i 


u 0 sin a 


Integrating, we obtain 


*= cos a-|-C 4 , */ = u/sina 


*'■ a=°- 


f+c„ 


c.. 


Substituting the initial conditions, we have C, = C 2 = C, = 0. 

And finally we obtain the equations of motion of particle M in 
the form 


x = v 0 t cos a, 



v 0 t sin a — 




(23) 


From the last equation it follows that the motion takes place 
in the plane Oxij. 

Knowing the equations of motion of a particle it is possible 
to determine all the characteristics of the given motion by the 
methods of kinematics. 

1. Path. Eliminating the time t between the first two of 
Eqs. (2.3), we obtain the equation of the path of the particle: 


y = x tan a 


— - - - 

2 f* cos* a • 



Ibis is an equation of a parabola the axis of which is paral¬ 
lel to the y axis. Thus, a heavy particle thrown at an angle to 
the horizon in vacuo follows a parabolic path (Galileo). 

2. Horizontal Range. The horizontal range is the dis¬ 
tance OC — X along the at axis. Assuming in Eq. (24) // = 0, we 

obtain the points of intersection of the path with the x axis. 
From the equation 


we obtain 






A' 


0 . 


cos* a tan a 
~S 


The first solution gives point O, the second point C. Conse¬ 
quently A = x t , and finally v 


X 


V 


B 


-sin 2a. 


(25) 
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From Eq. (25) we see that the horizontal range X is the same 
for angle p, where 2p = 180°— 2a, i.e., if (5 = 90° — a., Conse¬ 
quently, a particle thrown with a given initial velocity v 0 can 
reach the same point C by two paths: flat (low) (a<45 c ) or 
curved (high) (p = 90°— a >45°). 

With a given initial velocity v 0 , the maximum horizontal range 
in vacuo is obtained when sin 2a=l, i.e., when angle a = 45°. 

3. Height of path. If in Eq. (24) we assume x = ~X = 



sin a cos a, we obtain the height H of the path: 



O • • 

2? s,n a * 



4. Time of flight. It follows from Eq. (23) that the total 
time of flight is defined by the equation X = v i) T cos a. Substi¬ 
tuting the expression for X, we obtain 

T = — sin a. (27) 

fi ’ 


At the maximum range angle a* = 45°, all the quantities become 
respectively 



These results can be used to estimate the flight character¬ 
istics of missiles (rockets) with a horizontal range of 200 to 600 km, 
as at such ranges (and at a = 45') a projectile travels most of 
its path in the stratosphere, where atmospheric resistance can 
be neglected. At closer ranges the resistance of the air has a 
considerable effect, while at ranges exceeding 600 km the gravi¬ 
tational force can no longer be considered constant. 


Example. It is known that at an altitude of 20 km a vertically launched 
German V-2 rocket had a velocity v 0 1,700 m/sec and an angle a =5=45° 
(the rocket was inclined by means of special instruments and control vanes). 
The further flight of the rocket was actually motion of a projectile in vacuo. 
Therefore, from Eqs. (28), its characteristics must have been 

X* = 300 km, H* = 75 km, T * = 245 sec. 

These results are very close to the actual performance of V-2 rockets*. 


* Cf. Ballistics of the Future by J. At. Kooy and J. W. H. Uytenbogaarf. 
The Technical Publishing Company H. Stam. Haarlem — Holland. 
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Chapter 18 

GENERAL THEOREMS OF PARTICLE DYNAMICS 

In solving many problems of dynamics it will be found that 
the so-called general theorems , representing corollaries of the fun¬ 
damental law of dynamics, are more conveniently applied than 
the method of integration of differential equations of motion. 

The importance of the general theorems is that they establish 
visual relationships between the principal dynamic characteristics 
of motion of material bodies, thereby presenting broad possibil¬ 
ities for analysing the mechanical motions widely employed in 
practical engineering. Furthermore, the general theorems make 
it possible to study for practical purposes specific aspects of a 
given phenomenon without investigating the phenomenon as a 
whole. Finally, the use of the general theorems makes it un¬ 
necessary to carry out for every problem the operations of inte¬ 
gration performed once and for all in proving the theorems, which 
simplifies the solution. 


109. Momentum and Kinetic Energy of a Particle. The basic 
dynamic characteristics of particle motion are momentum (or 
linear momentum) and kinetic energy. 

The momentum of a particle is defined as a vector quantity mv 
equal to the product of the mass of the particle and its velocity. 
The vector mv is directed in the same direction as the velocity, 
i.e., tangent to the path of the particle. 

1 he kinetic energy of a particle is defined as a scalar quantity 
equal to half the product of the mass of lhe particle and the square 

of its velocity mv*\ . 

I he dimensions of these quantities in the technical system 
of units are 


I mv\ 


kg sec 2 
in 


m 

sec 


kg-sec; 



kg sec* 
m 


nr 

sec 2 


= kg-m. 


The reason for the introduction of two dynamic, characteristics 
is that a single characteristic does not cover all the aspects of 
particle motion. 

For example, knowing the momentum of a motor car (i.e., the 
quantity q = mv , but not the separate values of m and v) and 
the force acting on it when it brakes, we can determine 
the time it will take for the car to stop; the information, how- 
e/er, is not enough to determine the path travelled during the 
braking time. Conversely, knowing the initial kinetic energy of 
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the car and the braking force, we can determine the braking 
distance, but not the time of the braking*. 


110. Impulse of a Force. The concept of impulse (or linear 
impulse) of a force is used to characterise the effect on a body 
of a force acting during a certain interval of time. First let us 
introduce the concept of elementary impulse, i.e., impulse in an 
infinitesimal time interval dt. Elementary impulse is defined as a 
vector quantity dS equal to the product of the vector of the force F 
and the lime element dt: 

dS = Fdt. (29) 

The elementary impulse is directed along the action line of 
the force. 

The impulse 5 of any force F during a finite time interval /, 
is computed as the integral sum of the respective elementary 
impulses: 

t, 

S=^Fdt. (30) 

0 


Thus, the impulse of a force in any time interval t x is equal to 

the integral of the elementary impulse over the interval from zero 
to t t 

In the special case when the force F is of constant magnitude 
and direction (F= const.), we have 5 = /=*/,. In the general case 
the magnitude of an impulse can be computed from its projections. 

We can find the projections of an impulse on a set of coor¬ 
dinate axes if we remember that an integral is the limit of a sum. 
and the projection of a vector sum on an axis is equal to the 

sum of the projections of the component vectors on the same axis 
Hence, 

S x =^F x dt, S y =\F y dt, S,= \F z dt. (31) 

0 0 0 


With these projections we can construct the vector 5 and find 

its magnitude and the angles it makes with the coordinate axes. 

1 he dirnensmn of linear impulse in the technical system of units 
is l*->| = kg-sec. 

, 1 ?«?° l l V fu th f P rinci P al problem of dynamics, it is important to 
establish the forces whose impulses can be computed without know¬ 
ing the equation of motion of the particle moving under the 
action of those forces. From Fq. (31) it is apparent that to these 
forces belong only constant forces and forces depending on time. 


• See Problem 103 ($ 115). 
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In order to calculate the impulses of forces depending on the 
coordinates or the velocity of a particle, we have to know the 
equations of its motion, i.e., x = f x (t ), */ = /,(/), z =/,(/)• By 
expressing *, y, z or v x , v yt v z through t, we can compute the 
integrals (31). Without knowing the equation of motion of a 
particle, i.e., without first solving the principal problem of 
dynamics, the impulse of such forces cannot be calculated. 


111 . 

As the 
dv 

<77" 


w = 


Theorem of the Change in the Momentum of a Particle, 
mass of a particle is constant, and its acceleration 

, equation (3), which expresses the fundamental law of 

dynamics, can be expressed 
in the form 






d (mu) 
dt 



(32) 


mu. 


b) 


Fig. 2*19. 


Let a particle of mass m 
moving under the action 
of a force = 

249a) have a velocity v 0 at 
time t = 0, and at time/, 
let its velocity be®,. Now 
let us multiply both sides 
of Eq. (32) by dt and take definite integrals. On the right side, 
where we integrate with respect to time, the limits of the inte¬ 
grals are zero and on the left side, where we integrate the 
velocity, the limits of the integral are the respective values of 
® and v x . As the integral of d(mv) is mv , we have 


mv. 


mv 




dt. 


By Eq. (30), the integrals on the right side are the impulses 
of the acting force. Hence, we finally have 

mv x — mv 0 = 2 S k . (33) 

Eq. (33) states the theorem of the change in the 
linear momentum of a particle: T/i? change iti the mo¬ 
mentum of a particle during any time interval is equal to the geo¬ 
metric sum of the impulses of all the forces acting on the particle 
during that interval of time (Fig. 249 b). 

In problem solutions, projection equations are often used in¬ 
stead of the vector equation (33). Projecting both sides of Eq. 



Sec. 112) 


Work Done by a Force. Power 


251 


(33) on a set of coordinate axes, we have 


mv xx ~m-j Qx ^S bx 
mv t2 -mu 0i = ^S kz . 


(34) 


work done 
elementary 


-i* r,x zzt^'u:,tz' r s? s 

a given displacement, specifically that action which is represented 
part t ide Change ^ magniiu(le of the velocity of a moving 

First let us introduce the concept of elementary 
by a force in an infinitesimal displacement ds. The 
work done by a force F (Fig. 250) is de¬ 
fined as a scalar quantity 

dA = F.ds, (35) 

where F, is the projection of the force on 
the tangent to the path in the direction 
of the displacement, and ds is an infinites¬ 
imal displacement of the particle along 
that tangent. 

This definition corresponds to the con¬ 
cept of work as a characteristic of that 
action of a force which tends to change the 

magnitude of velocity. For if force F is IC ,u.veu into comoo- 
nents /=■ and F n , only the component F_, which imparts the Dar- 

£7 S W? 1 acce,eration * will change the magnitude P of 
^-locity- As component F„, it either changes the direction 
cl the velocity vector z» (gives the particle its normal accelera 
tion) or, in the case of constrained motion, changes the pressure 

on the constraint. Component F„ does not affect the magnitude 
of the velocity or, as they say, force F„ -does no work' 

Noting that F, = F- cosct, we further obtain from Eq. (35) 



Fig. 250. 

resolved into compo- 

_ .1 • i • . . . ‘ 


dA =F ds cos a. 


(36) 


Thus //j* elementary work done by a force is equal to the prod - 
uctuf the projection of that force on the direction of displacement 

ilJ h J Part ! de and lh f infinitesimal displacement ds (Eq P ;35) or 
ie elementary work done by a force is the product of the maoni- 

of d fhe hU t I 0 ™ 6 ' the J n f inilesimQ l displacement ds, and the cosine 

L kllt!L b eTT^ h ^‘ mU0n °I lhe direction of 
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If angle a is acute, the work is of positive sense. In particular, 
at a = 0, the elementary work dA = F ds. 


CL 


is obtuse, the work is of negative sense. 
180°, the elementary work dA= — F ds. 


In par- 


If angle 
ticular, at a 

If angle a = 90°, i.e., if a force is directed perpendicular to 
the displacement , the elementary work done by the force is zero. 

The sign of the work has the following meaning: the work is 
positive when the tangential component of the force is pointed 
in the direction of the displacement, i.e., when the force accel¬ 
erates the motion; the work is negative when the tangential 

component is pointed opposite the dis¬ 
placement, i.e., when the force retards 
the motion. 

Let us now find an analytical expres¬ 
sion for elementary work. For this we 
resolve force F into components F x , F y , 
F. parallel to the coordinate axes (Fig 
251; the force F is not shown in the 
diagram). The infinitesimal displacement 
MM'=ds is compounded of the dis¬ 
placements dx, dy, dz parallel to the co¬ 
ordinate axes, where x, y, z are the 
coordinates of point /VI. The work done by force F in the displace¬ 
ment ds can be calculated as the sum of the work done by 
its components F x , F v , F z in the displacements dx, dy, dz. But 
the work in the displacement dx is done only by component r x 
and is equal to F x dx. The work in the displacements dy and dz 
is calculated similarly. Thus, we finally obtain 



Fig. 


251. 


d A = F x dx -f- F v dy -j- F ,dz. (37) 

Eq. (37) gives the analytical expression of (he elementary work 
done by a force. 

The work done by a force in any finite displacement M 0 M, 
(see Fig. 250) is calculated as the integral sum of the corre¬ 
sponding elementary works and is equal to 


PM 


'4(.U i mM,>= f F. ds. 

(38) 

(.«*> 


(V.) 

(38') 

A { m,a I.) = 5 (F x dx -\- F y dy F z dz). 


<«Wo> 


Thus, the work done by a force in any displacement M 0 3I, ts 
equal to the integral of the elementary work taken along this 
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Fn 


F 


JUjl—FL 

Sa f r 




displacement. The limits of the integral correspond to the values 

of the variables of integration at points M 0 and M (or. more 

exactly, the integral is .taken along the curve A1A1 ie it is 
curvilinear). 0 *’ " 

If the quantity F. is constant (F, — const.), then from Eq. (38). 
denoting the displacement /V1 0 M, by the symbol s,, we obtain 

A { .\i.si l )=F.s l . (38") 

In particular, such a case is possible when the acting force is 
constant in magnitude and direction (F = const.) and the point of 
application is in rectilinear motion 
(Fig. 252). In this case F. = F cosa = 

= const., and the work done by the 
force j,, =Fs, cos a. 

In order to solve the principal prob¬ 
lem of dynamics, it is important to 
establish the forces whose work can be 
calculated immediately without knowing 

the equation of motion of the particle on which they are acting 
(compare with § 110). From Eq. (38') it can be seen that to 
these forces belong only constant forces or forces which depend on 

the position (coordinates) of a mcvino 
particle. & 

In order to calculate the work done by 
forces depending on time or the velocity 
of a particle, we must know the equa¬ 
tion of its motion, i.e., the coordin¬ 
ates x , y, z as functions of time. Then 
all the variablescan be expressed through 
the time t and the integral (38') calcu¬ 
lated. Without knowing the equation of 


- Si - 

Fig. 252. 



Fig. 253. 


j. en . -- ixnuwni" me cuuauon Oi 

motmn of the particle, i. e , without first solving the principal problem 
of dynamics, the work done by such forces cannot be determined 
Graphical Method of Calculating Work If a 
foice depends on the displacement s and a graph is given showing 
the dependence of F. on s (Fig. 253). the work done by a force F 

can be calculated graphically. Let a particle at M 0 be at a dis¬ 
tance s froin the origin and at AJ, let its displacement be s. 

Then, from Eq. (38), taking into account the geometric interpre¬ 
tation of integration, we have 1 

= J F t ds = o, 

where a is (he product of the shaded area in Fig. 253 and a scale 
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Power. The term power is defined as the work done by a 
force in a unit of time (the time rate of doing work). If work is 
done at a constant rate, the power 



where /, is the time in wh ich the work A is done. In the general 
case, 


W 


dA 

dt 


F. ds 
dt 


F.v. 


Thus, power is the product of the tangential component of a 
force and the velocity. The dimension of power in the technical 
system of units is (IF) = kg-m/sec. 

In engineering the unit of power commonly used is the horse¬ 
power, which is equal to 75 kg-m/sec. In the physical system 
power is expressed in kilowatts, one hp being equal to 0.736 kw. 

The work done by a machine can be expressed as the product 
of its power and the time of work. This has given rise to the 
commonly used technical unit of work, the kilowatt-hour 
(I kw-h=5r367,100 kgm). 

It can be seen from the equation W =F.v that if a motor has 
a given power W , the tractive force F. is inversely proportional 

to the velocity v. That is why, for 
instance, on an upgrade or poor 
road a motor car goes into lower 
gear, thereby reducing the speed 
and developing a greater tractive 
force with the same power. 

113. Examples of Calculation 
of Work. The examples considered 
below give results which can be used 
immediately in solving problems. 

1) Work Done by a Grav¬ 
itational Force. Let a par¬ 
ticle M subjected to a gravitational force P be moving from a 
point AI 0 ( a * 0 , // 0 , z 0 ) to a point M, (x t , y t , z x ). Choose a coordinate 
system so that the axis Oz would point vertically up (Fig. 
254). Then P v = 0, P v = 0, P z =— P. Substituting these expres¬ 
sions into Eq. (38') and taking into account that the integration 
variable is z, we obtain 



Fig. 254. 
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'e h a ve 
(39) 


b) 


If point M 0 is higher than M t . then z—z—h u -here h is iho 

r F “x \r : ,f 

^(.n u .M,) = ± Ph. 

urJ h J S ;J he WOrk , d ? ne < by a gravitational force is equal to the prod, 
uct of the magnitude of the force and the vertical displacement of 

The P \vork Ch i" ,S .? PP ! ,ed - iake " ™ th ,he appropriate sir,,! 
me work is positive if the 

initial point is higher than 

the final one and negative if 

it is lower. 

It follows from this that the 
work done by gravity does 
not depend on the path along 
which the point of its appli¬ 
cation moves, Forces possess¬ 
ing this property are called 
conservative forces. 

2) Work Done by an 
Elastic Force. Consider a 

weight Al lying in a horizontal plane and attached to the freeend 
of a spring (hig 255a). Let point 0 on the plane represent the position 
ol the end of the spring when it is not in tension MO=V° s the 
length of the unextended spring) and iet it be the' origin °of our 
coordinate system. Now if we draw the weight from its position 
of equilibrium 0 stretching the spring to length t, acting on the 

Accedin';: 1 n b H th L ? ,a ? ,iC f0 , r , ce0f the s > >rin « ^ directed towaTds O 
f,nnal d Ho , oke s La "’ ‘ he magnitude of this force is propor- 

tiona to the extension of the spring fsl —l — / As in our case 
A/ = X, then in magnitude ’ our Cd!,e 

F=c\M\=c\x |. 

The factor c is called tiro stiffness of the spring, or the snrinu 
constant, and its dimension is |c) = kg cm. Numerically, the s'ifL 
ness cis equal to the force required to extend the spring by I cm 
Let us find the work done by the elastic force in the displace 

Ihese expressions into Eq. (38S. sieoblaln ' subsll,ul, "6 



A 


lM u M 


(M>t ' x, 

■> = \ ( — cx)dx = — c\xdx = ~(x 

(Mat X. 


*;) 


(The same result could be obtained from the graph of F depending 
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©n X (Fig. 2556) by calculating the area a of the shaded trapezium 
in the diagram and taking into account the sign of the work.) In 
the obtained formula x 0 is the initial extension of the spring 
A/ in , and x, is the final extension A/ fin . Hence 

iWl = T 1<AU* - (A'.ln)']. < 40 > 


i.e., the work done by an elastic force is equal to half the pro¬ 
duct of the stiffness and the difference between the squares of the 
initial and final extensions (or compressions) of a spring. 

The work is positive if | A/ jn | ]> j A/ fln |, i.e., when the end of 
the spring moves towards the position of equilibrium, and negative 
when |A/ in l<| A/ fln |, i.e., when the end of the spring moves 

away from the position of equilibrium. 

It can be proved that Eq. (40) holds 
good for the case when the displacement 
of point Af is not rectilinear. It follows, 
therefore, that the work done by the 
force F depends only on the quantities 
A l in and A/ fjn and does not depend on the 
actual path travelled by M. Consequently, 
an elastic force is also a conservative force. 

3) Work Done by Friction. Con¬ 
sider a particle moving on a rough sur- 



Fig. 256. 


O l v l v_ l a |/U| uv.iv. HIV * ^ — O 

face (Fig. 256) or a rough curve. The magnitude of the frictional 
force acting on the particle is fN , where f is the coefficient of 
friction and N is the normal reaction of the surface. Frictional 
force is directed opposite to the displacement of the particle, 
whence F trx = — fN, and from Eq. (38), 


<•'!,) (A!,) 

— [ F, r ds = — $ fN ds. 

(AI 0 ) (AI 0 > 

If the frictional force is constant, then A(M 0 At l y = — F fr s, where 
s is the length of the arc M 0 M t along which the particle moves. 

Thus, the work done by kinetic friction is always negative ■. It 
depends on the length of the arc M 0 M t , and consequently it is 
non-conservative. 


114. Theorem of the Change in the Kinetic Energy of a Par¬ 
ticle. Consider a particle of mass m displaced by acting forces 
from a position Al 0 where its velocity is v 0 to a position M» 
where its velocity is t*,. __ 

To obtain the required relation, consider the equation mW - 
which expresses the fundamental law of dynamics. Projecting 
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both parts of this equation on the tangent /Mr to the path of the 
particle in the direction of motion, we obtain 

mw. = JjF kz . 


The tangential acceleration in the left side of the equation 
can be written in the form 


whence we have 


<1 v _ dv d s _ dv 
dl d's dl ^ ’ 



Multiplying both sides of the equation by da, bring m under 
the differential sign. Then, noting that F k .ds = dA k . where dA k 
is the elementary work done by the force F k , we obtain an 
expression of the theorem of the change in kinetic 
energy in differential form: 



(- 11 ) 


Integrating both sides of Eq. (41) in the limits 
corresponding values of the variables at points AI 0 

finally obtain 

mv* mv* 

~2 T 



between the 
and dJ,, we 



Eq. (42) states the theorem of the change in the 
kinetic energy of a particle in the final for m: 
The change in the kinetic energy of a particle in any displacement 
is equal to the algebraic sum of the work done by all the forces 
acting on the particle in the same displacement . 

The Case of Constrained Motion If the motion of 
a particle is constrained, then, from Eq. (5). the left side of 
Eq. (42) will include the work done by the given (active) forces 

F“ and the work done by the reaction foice of the constraint. 
Let us limit ourselves to the case of a particle moving on a 
fixed smooth (frictionless) surface or curve. In this case the 
reaction N (see Fig. 256) is normal to the path of the particle, 
and AC = 0. Then by Eq. (38), the work done by the reaction 
force of a fixed smooth surface (or curve) in any displacement of a 
particle is zero, and from Eq. (42) we obtain 


mw 


rnv 




(Al 0 Af ,)• 



9 _ *>984 


2 


2 
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Thus, in a displacement of a particle on a fixed smooth surface 
(or curve) the change in the kinetic energy of the particle is equal 
to the sum of the work done in this displacement by the active 
forces applied to that particle. 

If the surface (curve) is not smooth, the work done by friction¬ 
al force will be added to the work done by the active forces 
(see § 113). If the surface (curve) is itself in motion, the absolute 
displacement of the particle M may not be perpendicular to iV 
and the work done by the reaction N will not be zero (for in¬ 
stance, the work done by the reaction of the floor of a lift). 

• 

115. Solution of Problems. The first thing in approaching 
any problem is to see whether one of the above theorems can 
be directly applied to solve it. The following considerations 
should be borne in mind. 

The theorem of the change in the linear momentum of a par¬ 
ticle is conveniently used to solve problems in which: 

a) the acting forces are constant or depend only on the time', 

b) the given and required quantities include the acting forces, the 
duration of the motion, and the initial and final velocity of the 
particle (i.e., F, t, v 0 , and tq). 

The theorem of the change in the kinetic energy of a particle 
is conveniently used to solve problems in which: 

a) the acting forces are constant or depend only on the 

distance: 

b) the given and required quantities include the acting forces, 
the displacement of the particle, and the velocity at the beginning 
and the end of the displacement (i,e.. F, s, v 0 , and u,). 

Both theorems can be combined to solve problems in which 
both the time of motion and the displacement of a particle are 
given (or required). 

// the acting forces include a force depending on the velocity, 
the principal problem of dynamics cannot be solved with the help 
of any of the general theorems (it is impossible immediately to 
calculate the work done by, or the impulse of, a force). In this 
case the method of integration of differential equations should 
be used (Chapter 17). 

The following steps for the solution may .be suggested: 

1. From the statement of the problem determine the theorem 
which can be used for its solution. 

2. Draw the moving particle in an arbitrary position together 
with all the active forces and the reactions of the constraints (in 
the case of constrained motion). 

3. Calculate with the corresponding formulas the impulses or 
work done by all the forces during the motion. 
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4. Applying Eq. (34) or (42), write the appropriate equations 
and find the required quantities. In the computations special 
attention should be paid to expressing all the quantities in the 
same system of units. 

The theorems proved above are also convenient to determine 
the impulses or the work done by the forces acting on a par¬ 
ticle from the change in its momentum or kinetic energy (the 
first problem of dynamics). 


Problem 102. A load of weight /> = 0.1 kg moves in a circle 
stant velocity v = 2 m sec. Determine the impulse and the work 
force acting on the load during the time 
the load takes to travel one quarter of 
the circle. 

So I u t i o n. From the theorem of 
the change in momentum. 

5 = niv, — rnv„. 

Constructing geometrically the differ¬ 
ence between these momenta (Fig. 257), 
we find from the right-angled triangle: 


with a con¬ 
done bv the 


S = m 1' 


v 


O 



But from the conditions of the problem v, = v 0 = v, consequently 

S = ^- v }2 = 0.029 kg-sec. 

e 

From Eq. (42) we determine the work: 

^= -j ( f, — v*) = 0. 

Problem 103. A load of mass m lying on a horizontal plane is pushed and 
>arted an initial velocity v„. The* motion of the load is then retarded by 

a constant force F. Determine the time it takes 
the load to stop and how far it will have travelled. 

Solution. From the conditions of the prob¬ 
lem we see that the first of our theorems can be 
used to calculate the time of the motion and the 
second to determine the distance. 

Draw the load in an arbitrary position .\f 
(Fig. 258), Al 0 and Al, being its initial and final 
positions. Acting on the load are its weight P, 
the reaction of the plane N. and the opposing 


imp a 



nw xx - mv ox 


=Zs 


x• 


In this case 


v lx = 0 


O'. 


is the velocity at the instant when the load stops) 
arm v cx = v 0 . rorce r is me only one projected on the x axis. As it is con¬ 
stant. S x =F x t t =— Ft x , where /, is the deceleration time. Substituting these 
expressions into our equation, we obtain —mv 9 = — Ft,, whence the required 


9 * 
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time is 


u = 


mv, 


To determine the braking distance we use the theorem 
kinetic energy: 


of the change in 


mv 


mv 


l -O - 

o-= 


Here again t», =0 and only force F does any work: A (F) =— Fs, where 
is the braking distance. The work done by forces P and /V is zero as they are 

perpendicular to the displacement. Hence we obtain- ~ = — Fs t , and the 


braking distance is 


mv a 
2 F * 


(b) 


We see from equations (a) and (b) that the braking time for a given force 
F is proportional to the initial velocity t>,.. and the braking distance is pro¬ 
portional to the square ol the initial velocity. 

If the braking force is a frictional force and the coefficient of friction f 
is known, then F = fP = fmg, and equations (a) and (b) give 


t —«; —__ 

l ~fs ’ ‘ ,_ 2 f g • 

Note that i f we were given the initial momentum q n = mv 0 (for example, 
(/„ — 2 kg-sec) instead of the mass m and initial velocity o 0 . knowing F we 
could find the braking time from equation (a), but the data would be insuf¬ 
ficient to determine the braking distance s,. ^ 

Conversely, if we knew the initial kinetic energy of the load T 0 = 'H1^ and 

ti e force F. we could determine the braking distance s, from formula (b), but 

._we would not be able to determine the brak- 

j. . — -\ ing time This was mentioned in § K»9. 

\ Problem 104. The resultant R of all 

° } the forces acting on the piston in Fig. 259 

. . .-J— x changes during a certain time-interval ac- 

■''v"' ' M ,' cording to the equation R =0.4P (1 — kl), 

p n- where P is the weight of the piston, t is the 

*■ ■•'* time in seconds, and k a factor equal to 

1.6 ^ec -1 . Determine the velocity of the 
piston at time /, = 0.5 sec, if at time t o = 0 it was d o = 0.2 m sec. 

Solution. As the acting lorce depends on the time and the given and 
required quantities include e 0 , and e,, we make use of Fq. (34): 


•* 


• M,' 


Fig. 25^. 


In this case 


mv lx — mv ox = S x . 


*1 h 

S x = j R x dt =0.4Pj(l — kt) dt = 0.4 1 — ) * 
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Furthermore, v„ x = v„.v lx = v l , P = mg. Substituting these expressions into 


Eq. (33) and taking into account 
obtain 


that /f=1.6 sec 1 and t x = 0.5 sec. we 




/ k \ 

v l = v 0 + QA gt, ^ I — t x j 1.4 m sec. 

Problem 105. A weight attached to a string of length / (Fig. 200 0 ) is 
displaced from the vertical at an angle <p„ and released from rest. Determine 
the velocity of the weight at the instant when ttie 
thread makes an angle q> with the vertical. 

Solution. As the conditions of the prob¬ 
lem include the displacement of the weight, de¬ 
fined by the angle through which the thread 
passes, and ttie velocities v 0 and c,. we make 
use of the theorem of the change in kinetic 
energy: 


mv 


mv 


i •>_v , 

0 ~ — (AfoAf ,»• 


Acting on the weight is the force of grav¬ 
ity P and the reaction of the thread W. The 
work done by force A' is zero, as A'. = 0. For 
force P we have from Eq. (39): A (P) = Pit = mgh. 



mv] 


As v u = 0, we obtain 


= tngh, whence 


<>i = V 


This 


is 



the famous formula of Galileo. Evidently, the result is the 
same for the velocity v of a freely falling weight (Fie. 
2606). • V e 


In our problem /i = / cos q> — / cos <p„, and finally 


v = V 2g/(cos — cos q.,). 


Fig. 261. 
given. Therefore 


Problem 106 . The length /„ of an uncompressed valve 
spring is C cm. When the valve is completely open it is 
lifted to a height s = 0.6 cm and the length of the com¬ 
pressed spring is / = 4 cm (Fig.261).The stiffness of the spring 
isc = 0.1 kg cm and the weight of the valve is p — 0.4 kg 
Neglecting the gravitational and resisting forces 
determine the velocity of the valve at the moment of its 
closure. 

Solution. The elastic force F acting on the valve 
depends on the displacement s of the valve, which is 
we use Eq. (42): 


mv] mv 0 
~2 2 ~ = A 


(Al „AI,). 


According to the conditions of the problem, the only force doing work is 
the elastic force of the spring. Hence, from Eq. (40). we have 


A[M u Mp — 2 l A/j„) z (A/j,,,) 2 ]. 
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In our case 

A/ in =/ 0 -/=2 cm, A tin /=/(, —/ — *= 1.4 cm. 


Furthermore, 
(42), we obtain 


u o = 0 and m =—. Substituting these expressions into Eq. 

& 

v t = }/ y (A/ in )* — (A/ fln ) 2 ^rO.22 m/sec. 


In the computations take care of the dimensions (as A l is in centimetres, 
£ = 980 cm/sec 2 ). 

Problem 107. An elastic beam supporting a weight at the centre of its 

span (Fig. 262) deflects by an 

. j-amount 6 s t (the static deflection 

of the beam). Neglecting the 
weight of the beam, determine its 
maximum deflection 6 max 
weight is dropped on it from a 
height H. 

Solution. As in the previous 
problem, we apply Eq. (42). The 
_. initial velocity v 0 and the final 

t ig. ~ 62 . velocity u, (at the instant of the 

maximum deflection of the beam) 



of the weight are each zero, and Eq. (42) takes the form 


*=o. < a > 

The forces doing work are the gravitational force P in the displacement 
and the elastic force F of the beam in the displacement Af M x . Also* 

A {P) = P </7 + 6 m . ix ), A (/=•) = y 6 2 max , as for the beam A/ in = 0, A/ fin -6 max . 

Substituting ttiesc expressions into equation (a), we obtain 


But when the weight on the beam is in equilibrium the gravitational force 
is balanced by the clastic force. Consequently, P=cS st , and the last equation 

can be written in the form 

Solving this quadratic equation, and taking into account that according to 
the conditions of the problem 6 max > 0, we find 

6 max = fist + Y 6 2 , + 2 H ft st . 

It is interesting to note that at H = 0 we have 6 max = 26 st . Thus, if the 

weight is placed at the centre of a horizontal beam the maximum deflection 
in the downward motion of the weight will be double the static deflection. 
The beam will vibrate together with the weight about the position of 
equilibrium. Resisting forces will damp the vibrations till the system is balanced 
at the position when the deflection of the beam is equal to 6 st . 



Sec. 115] 


Sola lion of P rob lent % 


203 


Problem 108. Determine the initial velocity that should be imparted to a 
body projected vertically up from the surface'of the earth for it to reach a 
given altitude H. Assume the gravitational force to he changing inversely to 

the square of the distance from the centre of the earth and neglect the resist¬ 
ance of the air. 

Solution. This problem is solved by applying the theorem of the change 
in kinetic energy, the body being considered as a particle. Place the 
origin of a coordinate system in the centre of the 
earth (the centre of attraction) and direct the x 
axis in the direction of the motion (Fig. 263). 

Draw the moving particle M in an arbitrary posi¬ 
tion and the force F applied to it. From the con¬ 
ditions of the problem. 



where m is the mass of the particle and k is a 
scalar factor. 

To determine k, note that when the particle 
is on the surface of the earth (x=R 0 , where R 0 
is the radius of the earth) the gravitational force 
is mg 0 , where g 0 is the acceleration of gravity at the surface of the earth. Hence. 



km 



and 


k = 


By the theorem of the change in kinetic energy. 


mv] mu] 

2 2 — ^<AMf|). fa) 


When the particle reaches its highest position. u,=0. To compute the 
work we take Eq. (38'). In our case 


whence 


F x =-F 


(Af,) 


_ mk 

7* • ^ y 


= F; = (). 


A(Af 


oAf,) = \ ( — 

(Af 0 p 


km 




clx = - 


hm S T‘- 

R, 


Integrating, we find 


Aim„m ,, = km( 1 ) = - L mli . 

lina S |lJ S oMa!n 8 cxprcssio,ls ° f " l<! " ork and »f * in equation (a), we 

0 V *, + //• 
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Let us consider some special cases. 

a) If H is very small as compared with R 0 , HjR 0 is very small. Dividing 
the numerator and denominator by R 0 . we obtain 



Thus, at small values of H we obtain Galileo’s formula, 
b) Let us find the initial velocity which will carry a projectile into infin¬ 
ity. Dividing the numerator and denominator by H, we obtain 



At H — oo, and assuming the mean radius of the earlh to be R 0 =5= 6.370 km 
we obtain _ 

v 0 =V 2 ti 0 R 0 =r 11.2 km/sec. 


Thus, a body projected from the surface of the earth with a velocity of 
11.2 km,'sec will escape the earth’s gravitational field forever. 

It can be calculated that at initial velocities lying approximately within the 
limits 8 km/sec ^ v f s? 11 km'sec a body projected at a tangent to the earth’s 
surface will not fall back and will become an artificial satellite. At initial ve¬ 
locities below 8 km/sec or when a body is not projected horizontally, it will 
describe an elliptical trajectory and fall back to earth. All these results refer 
to motion in vacuo (see Chapter 22). 


116. Theorem of the Change in the Angular Momentum of a 
Particle (the Principle of Moments). Of the two principal dynamic 
characteristics introduced in § 109, only mv is a vector quantity. 
Often, in analysing the motion of a particle, it is necessary to 
consider the change not of the vector mv itself, but of its moment. 
The moment of the vector mv with respect to any centre 0 or axis 
z is denoted by the symbol m n (mv) or m,(rnv) and is called the 
moment of momentum or angular momentum with respect to that 
centre or axis. The moment of vector mv is calculated in the same 
way as the moment of a force. Vector mv is considered to be applied 
to the moving particle. In magnitude \m Q (mv)\=mvh, where h 
is the perpendicular distance from O to the position line of the 
vector mv (see Fig. 264). 

1. Principle of Moments About an Axis*. Consider 
a particle of mass m moving under the action of a force F. Let 
us establish the dependence between the moments of the vectors 
mv and F with respect to any fixed axis From the formulas 
of § 42, 

m,(F)=xF v -yF x . (43) 


* This result can be obtained as a special case of item 2. 
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Similarly, for m z (mv) t and taking tn out of the parentheses, we 
have 

m, ('«*) = "* (xo y — yu x ) (43') 

Differentiating both sides of this equation with respect to time, 
we obtain 


m |m '= m if v »-¥t v <) + ( xm “if ~ 

The expression in the first parentheses ot the right side of the 
equation is zero, as ~=v x and ^ = v y . From Eq. (43), the ex¬ 


pression in the second pair of parentheses is equal to since, 

from the fundamental law of dynamics, 


p 

dt v' 


dl<* 


F x . 


Finally, we have 




(44) 


This equation states t h e principle of moments about 
an axis: The derivative of the angular momentum of a particle 
about any axis with respect to lime is equal to the moment of the 
acting force about the same axis. An analogous theorem can be 
proved for moments about any centre 0. 

Its mathematical expression is given be¬ 
low in Eq. (45'). 

2. Principle of Moments 
about a Centre. Let us find lor a 
particle moving under the action of a 
force F (Fig. 264) the relation between 
the moments of vectors rnv and F with 
respect to any fixed centre 0. It was 
shown at the end of § 41 that m 0 (F) = 

— rf^F. Similarly, 

m„ (mv) — r X mt 0- Fig. 264. 

Vector m () (F) is normal to the plane 
through 0 and vector F, while the vector ///„ (mv) is normal to the 
plane through the centre O and vector mv. Differentiating the ex¬ 
pression m a (mv) with respect to time, we obtain 

r (r Xmv) = (f x ixv'j + (r X =(v X mv) + (rX »w). 
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But v X mv = O’ as the vector product of two parallel vectors. 


and mw = F. Hence, 


• 

(r X mv) = 

= rXF , 

(45) 

or 



ah m„ (mv) 1 = 

= m 0 (F). 

(45') 


This is the principle of moments about a centre: 
The derivative of the angular momentum of a particle about any 
fixed centre with respect to time is equal to the moment of the force 
acting on the particle about the same centre. An analogous theorem 

is true for the moments of vector mv and 
force F with respect to any axis z, which 
is evident if we project both sides of Eq. 
(45') on that axis. This was proved direct¬ 
ly in item 1. The mathematical statement 
of the theorem of moments about an axis 
is given in Eq. (44) above. 

A comparison of Eqs. (45') and (32) 
shows that the moments of vectors mv 
T and F are linked by the same relation¬ 

ship as the vectors mv and F themselves. 

$ 

Problem 109. A bead M attached to a string 
BM (Fig. 265) receives an initial velocity v 0 
Mich that v 0 is perpendicular to the plane ABM. 
P The motion of the bead makes the string wind 
Fig. 265. round a thin vertical rod. The initial distance of the 

bead from the rod is h 0 . Neglecting the diameter of 
‘m rod, determine the velocity e, of the bead when its distance from the rod is h x . 

Sol u t ion. Acting on the bead are the force of gravity P and the reac- 
ii< ii of the string T. The moments of these forces about the axis z, which is 
coincident with the rod, are zero. Then, from Eq. (44), we have 

~ [m. (mfl)J=0, 

whence m £ (mv) — mvh= const. As the mass rn is constant, it follows that dur¬ 
ing the motion of the bead v v h 0 =v l lt l , whence 


The closer the bead approaches the rod, the greater is its velocity. 

3. Motion Under the Action of a Central Force. 
A central force is one whose line of action always passes through 
a given centre O. An example of a central force is the force with 
which the planets are attracted by the sun. 
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Using Fq. (45'), let us investigate how a particle M will move 
under the action of a central force F (Fig. 266). As in this case 
m o (F) = 0, m 0 (tnv) = r X mv = const., i.e., the vector m Q (mv) 

is constant both in magnitude and direction. It follows from this 
that, firstly, vectors r and v must always be in the same plane 
(so that the direction of vector r'X.mv would remain constant); 
hence, the path of the particle is a plane curve. Furthermore, 
since in magnitude | m 0 (mv) \ = const., and the mass rn is also 
constant, m 0 (v) = vh = const. 

Thus, a particle subjected to the action of a central force moves 
in a plane curve; its velocity v changes in such a way that the 
moment of vector v about the centre 


0 is constant (vh = const.). 

This result has a graphic geo¬ 
metrical interpretation. As vh = ~ i >h 

and ds• h = 2da, where da is the area 
of the triangular element OMb, then 


it follows that, 



= const., 


da , 

it const. 


The quantity represents the 



Fig. 266. 


rate of increase of the area swept out 

by the radius vector OM in the motion of the particle M 
and is called the areal velocity. In the present case this velocity 
is constant. Thus, in motion tinder the action of a central force the 
radius vector of a particle sweeps oat equal areas in equal intervals 
of time (the Law of Areas). This applies to planetary motion ami 
is one of Kepler’s laws. 


If the ellipse in Fig. 266 is the orbit of a planet moving about 
the sun. which is in the focus O of the ellipse, then at point P, 
which is called the perihelion, the planet has maximum velocity! 
and at point A, called the aphelion, it has minimum velocity. 
This follows from the fact that the areas of the shaded sectors 


swept out in equal times must be equal. The relation between 
the velocities v,> and v A can also be found by equating their 
moments; vi-OP = v A OA. 
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Chapter 19 

CONSTRAINED MOTION OF A PARTICLE 
AND D’ALEMBERT’S PRINCIPLE 

117. Equations of Motion of a Particle Along a Given Fixed 
Curve. We have seen that some problems of constrained motion 
can be solved with the help of the general theorems of dynamics. 
Let us consider another method of solving such problems which 
can be used for any acting forces and which makes it possible 
to find both the equation of motion of a particle and the reac¬ 
tions of its constraints. 

Let particle M in Fig. 267 be moving along a given smooth 

curve under the action of the applied forces Ft, Ft . Ff„ let 0 be 

the origin of a frame of reference lying 
on the curve, and let the motion of the 
particle be described by the arc-coordi¬ 
nate s = OM (see § 68). If we replace the 
constraint by its reaction N, the fundamen¬ 
tal law of dynamics will take the form 
(see § 102): 

mw = ^Fi + N. (46) 

Let us draw through point AI the tan¬ 
gent Ai. (in the positive direction of s), the 
Fig. 2G7. principal normal Ain (inward to the curve), 

and an axis Alb perpendicular to them, 
which is called the binomial, and project both sides of Eq. (46) 
ori these axes. As the curve is smooth, the reaction N is perpen¬ 
dicular to it, i.e., lies in the plane A ibn, and consequently, 

AT. —0. Thus we have: 

% 



mw. = V m -w n = N n , mw b = 2^** + 

But £ 0 . = ^ = ^, = and w b = 0, as the acceleration 

vector w lies in the osculating plane Aim. This gives us the 
following differential equations of motion of a particle along a giv¬ 
en curve : 



mtr 

0 





(47) 

(48) 


These equations can be used to solve both the problems of 
constrained motion mentioned in $ 102. 
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Eq. (47), which does not contain the unknown reaction N, is 
convenient for developing the equation of motion of a particle 
along a curve, i.e., the relation s =/(/). Eqs. (48) are used to 
determine the reaction of the constraint (see $ 118). 

These equations can also be used if the curve is not smooth, 
in which case the frictional force should be added to the for- 
ces F k . 

Eqs. (47) and (48) also hold for the motion of a free particle, 
in which case we assume N -=0. 


Problem 110. A heavy ring /VI sliding on a horizontal wire circle of radius 
R = 0.3 m receives an initial velocity v 0 = 2 m sec tangent to the circle (Fig. 26S). 
The coefficient of friction of the ring on the circle is / = 0.3. Determine the 
distance s, the ring will travel along the 
circle before it stops. 

Solution. Placing the origin O of the 
frame of reference at the initial position of 
the ring, we draw the ring in an arbitrary 
position and the axes Aft, Mn and Mb. 

Acting on the ring are the force of gravity 
P, the reaction N, and the frictional force 
F. Writing Eqs. (47) and (48), we obtain: 


do _ rnv 

m ir=- F - -r 


= N 


n 


N h -P — 0. 


(it 



In magnitude F = fN—f V -f- ^ f, 

would be wrong to compute the friction a> the arithmetical sum of forces fA' h 
and //V„). Noting that .V 0 — P = mo , we liml 


F = fm jX AT 4- ^ . 


R 

We see that the friction depends, through the reaction /V. on the velocity 
of the ring. That is why this problem cannot be solved by applying the theorem 
of the change in kinetic energy. 

In order to find immediately the dependence of s on o, note that 
dv du da do _. .. . 

dF = dsdl = ds V ' T ,en ’ t ‘b ,n matmg m, the equation of motion of the ring 

takes the form 


dv 


V 


f 


r = ~iiVa'R' + v\ 


d s 


Separating the variables, we obtain 

d ( v *) 


_U . 

Vtl'R' + v* R ’ 


whence 


2 / 


-ft s = — ln(o*-EVVtf 2 4-o‘)-fC, 
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From the initial data, at s = 0, the velocity v = v 0 . Hence, C,— In -f- 
g*R* wj) and finally 

R + + ^ 

5 ~2f " o* -f- Vg*R 2 -f- v 4 ' 


When the ring stops. u=0. Thus, assuming g=^10 m/sec*. the required 
path is 

p tr -4- V v* -4- o i R i I 

g R -= T ln3^0.55m. 


118. Determination of the Reactions of Constraints. The reac¬ 
tion of the constraint when a particle moves along a given curve 
is found with the help of Eq. (48). The moving particle should be 
drawn in the position for which the reaction is to be determined. 
If the velocity u in Eq. (48) is not immediately known, it can in 

some cases be found from the theorem of 
the change in kinetic energy (§ 114). 

From Eq. (48) it can be seen that in 
curvilinear motion the dynamic reaction IV, 
unlike static reaction, depends not only 
on the applied active forces and the type 
of constraint but also on the velocity of 
motion. 


Problem 111. A load of weight P attached to 
a string of length / is displaced through an angle 
a from the vertical to a position Af 0 and released 
from rest (Fig. 269). Determine the tension in the 
thread when the load is in its lowest position M t . 

Solution. Draw the load in the position 
for which the tension in the string has to be _ 
found, i.c., in position Af,. Acting on the load is its weight P and the reaction 
of the thread T. Draw the inward normal Al,n and write Eq. (48), taking into 
account that in the present case q = /. Wc have: 

mu! mu! 

~r = T-P or T = P + -±. 

where t>, is the velocity of the load at position Af,. To determine u,, we make 
use of Eq. (42'): 

mu! mu! 

_!_ __2—a a (a) 

On the section Af 0 Af, only force P does any work. Therefore, A* = Ph = 
= PI (1 — cos a). 

As u o = 0, substituting the expression developed for the work into equa¬ 
tion (a), we obtain nw\ = 2P/ (1 — cosa), and finally 

T = P (3 — 2 cosa). 
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In the special case, when the initial angle of deflection is 90 \ the tension 
in the string when it is in vertical position will be 3 P. i.e., treble the weight 
of the load. * 

The result shows that dynamic reactions can differ considerably from sta¬ 
tic reactions. 

Problem 112. A grooved track makes two circular arcs AB and BD of ra¬ 
dius f? in a vertical plane; the tangent Biz through their point of conjugation 
is horizontal (Fig. 270). 

Neglecting friction, determine tfie height h from BE at which a heavy 
ball should be placed on the track so that it would shoot out of the track at 
point /Vf, lying at the same distance h 
below BE. 

Solution. The ball will leave the 
track at a point Af, such that its pres¬ 
sure on the track (or the reaction N of 
the track) is zero. Consequently, our 
problem is reduced to the determination 
of /V. Draw the ball at Af,. Acting on it 
are the force of gravity P and the reac¬ 
tion of the track N. Writing Eq. (48) 
for the projections on the inward normal 
M t ri, we have 


mv 

~R 


- = P cos (p — N. 



Since at the point of departure A =0, 
and taking into account that R cosep = 
~KC = R—h, for determining h we 


Fig. 270. 
obtain the equation 

mv t l =P(R (a) 

The value ol mv\ can be found from the theorem of the change in kinetic 

M ' energy. As u o = 0, Eq. (42') gives 

-r—- .. 

mv 2 , 

_1 — j-> 

2 — 

The only force that does work is P. and .4 (P) = P2h. 
Consequently mv\ = APh. Substituting this expression of 
mv 2 into equation (a), we obtain 4 h=R—h. whence 

h =0.2 R. 

Problem 113. A load Af is attached to a string of 

length / (Fig. 271). What is the least initial velocity e 

perpendicular to the string that should be imparted to 

the load for it to describe a complete circle? 

Solut ion. I he load will describe a complete circle 

if nowhere along its path (except, possibly, point Af ) 

lf .. . h ? st 1 nn « become zero, i.e., if the string remains taut 

If. on the other hand at any point Af, where v, ^ 0 the tension becomes 

» Sl H ing , T n ° ,on 6£ r constrain the load, which will continue to move 
as a free body (along a parabola). 

• T 4 ° J? l i c « ll,e . r ob,er ? We must determine the tension T in the string at anv 
point M defined by angle and then require that T > 0 for any angle q.> 
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Acting on the load at point Af are its weight P and the tension of the 
thread 7\ Writing Eq. (48) for the projections on the inward normal Mn, we 
obtain 

'^- = T — P cos (p. ( a> 

where v is the velocity of the load at point Al. To determine v we apply the 
tneorem of the change in kinetic energy: 

mv~ _ f3 

~ ~ 2 ~ — 


In our case A ( a iUAIi) =—Ph = — PI (1 — cos (f). and consequently 

mv 1 mv\ — 2 PI (1 — cos tf). 

Substituting this expression of mv 2 into equation (a) and solving for T, we 
obtai n 

T = P {^f~ 2-r3cos<p) . 

The least value of T is at <p=180°: 


inm 




is 


Tlie 

that 


condition for T never to become zero (except, 
7 min £* <»• Hence 



possibly. 



point Af') 


Thus, the least initial velocity at which the load will describe a complete 
circle h given by the equation 

min = VWl. 


Let us 

(v\ eight less 

work both 
circle ll 
point W'). 


assume that the load is attached not to a thread but to a rigid light 
) rod of length l. In this case (since, unlike a thread, a rod can 
in tension and in compression) the load will describe a complete 
the velocity does not become zero anywhere (except, possibly, at 
Applying Eq. (42') for the displacement M 0 M' and assuming u = 0 


mv" 

at point M', we obtain-—- = — mg-21. Hence 


t’o min — 1 4g/. 


119. D’Alembert’s Principle. Consider a particle Al moving 
along a given fixed curve or surface (Fig. 272). The resultant ol 
all the active forces applied to the particle is denoted by the sym¬ 
bol F J . If the action of the constraint is replaced by its reaction W, 
the particle can be considered as a free body moving under the 
action ol forces F J and Af. Let us see what force F l should be 
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added to the forces F J and N to balance them. If the resultant of 
the forces F* and N is R , then, obviously, the required force 

F i = —R 

Let us express force F l in terms of the acceleration of the mov¬ 
ing particle. As, according to the fundamental law of dynamics, 
R = niw, 

F' = — niw. 

The force F\ equal in magnitude to the product of the mass of 
the particle and its acceleration and directed oppositely to the accel¬ 
eration, is called the inertia force of the 
particle M. 

Thus, if to the forces F' and N is add¬ 
ed the inertia force F\ the forces will 
. be balanced, and we will have 

F* + N + F' = 0. (49) 

This equation states L)'Alembert's prin¬ 
ciple for a particle: If at uni/ given mo¬ 
ment to the active forces and the reactions 
of the constraints acting on a particle is added the inertia force, 
the resultant force system will be in equilibrium and all the equa¬ 
tions of statics will apply to it. 

D’Alembert’s principle provides a method of solving problems 
of dynamics by developing equations of motion in the form of 
equations of equilibrium. The value of this method will be espe¬ 
cially appreciated in investigating the dynamics of a system. 

In applying D’Alembert’s principle it should always be remem¬ 
bered that actually only forces F* and N are acting on a particle 
and that the particle is in motion. The inertia force does not act 
on a moving particle and the concept is introduced for the scle 
purpose of developing equations of dynamics with the help of the 
simpler methods of statics. 



The force equal to —mw is called the “inertia force" in mechanics for the 
following reason. If. for instance, your hand pushes a load in a straight line 
with an acceleration, it acts on the load with a force F = mw. From the law 
of action and reaction it follows that the load in turn acts on your hand 
with a force Q ==— mw resisting the change of velocity. As the force Q = — mw 
is due to the inertia of the load, it can be called in this sense the "inertia 
force”. This example only explains the. meaning of the term "inertia force" for 
the quantity — mw. It will be noticed, however, that the force Q introduced 
here acts not on the load but on the hand accelerating the load. As was in¬ 
dicated, no inertia force actually acts on the load itself. 


In order to denote inertia force in problem solutions we must 
know the direction of acceleration of the given particle. When 
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the motion is rectilinear the direction of w is known, and F l is 
of opposite sense and in magnitude is F l =mw. 

In curvilinear motion the inertia force can be expressed by its 
tangential and normal components. Projecting both sides of the 
equation F‘ = — mw on the tangent and principal normal to the 
trajectory, we obtain 


Fl 


mw T 


dv 

m ~dt • 



= — mw n = 


mv* 

e 


These equations show that the tangential inertia force FL is di¬ 
rected opposite to the tangential acceleration (i.e., in the direction 
of the velocity decreasing), and the normal, or centrifugal , inertia 

force F'„ is directed along the principal normal to the path away 
from the centre of curvature (as the vector w n is always directed 
towards the centre of curvature). In magnitude 



D’Alembert’s principle can be used to determine the dynamic 
reactions of constraints or the acceleration of a moving particle. 
In particular, the method is convenient for solving problems of 
the type discussed in §§ 103 and 118. 


Problem 114. When a train accelerates, a load attached to a string hanging 
irom the ceiling of a carriage deflects by an angle a from the vertical (Fig. 273). 
Determine the acceleration of the carriage. 



Solution. Acting on the load is the force of gravity P and the reaction 
of the thread 7\ Applying D’Alembert's principle, add to these forces the 

inertia force F directed opposite to the acceleration w of the carriage. 
In magnitude F =mw=z~w. The forces P, T, and F' are balanced. Con¬ 
structing a closed force triangle, we find that 

i P 

F =P tana or — w = Ptana. 
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Hence, the acceleration of the carriage is i^=gtana. 

Problem 115. Solve Problem 111 by applying D'Alembert’s principle. 
Solution. Draw the load in the position lor which the tension in the 
thread is required (Fig. 274). The forces acting on the load are the gravitation¬ 
al force P and the reaction of the thread T. Add to these the normal and 
tangential inertia lorces F l fl and Fl. By D’Alembert's principle the resultant 
force system is in equilibrium. Equating the sum of the projections of all the 

i mv i 

forces on the normal A1,0 to zero, we obtain T — P — F n = 0. As F' n , 

where u, is the velocity of the load in position At,. 

mu? 

T = P + F\=P+ 


Thus we obtain for T the same expression as in Problem III. Now deter¬ 
mine the value of u, by applying the theorem of the change in kinetic energy, 
as in Problem 111, and the required result is obtained. 

The equation in terms of the projections on the tangent gives This 


result is obtained because at point Af, 
the velocity is maximum. 


the derivative 



as at that point 


Chapter 20 

RELATIVE MOTION OF A PARTICLE 

120. Equations of Relative Motion and Rest of a Particle. 
The laws of dynamics and the equations and theorems based on 
them which were obtained in the previous 
for so-called absolute motion of a par¬ 
ticle, i.e., motion with respect to an iner¬ 
tial (fixed) reference system. 

The present chapter deals with relative 
motion of a particle, i.e., motion with 
respect to non-inertial, arbitrarily moving 
reference systems. 

Consider a particle M moving under the 

action of applied forces F x , F t . F n 

resulting from its interaction with other 
material bodies. Let us investigate the 
motion of this particle with respect to a set of coordinate axes 
Oxyz (Fig. 275) which are in turn moving in some known way 
with respect to a set of fixed axes O x x x y x z x . 

Let us find the relation between the relative acceleration of the 
particle w rc i and the forces acting on it. For absolute motion the 
fundamental law of dynamics has the form 

mw, = 2;F k . (50) 


chapters arc valid only 

M 
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But we know from kinematics that w a = w Te \ -\-Wt r + w< or , 
where W T qu Wt r , and w CO r are the relative, transport and Coriolis 
accelerations of the particle. Substituting this expression of w 3 
into Eq. (50) and assuming for the future that w Te \ = w> as this 
is the acceleration of the relative motion under consideration, 
we obtain 

mw = 2 F k + (— mw tr ) + (— mw ca ,). 

Let us introduce the following notation: 

j j 

F tr = mw t r , Fear = mW c or- 

In dimension the quantities F\ r and F l cor are forces, which we 
shall call respectively the transport and Coriolis inertia forces. 
Then the foregoing equation will take the form 

m® = 2n + F\ r + F‘or- (51) 

Eq. (51) states the Fundamental Law of Dynamics for the rela¬ 
tive motion of a particle. A comparison of Eqs. (50) and (51) 
leads us to the conclusion: All equations and theorems of mechan¬ 
ics for relative motion of a particle can be written exactly like the 
equations of absolute motion , provided that the transport and 
Coriolis inertia forces are added to the forces of interaction with 

other bodies acting on the particle. The addition of forces F\ r and 

Flor takes into account the effect of the displacement of the mov¬ 
ing axes on the relative motion of the particle. 

Let us consider several special cases. 

1. If the moving axes are in translatory motion » F C or —— 0, as 
u», r = 0, and the equation of relative motion acquires the form 

mw = 2 f 7 * + Flor. 

2. If the moving axes are in uniform rectilinear translatory 

motion, F\ T = F[ UT = 0. and the equation of relative motion is 
in the same form as the equation of motion relative to fixed 
axes. Therefore, such a reference system is also inertial. 

It follows from this that it is impossible to determine by 
mechanical experiment whether a given reference system is at 
rest or in uniform rectilinear translatory motion. This is the 
basic principle of relativity of classical mechanics discovered by 
Gal i !eo. 

3. If a particle is at rest with respect to a moving set of axes, 
^ = 0 and v^ l =v = 0, and consequently /\ or = 0, since the 
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Coriolis acceleration w cor = 2ci> lr u rel sin a, and Eq. (51) takes the 
form 

2/% + fi, = 0. (52) 

Eq. (52) is the equation of relative equilibrium (rest) of a 
particle. It follows from it that equations of relative equilibrium 
can be written like the equations of equilibrium in fixed axes, pro¬ 
vided that the transport inertia force is added to the forces of 
interaction with other bodies acting on the particle. 

4. In developing the equations of relative motion for cases 
• when Fl„ r =/=0, it should be remembered that 

F'or = — mw cor = — 2m (co tr X *V,)- 

Consequently, F' or is perpendicular' to v fvl =v, and hence to 
the tangent to the relative path of the particle 
Therefore: 

a) the projection of the Coriolis inertia force on the tangent 

M x to the relative path of a particle is always zero (F[ or .= 0) 
and Eq. (47) for relative motion (assuming y = y rc| ) takes the 
form 

m hr = y. F ^~^ Fi ' rX; (53) 

b) the work done by the Coriolis inertia force in any relative 
displacement is zero (see § 112. Eq. (38)), and in relative motion 
the theorem of the change in kinetic 
energy takes the form ( v t and v 0 de¬ 
noting the relative velocities): 

nw\ rrwl __ 

V-V A k + A(Flr). (54) 

In the general case both the 
transport and Coriolis inertia forces 
will enter into all the other equa¬ 
tions of relative motion. 

Problem 116. Neglecting the mass of 
all the rotating parts of the centrifugal- 
type governor in Fig. 276 as compared 

with the mass of the balls B and D, .._ r 

eterinine the angle a defining the po- 
sition of relative equilibrium of rod AB 

of length / if the governor rotates with a constant angular velocity o». 

Solution. In order to determine the position of relative equilibrium 
(with respect to a set ol axes rotating together with the governor) add, accord¬ 
ing to Eq. (52), to the force of gravity P and the reaction N acting on 
ball B the transport inertia force F\ r As to = const.. ' w lt = u/" r = BC-u>* = 
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—lor sin a, whence F l tr = mlo* sin a. Writing the equilibrium equation for the 
projections on axis Bx, which is perpendicular to AB. we have 


— P sin a -j- F } r cos a = 0. 

Hence, substituting for F j r its expression and eliminating since (not con¬ 
sidering the solution fora = 0). we obtain 

— g -j- /(o* cos a = 0, 

whence 


cos a = 


/to 


As cos a 


/ * 


1. equilibrium at a ?= 0 is possible only when co 

Problem 117. The semicircle BCD of radius R in Fig. 277 rotates about a 
vertical axis with a constant angular velocity to. A ring M starts slipping 

along it without friction from a point B slightly 
ofT the axis of rotation. Determine the relative 
velocity t», of the ring at point C if its initial velocity 
v a = 0. 

Solution. The velocity v t can be determined 
from the theorem of the change in kinetic energy. 
In order to write Eq. (54), which expresses the theorem, 
compute the work done by forces Pand / ?, tr , where 

F | r = mco*A' (the work done by the reaction IV is zero). 
Assuming approximately xr = 0, we obtain 

(O R 

^<«C)(^!r> = ^ F\ rx dx = m<o t ^xdx = ^- mo* 8 /? 1 . 

(«) o 

Furthermore, A^C) (P)~PR- Substituting these 
expressions into Eq. (54) and taking into ac- 
have 



Fig. 277. 
count that 


we 


tnv\ * i \ 

— = mR + y o>*R J . 

whence 

The problem can also be solved by writing Eq. (53) for the projection on 
the tangent Mx and then transforming its left side as in Problem 110. 

An example of the integration of equations of relative motion is given in 
§ 123. 


121. Effect of the Rotation of the Earth on the Equilibrium 
and Motion of Bodies. In solving most engineering problems we 
consider any reference system connected with the earth as fixed 
(inertial). We thereby neglect the diurnal rotation of the earth 
and its orbital motion about the sun. Since ordinarily the time 
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in problems is much less than a year, the motion of the earth 
along its orbit in the corresponding intervals can, for all practical 
purposes, be assumed to be uniform and rectilinear. It follows 
then that in considering a reference system connected with the 
earth as inertial, we primarily neglect its diurnal rotation togeth¬ 
er with the earth relative to the stars. The velocity of this 
rotation is one revolution in 23 hours 56 minutes 4 seconds, i.e., 
its angular velocity is 

2n _ _ 

86.164 ‘ 


O) = -77 


0.0000729 sec-'. 


Let us investigate the effect of this rather slow rotation on the 
equilibrium and motion of bodies. 

1. Relative Rest on the Surface of the Earth. 
Gravity. Consider a particle lying on a smooth "horizontal” 
plane which is motionless relative to the earth (Fig. 278). From 
Eq. (52), the condition of its equilibrium with respect to the earth 

is F^-j-Af + Fjr = 0, where F^ r is 
the force of the earth’s gravitational 
attraction, N is the reaction of the 

surface, and Fj r is the transport 


inertia 

Fir has 
which 


force. As a> = const., force 

only a normal component, 
is perpendicular to the 


axis of rotation. Let us com- 

and intro- 


earth s 

pound forces F and F 
duce the notation 


Ir 


F" + F\ r = P. 



Acting now on the particle M are 
two forces P and N, which balance 
one another. Force P is the relative gravitational force of attrac¬ 
tion exerted on, or the weight of, the particle M. The direction of 
force Pgives the vertical in any given point of the earth’s surface 
and the plane normal to P is the horizontal plane. In magnitude 

F\ r = mrof (where r is the distance of M from the earth’s axis) 
and is very small in comparison with F since the value of m 2 
is very small. Therefore, the direction of P will differ only 
slightly from the direction of F KI *. 


Hie value of p\ r is largest at the equator, where r = R and where it is 

approximately 0.34 per cent of the absolute gravitational attraction The greatest 
difference between the angles X (the geocentric latitude) and q (the astronom¬ 
ical latitude) in Hg. 278 is at X = 45 and is approximately equal to It' 
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When we weigh a body we determine the force P, which is 
the force with which the body presses on the tray of a balance. 
Thus, by introducing force P into our equations, we introduce 

the force F\ r as well, i.e., we actually take into account the 
rotation of the earth. 

2. Relative Motion Near the Surface of the Earth. 
To take into account the rotation of a system of axes connected 

with the earth, we must add to the applied forces acting on a 

• • • 

particle the forces F lr and F' COT . But force F\ r is included in 
force P and is taken into account by the introduction of the 
latter into the equations of motion. Consequently, when we con¬ 
sider a set of axes connected with the earth to be fixed , we actually 
neglect only the Coriolis inertia force 

Ecor = 2mcoy sin a, 

where to is the angular velocity of the earth and a is the angle 
between the relative velocity u of the particle and the earth’s 
axis. 

As a> is very small, then, if the velocity u is not very large, 

the force F [- 0 r can be neglected in comparison with the force of 
gravity. For example, even at u = 700 m sec (the velocity of a 

gun shell) and a = 90°, F[ or is only one per cent of P. Therefore 
in most engineering problems involving the motion of bodies 
coordinate systems connected with the earth can safely be treated 
as inertial (fixed). 

The rotation of the earth becomes a factor of practical impor¬ 
tance either at very large velocities (the flight of long-range mis¬ 
siles) or for motions of very long duration (river, atmospheric, 
and ocean currents). 

Let us investigate the qualitative effect the earth’s rotation 
has on the motion of bodies. 

a) Motion on the Surface of the Earth. When a 
body moves down a meridian from north to south in the Northern 
Hemisphere, the Coriolis acceleration “W cot is directed eastwards 

(§ 93, Problem 88) and the force /\ or westwards. If the motion is 

reversed, force Fl or will, evidently, be eastwardly. In both cases, 
we find, the force will tend to displace a particle to the right 
with respect to the direction of motion. 

If a particle moves eastwards along a parallel, the acceleration 
«\. llf will be directed along the radius MC of that parallel (Fig. 279), 

force Fcor pointing in the opposite direction. The vertical compo¬ 
nent of this force (along OM ) will change the weight of the body 
somewhat, while the horizontal component will point southward. 
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thus also deflecting the particle to the right of the direction of 
motion. The result is analogous if we take the motion westwardly 
along a parallel. 

We conclude, then, that in the Northern Hemisphere a body 
moving along the earth's surface in any direction is deflected by 
the rotation of the earth to the right of the direction of its motion. 
In the Southern Hemisphere the deflection is to the left. 

It is this that explains why in the Northern Hemisphere rivers 
undermine their right banks (Baer's Law). This, too. is what 
deflects steady winds (the Trade 
Winds) and ocean currents. 

b) Vertical Fall. In order to 
determine the direction of the Coriolis 

inertia force Flat acting on a freely 
falling particle, we must know the 
direction of its relative velocity v. 

As Flor is very small as compared 
with the force of gravity, the vector v 
can be considered in the first approx¬ 
imation to be directed vertically 
down, i.e., along AlO in Fig. 279. 

In this case, apparently, the vector 
W tnr will point westwards, and the 

force F'ot eastwards (i.e., in the direction of vector v in Fig. 
279). Thus, in the first approximation, a ficely fulling particle 
(body) is deflected by the earth's rotation to the east of the ver¬ 
tical. A body thrown vertically up will, evidently, be deflected 
towards the west. These deflections are very small and are no¬ 
ticeable only if the height is large enough, as is demonstrated by 
the calculations in § 122. 



122. Deflection of a Falling Particle from the Vertical by the Earth's 
Rotation. Consider a particle falling from a small height // (as compared 
with the radius of the earth) to the surface of the earth. We shall assume that 
the gravitational force P is constant and neglect the resistance of the air. 
Direct axis Oy vertically up and axis Ox to the east (Fig. 280u)*. To take 
into account the rotation of the earth, we must add to the forces acting on 

the particle, besides force P which already includes force r . the force F" r , 

which in the first approximation is directed, as has been established, to the 
east. I hen the differential equations ol relative motion will take the form 


m 


d*x 

dp 


= i 


I 

«or’ 





lied. 


The scale in the direction of the x axis in Fig. 280 is considerably magni- 
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and the initial conditions will be 

at t = 0. x = 0, y=H; v x = 0, v y = 0. 

Integrating the second of Eqs. (55) and determining the constants of 
integration from the initial conditions, we find 

dij ... „ gt* 

2 ' 


Vy=zi = — et' ’y=H- 


In calculating the magnitude of fJ. or we neglect, as we did previously in 
determining the direction of /^ or , the x component of the velocity as compar- 
ed with the y component (as F' COT is much less than P). and for our approx- 



Fig. 280. 

imate solution we assume v = \v y \ = gt. The velocity v is in this case, 
directed vertically down (along MO in Fig. 279) and makes an angle 
a—-90’ — X with the earth’s axis of rotation, where X is the latitude. Hence, 

I [ OT — ‘2nnjigt cos X, and the first of the Eqs. (55) takes the form 

== 2 (t*>g cosX) t. 

.V the quantity inside the parentheses is constant, integrating the equation, 

we obtain 

d d ) = <o»g cos X) /* + C„ X = -J cos X) t 3 -f- C,t 4 - C,). 

Substituting the initial data, we find that C, =C. = 0. Thus, the equations 
approximately describing the relative motion of the‘particle are: 

* = y (wg cos X) /*, y = H — ~ . 

The motion is not rectilinear, and the falling particle is actually deflected 
to the east. Eliminating time t from the last two equations, we obtain the 
path of the particle in the first approximation (a semicubical parabola): 

8 to 2 



Sec. 122] 


Deflection of a Falling Particle from the Vertical 


283 


Assuming y — i), we obtain the eastward deflection e of the particle when 
it readies the eartli *: 


2 

£ = -x- 0 ) cos X 
*} 


r It 


(5G> 


We see that the deflection e is proportional to the earth’s angular velocity 
<o and. consequently, is a very small quantity. On the latitude of Moscow, 
for example (X = 55 47', g =9.816 m/sec 2 ), for a fall from a height of ]CM) m’ 
£=1.2 cm. 

Experiments carried out in many parts of the globe by different researchers 
confirm the validity of Eq. (56). 

Consider now the motion of a particle thrown from a point 0 vertically 
up with an initial velocity v, t . In the first approximation the force F l or in the 

ascent is directed westward. Then, if we direct the x axis to the west (Fig. 2SUb ). 
the differential equation of motion will be of the form (55) and the initial con¬ 
ditions will be: at / = 0, x = y = 0. v x = 0. v y = t'„. 

Thus the second of the Eqs. (55) will give 


v v = v 0 — gt; 


. gt 2 

y = vj - . 


(57) 


Then, assuming approximately, as in the previous problem, that v = v x ,, 
we obtain F[ Qf = 2m*a (v 0 — gt) cos X, and the first of the Eqs. (55) takes the 
form 


d*x 
r It 2 


= 2 (o» cos X) <u 0 — gt). 


This equation describes the motion of a particle in its downward fall as 
well, since the change in the sense of the vector F\ nT is taken into account by 
the change in the sign of the multiplier (o 0 — gt) — v v . 

Integrating the obtained equation for the initial conditions of the problem, 
we find finally 


x = o) cos X 





Assuming in Eq. (57) i/= 0, we can determine the time it takes the par¬ 
ticle to reach the ground: /, = 2^. Taking into account at the same time 

that v., = y r 2gH l , where //, is the height of the ascent, we can determine 
from Eq. (58) the westward deflection of the particle at the moment it touches 
the ground: 


OH — t, = — to cos X — r = — (,) cos X Y —i . (59) 


* In determining the magnitude and direction of Fl m , in the first approxi¬ 
mation we neglected the x component of the velocity, which is eastwardly 
directed. Due to this velocity, F\ i)f has an additional component which deflects 

the particle to the south. As x = i- (wgcos X)/». the quantity v x =~ js pro¬ 
portional to to, and the southward deflection is proportional to to 2 , i.e. it is 
a small quantity of the second order. 
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Eqs. (56) and (59) show that at H X = H the deflection e, = 4e. 

If the particle can continue moving (the point of projection O is not on the 
ground), the path of the particle from point B will deflect continuously to the 
east. 

All these calculations, as has been pointed out, refer to motion in vacuo 
and take the earth’s rotation into account only in the first approximation. 


Chapter 21 

VIBRATION OF A PARTICLE 


123. Free Harmonic Motion. The study of vibrations is essen¬ 
tial for a number of physical and engineering fields. Although 
the vibrations studied in such different fields as mechanics, radio 
engineering, and acoustics are of different physical nature, the 
fundamental laws hold good for all of them. The study of mechan¬ 
ical vibrations is therefore of importance not only because they 
are frequently encountered in engineering but also because the 

results obtained in investigating me¬ 
chanical vibrations can be used in 
studying and understanding vibration 
phenomena in other fields. 

We shall start with examining free 
harmonic motion of a particle. Consid¬ 
er a particle /VI (Fig. 281) moving rectilinearly under the action 
of a restoring force F directed towards a fixed centre O and pro¬ 
portional to the distance from that centre. The projection of F 
on the axis Ox is 

F x = — cx. (60) 

We see that the force F tends to return the particle to its 
position of equilibrium O, where F = 0, which is why it is called 
a “restoring” force. Examples of such a force are an elastic 
force (§ 1 13, Fig. 255) and the force of attraction analysed in 
Problem 99 (p. 238). 

Let us derive the equation of motion of the particle M. Writing 
the differential equation of motion (6), we obtain 

d'x 

m ~dt* ~ CXm 


0 


M 

-9- 

I 


Fig. 281. 


Dividing both sides of the equation by rn and introducing the 
notation 


c 


rn 


= k\ 


(61) 


Free Harmonic Motion 
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we reduce the equation to the form 

d*x 


dr- 


k'-x = 0. 


(62) 


Eq. (62) is the differential equation of free harmonic motion. 
Referring to the theory of differential equations, as the roots of 
a characteristic equation of the type of Eq. (62) are imaginary, 
its general solution will be 

x — C x sin kt -|- C, cos kt, (63) 

where C, and C„ are constants of integration. 

If we replace C, and C. by constants a and a. such that 
C, = a cos a and C t = a sin a. we obtain * = a (sin &/-cosa-j- 
+ cos kt -sin a), or 

x = a sin (/?/-f- a). (64) 

This is another form of the solution of Eq. (62) in which the 
constants of integration appear as a and a, and which 
convenient lor general analyses. That the ^ 

expression (64) is a solution of Eq. 

(62) can be verified by substitution. 

The velocity of a particle in this type 
of motion is 


is more 


v x =—■ — ak cos (kt a). 


(65) 


The vibration of a particle 
by Eq. (64) is called simnle 


described 

harmonic 



JX 


motion. Its graph for a = 2 

All the characteristics of this type of motion lend themselves 

, 1 1 . . _ ___ _ A ! _ * 4 < •• . . 


is shown in Fig. 138c (p. 135). 


to visual kinematic interpretation. Consider a particle B moving 
uniformly along a circle of radius a from a point B defined bv 
the angle D0B o — a (Fig. 282), and let the constant angular 
velocity of the radius OB be k. Then, at any instant / angle 
<f —DOB —a-j -kt and, it will be readily noticed, the projection"/!/ 
of point B on the diameter perpendicular to DE moves according 

to the law * = asiH (*/ + «), where x = OM, i.e., the projection 
performs harmonic motion. 

The quantity a, which is the maximum distance of M from the 
centre of vibration, is called the amplitude of vibration. The 
quantity y = ki-\- a is called the phase of vibration. Unlike the 
coordinate the phase <p defines both the position of the particle 
at any given time and the direction of its subsequent notion 
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For example, from position M at phase <p the particle will move 
to the right, at phase (ji— <p) it will move to the left. Phases 
differing by 2jt are considered identical (the little circles in 
Fig. 138c indicate identical phases). The quantity a defines the 
initial phase , with which the motion begins. For example, ata = 0 
the motion is according to the sine law (it begins at O and the 

velocity is directed to the right); and at a = -^-the motion is accord¬ 
ing to the cosine law (starting from point x = a with a velocity 
t> o = 0). The quantity k which coincides with the angular velocity 
of the rotating radius OB in Fig. 282 is called the angular, or 
circular , frequency of vibration. 

The time T (or r) in which the moving particle makes one 
complete oscillation is called the period of vibration. In one 
period the phase changes by 2 ji. Consequently, we must have 
fcT = 2n, whence the period 

r = -^. (66) 


The quantity v, which is the inverse of the period and speci¬ 
fies the number of oscillations per second is called the frequency 
of vibration: 


v 




11 can be seen from this that the quantity k differs from v 
only by a constant multiplier 2n. Usually we shall speak of the 
quantity k as of frequency. 

The values of a and a are determined from the initial condi¬ 
tions. Assuming that, at / = 0, * = .v 0 and v x =v 0 , we obtain 

from Eqs. (64) and (65) x 0 = a sin a and ~- — a cosa. By first 

squaring and adding these equations and then dividing them, we 
obtain 

a = Y a* + jr , tana = ^. (68) 

Note the following properties of free harmonic motion: 

1) the amplitude and initial phase depend on the initial conditions; 

2) the frequency k , and consequently the period T, do not depend 
on the initial conditions [see Eqs. (61) and (66)] and are invariable 
characteristics for a given vibrating system. 

It follows, in particular, that if a problem requires that only 
the period (or frequency) of vibration be determined, it is neces¬ 
sary to write a differential equation of motion in the form (62). 
Then T is found immediately from Eq. (66) without integrating. 
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Problem 118. A weight is attached to end B ol a vertical spring AB and 
released from rest. Determine the law of motion of the weight if the elongation 
spring) SPrm8 m 1 ^ Cf1uillbriu,n condition is 6 st (the static elongation ol the 

. S° lu tion. Place the origin 0 of the coordinate axis in the position of 

'/FlJ C o e «^ ,h ^ nUm , ° th ? Syste ; n and direcl tlie axis 0x vertically down 
(Fig. 283). The elastic force F = c\M\. In our case A/.= 6 sl -f *. hence 

F x = c (6 st -f- x). 

Writing the differential equation of motion, we obtain 

d 2 x 

~J7T — c (^$t 4- *) -f- P- 


m 


But from the conditions of the problem the gravitational force P = ma = c& , 
(in the position of equilibrium force P is balanced by the elastic force 

Introducing the notation -^- = ~~ = k 2 , we reduce the equa¬ 
tion to the form 

whence immediately we find the period of vibration: 

r=^-= 2 n ]/S. (a) 

Thus. th> period of vibration is proportional to (he square 
root of the static elongation of the spring (this holds good also 
lor a load vibrating on an elastic beam, where is the static 
deflection of the beam). 

The solution of the obtained differential equation is 

* = C, sin kt -f- C t cos hi. 


From the initial conditions, at / = 0. x = _ 

dx , ^ 

V X = -jr = k C, cos kt — kc t sin kt. 


and 



the 


substituting the initial conditions, we obtain C. = _<S . C _n 

amplitude of vibration is 6 S , and the motion is according totlie^aw ’ 

x = — cos kt. 

We see that the maximum elongation of the spring in this motion is oa 
T he same result was obtained in a different wav in Problem mi , 26s,> 

beam played the role of the spring > roblem l()7 ’ ' v,ier * a 

".t L&XKLSS JM; 

subjected to a tensile (orce P. Therefore, the static elongations are 6 
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p 

d 2st =—, and the total elongation is 


. . , , P(Cx+c t ) 

o s t = Oi st -r °2 st — —77 * 




and 


c,c 




eq 


C, + C 2 ’ 


where c e „ is the equivalent spring constant of the two given springs. In partic¬ 
ular, at c,=c 2 we have c e „ = 1 /jC. 

""" From formula (a) of Problem 118 the period of vibra¬ 

tion is 

T = 2n I/' -^L = 2ji 1 f JL*L±LE* . 

y g y g c,c 2 

b) In the second case the top spring is subjected to a 
tensile force P,. and the bottom spring is subjected to a 
compressive force P 2 , such that P, -f P,= P. For these springs 

r~» n 



oi 



Fig. 284. w e have 6, S ( = 


P P 

—6, s( = —1- . But obviously 6, s t = 6 25 t= 


- I ’ 

= 6 sl . and by virtue of the property of proportions 


^ Pi _ P* = P * + P * or ft st — P 


c, C 2 c,-hc 2 '■ C, -f- c 2 ' 

The equivalent stiffness c C( , =c, and the period of vibration 


T = 2n l/'= 

y s y s (<r -f- c 2 ) 


124. The Simple Pendulum. A simple pendulum consists of a 
small body attached to an inextensible string of negligible weight 
which oscillates in a vertical plane. We 
also neglect the size of the body as com¬ 
pared with the length / of the string and 
regard it as a particle. This particle is 
constrained to move on a circular arc of ra¬ 
dius /. Choosing the origin 0 of a frame 
of reference and the positive direction ol 

the arcs = 0/W (or the angle (p) (Fig. 285), 
draw the bob in an arbitrary position M 
and the axis Afx in the positive direction of s. 

Writing the differential equation of motion (47) (see§ 117), we obtain 

d*i S 



Fig. 285- 


m 


dt 


— P sin (p. 


Let us replace the coordinate s by the angle <p. Wehaves = /<p> 
and, eliminating m, 

(69) 


</Hp 


r + j sin (p = 0. 


dt 
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This differential equation cannot be integrated in ordinary 
functions. Let us consider only the case of small oscillations of the 
pendulum, assuming approximately sin cp=^(p (this is possible 
when angle <p is much less than a radian). Then, denoting 



Eq. (69) takes the form 


d 7 i p 

7/T 7 


+ *=<p =0. 



We conclude that when the oscillations are small a simple 
pendulum is in simple harmonic motion. The solution of Eq,. (70) 
can be carried out in the form (63) where, of course, x is replaced 
by (p. Assuming, at / = (), (p = cp 0 and g) o = 0, and after determining 
the constants of integration, we finally obtain the equation of 
motion in the form 

<p = <p 0 cos kt. 

The period of small oscillations of a pendulum is 

T=~=2n (71) 

We see that the value of T does not depend on the initial angle 
of deflection. 

This result holds good only for a small angle tp 0 . It will be 
found, if we integrate Eq. (69) and assume angle <p not very 
small, that the value of T depends on <f> 0 . 

Approximately this dependence has the form 

T = **V J ('+-§-)• (72) 

From this, for instance, we see that at (p = 0.4 radians (about 
23°), Eq. (71) defines the period with an accuracy of one per cent. 


125. Damped Vibration. Let us see how the resistance of a 
surrounding medium affects vibrations, assuming the resisting force 
proportional to the first power of the velo¬ 
city: R =— \xv (the minus indicates that f M 

force R is opposite to v). Let a moving o * * m 1 

particle be acted upon by a restoring 
force F and a resisting force R (Fig. 286). 286 - 

Then F x = — cx, R x = —— P ^ . and the differential equation 

of motion is 


d*x 

m ~dJ* =— cx 



10 2<JM 
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Dividing both sides by m, we obtain 


-5F + 26 W + ^ = °- 

wh ere 




It is easy to verify that k and b have the same dimension 
(sec ’), which makes it possible to compare them. 

Eq. (73) is called the differential equation of damped vibration. 
The solution of Eq. (73) can be found by passing to a new vari¬ 
able 2 through the equality x = ze~ bt . Then 



Substituting these expressions and the expression of x into Eq. 
(73), and after the necessary computation, we obtain 



Let us consider the case when 6 i.e., when the resistance 

is small as compared with the restoring force. Introducing the 

notation 

k = Vk' — b\ (76) 

we see that Eq. (75) coincides 
with Eq L (62). Consequently, 

z = a sin (/?/ —a) or, passing to x, 

x — ae~ bt sin (kt + a). (77) 

The expression (77) gives the so- 
lg * 287 - lution of differential equation (73). 

The quantities a and a are con- 
stants of integration and are determined by the initial conditions. 

Vibrations according to the law (77) are called damped because, 
(lie o the multiplier e , the value of x decreases with time and 
tends to zero. A graph of such vibrations is given in Fig. 287 
(the curve lies between the broken curves x = ae~ bl andx = _ ae~ bt , 

as sin (1/ +a) cannot exceed unity). The graph shows that the 
vibrations are not periodic, though they do show a certain repe¬ 
tition. For example, a particle oscillating about a centre O returns' 

to that centre at certain intervals T equal to the period sin(£/4-a). 
Therefore the quantity v i / 




(78) 
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is conventionally called the period of damped vibration. Comparing 

Eqs. (78) and (66), we see that T^>T, i.e., that resistance to 
vibration tends to increase the period of the vibration. When, 
however, the resistance is small (b<^.k) the quantity b * can be 

neglected in comparison with k 1 and we can assume t^=T. Thus, 
a small resistance has no practical effect on the period of vibration. 
The time interval between two successive displacements of an 

oscillating particle to the right or to the left is also equal to T*. 
Hence, if the maximum displacement .v, to the right takes place 
at time the second displacement x t will be at time 

**= etc. Then, by Eq. (77) and 

taking into account that kT— 2n, we 
have 

= ae~ bt < sin (kt x -4- a), 


ae 


-in 


’ + ™ sin ( kt x kT-{-a) = x t e~ h, \ 

Similarly, for any displacement x nil 
we will have x„ ., —x„e~ bl . Thus we find 



w w * m w m 

that the amplitude of vibration decreases in geometric 
The denominator of this progression e~ b ~ r is called 
decrement, and the modulus of its logarithm, i.e. 


progression, 
the damping 
the quanti¬ 


ty — bT, the logarithmic decrement. 

It follows from these results that a small resistance has prac¬ 
tically no efleet on the period of vibration, but gradually damps 
it by virtue of the amplitude of vibration decreasing according 
to a law of geometric progression. 

When the resistance is large and /;>/?. the solution of Eq. (75) 
contains no trigonometric functions. The particle no longer oscil¬ 
lates but instead, under the influence of the restoring force, grad¬ 
ually approaches the position of equilibrium. A graph of such 
motion (if, at / = (), x^x 0 and u 0 0) has the form shown in 
Eig. 288. 


126. Forced Vibrations. Resonance. Let us consider an im¬ 
portant case of vibration where, in addition to a restoring force F, 
a particle is also subjected to a force Q, varying periodically with 
time, whose projection on the axis Ox is 

_ Qx = Qq sin pt. (79) 

dx * Ihe ,nStants ° f ,naxinuim or minimum x are found from the equation 
== ae w |£-cos (kt | a) — 6-sin (kt -f- a)| = 0. If at some instant f —/, the 

expression in the brackets becomes zero, then, apparently, at times /,-f-7, 
/,-t-27’, etc., it will again become zero. 

10 * 
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This force is called a disturbing force , and the vibration caused 
by it is called forced. The quantity p in Eq. (79) is called the 
frequency of the disturbing force. 

A disturbing force may vary with time according to other laws, 
but we shall consider only the case of Q x defined by Eq. (79). 
This type of disturbing force is called a periodic force. An example 
involving such a force is given in Problem 120 on p. 298. 

1. Undamped Forced Vibration*. Consider the motion 
of a particle on which, besides the restoring force F, is acting only 
a disturbing force Q (Fig. 281). The differential equation of motion 
will be 

d*x , ~ . 

m = — cx + Q 0 sin pt. 

Dividing both sides of the equation by m and assuming QJm = P Q 
and taking into account the expression (61), the equation takes 
the form 

d*X 

~J^k s x = P Q sinpt. (80) 


Eq. (80) is the differential equation of undamped forced vibra¬ 
tion of a particle. From the theory of differential equations, 
its solution is x = x, — x t , where x t is the general solution of the 
equation without the right side, i.e., the solution of Eq. (62) as 

given by Eq. (64), and x t is a particular solution of the complete 
equation (80). 

Assuming P=/=k, let us find the solution of x t in the form 

x s = A sin pt, 

where A is a constant, such that Eq. (80) becomes an identity. 
Substituting the expression of x t and its second derivative into 
Eq. (80), we have 


— p*A sin pt -f- k*A sin pt = P 0 sin pt. 

This equation is satisfied at any t, if A (k 1 — p x )^=P Q , or 



Thus, the required particular solution is 



sin pt. 



* The results obtained in this section can be obtained as a special case of 
Section 2. 
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As x = x l -{-x t and the expression for x x is given by Eq. (64), 
the general solution of Eq. (80) takes the final form 

x = a sin {kt + a) + sin pt. (82) 


where a and a are constants of integration determined by the ini¬ 
tial conditions. 

Solution (82) shows that in the present case the vibration of a 
particle consists of: 1) free vibrations of amplitude a (depending 
on the initial conditions) and frequency k called natural vibra¬ 
tions , and 2) forced vibrations of amplitude A (not depending on 
the initial conditions) and frequency p. 

In practice, due to the inevitable presence of various damping 
forces, the natural vibrations rapidly disappear. Therefore in this 
type of motion the forced vibrations defined by Eq. (81) are of 
primary importance. 

The frequency p of forced vibrations is. evidently, equal to the 
frequency of the disturbing force. The amplitude of this vibration is 



P o 

where d„= ri = — 0 is the magnitude of the static dedection of the 

K C 

particle under the action of force Q 0 . Thus, A depends on the 
ratio of the frequency P of the disturbing force to the frequency 
k of the natural vibrations. A graph of this dependence is given 
in Fig. 290a (p. 296) (the curve marked h= 0, the other curves in 
the diagram showing the dependence of A on p k with a resisting 
force). 

It can be seen from the graph |or from Eq. (83)1 that forced 
vibrations of different amplitudes can be induced by choosing dif¬ 
ferent ratios between p and k. When p — 0 (or p<^k), the ampli¬ 
tude is equal to 6 0 (or is very close to it). When p is almost 
equal to k, the amplitude becomes very large. At /> = & (the im¬ 
pressed frequency is equal to the natural frequency) the phenome¬ 
non known as resonance occurs. This case is not covered by Eqs. 
(81)-(83), but it can be proved that when resonance takes place 
the amplitude of forced vibration increases indefinitely as shown 
in Fig. 291. Finally, when p^>U, the amplitude A is almost zero 
(vibration virtually stops). 

In conclusion it should be noted that at p<^k, as can be seen 
from a comparison of Eqs. (79) and (81), the phases of the forced 
vibrations and the disturbing force always coincide (both are equal 
to pt). If, however, p>U, then by bringing the minus under the 
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sine we can write Eq. (81) in the form: 

x * = sin iPt — Ji). 

T h *u S ’ 5** P <^* the P hase shift between the forced vibrations 
and the disturbing force is n (when force Q is maximum and is 

directed to the right, the vibrating particle is in its extreme left 
position, etc.). 

The general properties of forced vibrations, and resonance in 

particular, are discussed in greater detail at the end of this section 
(item 4). 

2. Damped Forced Vibrations. Consider the motion of 
a particle on which are acting a restoring force F, a damping 

\Zrl n P Th P ° r r£ na °, the ve l°city (see § 125), and a disturbing 
force Q. The differential equation of this motion has the form 


rn 


d 7 x 


cx 


dx 


dt* — — ^ — p-4 t + Q 0 s\npt. 

Dividing both sides of the equation by rn and assuming — 
and taking into account the expressions (74), we obtain 

= P 0 sin pt. 




d# *+2 b£ + k*x 


dt z 


(84) 

Eq. (84) is the differential equation of damped forced vibration 
of a particle lis general solution, as is known, has the form 

nut r rthf e \? A,is general solution of the equation with¬ 

out the r^ht side, i.e., of Eq. (73) [at k>b this solution is 

( , i 1, an f d x * ,s a Particular solution of the complete 
(** 4 ). Let us find the solution .t, in the form 

x 3 = A sin (pt- 


given by 
equation 


where A 
come an 


-P). 

?" d P are r, C S nsta ? ts 50 chosen that E< )- (84) should be- 
identity. Differentiating, we obtain 


dx 

~dt 


Ap cos (pt — p), ~ t = — Ap’sin (pt 


P). 


,ef“ o F„ P rr/ the derlva tives and into the 

no at on nt ( lntrod ucing for the sake of brevity the 

notation —p = t|t (or p/ = t|> + p), we obtain 

A (— P* + k’) sin i|> -j- 2bpA cos t|> = />„ ( CO s p sin if) + sin p cos ,|>). 
For this equation to be satisfied at any value of \b i e at 

A(k' — p‘) — P' cos p, 2bpA = P sin B. 
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First squaring and adding these equations, and then dividing 
one by the other, we obtain: 


A = 


t> 


V( 


tan p = 


2b p 

k* - • 


(85) 



As * = *, 4-* t , and the expression a:, is given by Eq. (77), we 
have the final solution of Eq. (84) in the form 

x = ae~ bt sin ( kt + a) -\- A sin (p( — fi) (86) 

where a and cc are constants of integration determined from the 
initial conditions, and the expressions for A and are given by 
Eqs. (85) and do not depend on the initial conditions. 

These vibrations are compounded of natural vibration 11he first 
term in Eq. (86); Fig. 289o) and 
forced vibration (the second term 
in Eq. (86); Fig. 289 b\. The 
natural vibration of the particle 
in such a case was discussed in 
§ 125. It was established that 
it is transient and is damped 
fairly quickly, and after a cer¬ 
tain interval of time i t called 
the transient period, can be 
neglected*. A curve showing 
the transient vibration is given 
in Fig. 289c. For practical pur¬ 
poses it can thus be assumed 
that after a certain transient 
period a particle will vibrate 
according to the law 

x = A sin (pt — P). (87) 

This is steady-state forced vi¬ 
bration, a sustained periodic mo¬ 
tion with an amplitude A defined by Eq. (85) and a frequency p equal 
to the impressed frequency. The quantity p characterises the 
phase shift of forced vibration with respect to the disturbing force. 

obtained. First let us introduce 



Let us investigate the results 
the notation 

n ^ b 

k K ’ k 


— h, 


i 


o 

k' 


~ = (8H) 

free vibrations can be neglected from 


* If, for example, we assume that .. 

the moment when their amplitude is less than 0.01 A, then the vaTue of 7, can 

be determined from the equation ue w = 0.()l A. or /. = JL | n We 

1 b A 

thus, that the le** ttie resistance (i.e., 
transient period. 


see. 


the less the value of b) the greater (tie 





296 


Vibration of a Particle 


[Ch. 21 


where X is the frequency ratio, h a quantity characterising the 
damping effect, b 0 the magnitude of the static deflection of a par¬ 
ticle under the action of force Q 0 (for instance, in the oscillation 
of a load on a 9pring, 6 0 is equal to the static elongation of the 
spring caused by Q 0 ). 

Then, dividing the numerator and denominator of Eq. (85) by. 
k 2 , we obtain 


(l - a.’)* + 4h*\* ’ 


tan p 


2 hX 

1 — X 2 * 


(89) 


It can be seen from Eq. (89) that A and 0 depend on two di¬ 
mensionless parameters X and h. Graphs of this relation for cer¬ 
tain values of h are given in Fig. 290. The values of 6 0 , X, and 


Wo 



Fig. 290. 


h can be computed for each specific problem from its conditions, 

and the values of A and p determined from the respective graphs 

or Eqs. (89)^ These graphs (and equations) also show that by 

altering the frequency ratio X we can induce forced vibrations of 
different amplitude. 

When the resistance is very small (as ordinarily in the atmos¬ 
phere) and X is not close to unity, it is possible in Eqs. (89) to 
assume approximately /z == 0. 

In this case we obtain the results of section 1, namely 

* P^=0 (a/ X< 1), p== 180° (at A. > 1). (90) 

Let us consider also the following special cases. 

1) If the frequency ratio X is very small (p<^.k), then, assuming 
as an approximation X=Q, we obtain from Eq. (89) 4=5=6. The 
vibration in this case has an amplitude equal to the static deflec¬ 
tion 6 0 , and the phase shift is 0 = 0. 
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2) If the frequency ratio X is very large (p^>k), A becomes 
very small. This case is of special interest for the absorption of 
vibrations in structures, instruments, etc. Assuming the resistance 
to be small and neglecting 2 hX and 1 as compared with X* in 
Eq. (89), we obtain for computing A an approximate formula: 

A -A _ 

x* — p* 

3) In all cases of practical interest h is very small. Then, from 
Eq. (89), if X is almost unity the amplitude of forced vibrations 
becomes very large. This phenomenon 
is called resonance *. 

At resonance we can assume X=1 
in Eq. (89), and then 

= Pr = f • < 91 > 

We see that when h is small A r 
can become very large. 

The resonance condition in which 
the amplitude of vibration is A n like 
forced vibration in general, does not 
develop immediately. The development of steady-state vibration 
is similar to that shown in Fig. 289c. The less the resistance h, 
the larger the magnitude of A t , but also the larger the transient 
period /, (see footnote on p. 295). 

When the damping force, and with it h. tends to zero, the lim¬ 
iting value of the amplitude A f , as Eq. (91) shows, tends to 
infinity, as does the transient period t t . Thus, with no damping 
force the vibration amplification process in resonance conditions is 
unlimited and the amplitude increases indefinitely. A graph of 
resonance vibration is given in Fig. 291. When the damping forces 
are very small the picture is similar. 

3. General Properties of Forced Vibration. It follows 
from the results obtained above that forced vibration has the fol¬ 
lowing important properties, which distinguish it from the natural 
vibration of a particle. 

1) The amplitude of forced vibration does not depend on the 
initial conditions. 2) Forced vibration does not die out in the 



* It can be seen from Eq. (89) that A = A max when the term in the denom¬ 
inator /(£)— (1 —£)*-p 4/i* £ (where £ = X*) is at its minimum. Solving the 
equation /'(£)^a — 2(1 —£ — 2h* ) = 0, we obtain that A is maximum at 

£ — 1 —2/»*. i.e., at X r = \ r 1 —2/j*. Thus, resonance sets in when k is a lit¬ 
tle less than unity. In practice, however, neglecting /(*, we can assume that 
—— 1 • 
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presence of resistance. 3) The frequency of forced vibration is 
equal to the frequency of the disturbing force and does not de¬ 
pend on the characteristics of the vibrating system (the disturbing 
force “impresses” its own vibration frequency on the system). 
4) Even when the disturbing force Q 0 is small, large forced vibra¬ 
tion can be induced if the resistance is small and the frequency 
p is almost equal to k (resonance). 5) Even if the disturbing 
force is large, forced vibration can be damped if the frequency p 
is much larger than k. 

• Forced vibration, and resonance in particular, plays an impor¬ 
tant part in many branches of physics and engineering. Lack of 
balance in working machines and motors, for example, usually 
causes forced vibration to appear in the machine or its foundation. 

The variation of ttie amplitude of forced vibration can be traced 
by making a motor for which p = o>, where to is the angular ve¬ 
locity of rotation (see Problem 120), rotate with different speeds. 
As (i) increases, the amplitude A of the vibrating part (or founda¬ 
tion) grows. When u> —A\ resonance appears and the amplitude 
of the forced vibration is maximum. When to increases further, the 
amplitude A decreases, and at to >A\ the value of A is virtually 
zero. Resonance is most undesirable in engineering structures and 
should be prevented by choosing the frequency ratio p k so that 
forced vibration would tend t) zero (p^>>k). 

In radio engineering the reverse is true. Resonance is extremely 
iiM'i'ui and is used to separate the signals of one radio station 
fi 1 'm those of all others (tuning). 

Hie design of such instruments as vibrographs, which measure 
the displacements of vibrating bodies (foundations, machine parts, 
ele.) and. in particular, seismographs, which record the vibrations 
oi the earth’s crust, are based on the theory of forced vibration. 

Problem 120. Tlie deflection caused in a beam by the weight of a motor 

*; '’.1 1 .1 a* shown in f ig. 292 is A sl = 1 cm. At how many rpm of the shaft 

wi>« resoiliir.o* appear-* 

• s o Inti o n. From the result obtained in Problem 118 it follows that the 
p) [( *1 natural \ibiation of the beam is 


r — 2.i i/ . 

* u 

li the centre of gra\ ity of the shaft is not concentric with its axis, a cen¬ 
trifugal force Q tl will develop (Fig. 292). Its component Q x = Q 0 sin tot (where co 
is the angular velocity of the shall) is the disturbing force acting on the beam; 

n 

its frequency is p to. Hence, the period of the forced vibration is 7\ = — . 


Resonance will appear when T f — T t i.e., at 


U) 
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Hence the critical speed 


n 


cr 


= 52^ = 300 rpm. 

Jl 


The working speed of the motor should be much greater than n cr . 

Problem 121. Analyse the forced vibration of a load attached to a spring 
(Problem 118) if the upper end A of the spring oscillates vertically according 
to the law £=a 0 sin pt. B 

Solution. Draw axis Ox as in Problem 118 (see Fig. 283). If we imagine 
the upper end of the spring displaced from point A downwards by a quantity £ 
the length of^ the spring will be / == /„ — l -f- A st -f- x. Then F x = — c&t = 
— c (6 s t -H x — £). and the differential equation of motion, neglecting the 
resistance of the air and taking into 
account that P=c6 s t, will be 

d*x 


m Jjz — — c (6 S , -f- x — s) -f- P = 

—— cx+cl. 

Introducing, as in Problem 

c 

the notation —= k t , we obtain 


118 


(1*X 

-r j- k* x = k*a 0 sin pt. 



The 


Consequently, the load will expe¬ 
rience forced vibration, since, if we as¬ 
sume b = 0 and P 0 z=k*a 0 , the equa¬ 
tion coincides with Eq. (80) or (84). 

It can be seen from Eq. (88) that in the present case t>„ = a 0 and h= 0. . Itc 
amplitude of forced vibration and the phase shift are determined by the Eq. (90). 
\\ p<^.k (the top end of the spring oscillates very slowly), then and 

and the phase shift fl = 0. The load will oscillate as if the spring 
were a rigid rod, which physically corresponds to the condition k p. At p = ft 
resonance appears and the amplitude increases sharply. If the frequency p be¬ 
comes larger than k (X >• 1) the load will vibrate in such a way that it will 
move down when the end of the spring moves up and vice versa (a phase 
shift of {}=180 o ), and the larger the value of p the smaller the amplitude. 
Finally, when p is much greater than k (X>1) the amplitude A=zz0. The load 
will remain in the position of static equilibrium (point O) even though the 
top end of the spring will oscillate with an amplitude a„ (the frequency of this 
vibration is so large that the load, as it were, is unable to keep up with it). 


Chapter 22 

MOTION OF A BODY IN THE EARTH S GRAVITATIONAL FIELD 

127. Motion of a Particle Thrown at an Angle to the Horizon 
in the Earth's Gravitational Field. The problem of motion in the 
earth’s gravitational field arises when the motion of long-range 
missiles and artificial earth satellites and questions of interplan¬ 
etary flight are considered. In these cases, when range and 
height of the path are comparable with the radius of the earth. 
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it is necessary (unlike the problem considered in § 108) to take 
into account the change in gravitational force with distance. 

We shall consider a moving particle of mass m. Let the par¬ 
ticle at the initial time be at a point M 0 on the surface of the 
earth (Fig. 293) and let it have a velocity v n directed at an 
angle a to the horizon. Neglecting the resistance of the air 
(which, for the heights considered, is quite permissible in the 
first approximation) and assuming the earth to be fixed, we have 

acting on the moving particle only the 
gravitational force F directed towards 
the centre of the earth. By the law of 
gravitation (see § 115, Problem 108), 

f = rng~-, (92) 

where r — OM is the distance of the 
particle from the centre of the earth, 
R=OM 0 is the value of r for the 
point of release M 0 , and g is the accele¬ 
ration of gravity at point M a *. 

As F is a central force (§ 116, para¬ 
graph 3), the path of the particle is a 
plane curve, and the motion can be 
described in polar coordinates r = OM 
Fig. 293. and <P* w *th the origin (pole) O at the 

centre of the earth. We shall set the 
direction of the polar axis Ox later. Let us now write the differ¬ 
ential equations of motion of the particle M. 

From the law of areas (§ 116), in motion under the action of 
a central force the moment of the velocity vector v with respect 
to a centre O (twice the areal velocity of the particle) is a con¬ 
stant quantity. Thus m 0 (v) = c. But from the diagram we see 

that rn u (v) = rv where v,.—r ^ is the lateral velocity of the 

particle (see § 71). Hence, we obtain the first equation 




The value of the constant c is determined from the conditions 
at the point of release Af 0 where, it will be readily noticed, 

* hi Eq. (92). R can have any value larger than the earth’s radius. When 
AI 0 is at the surface of the earth, we shall usually consider R to be the radius 
of the earth’s equator R = 6.378 km, and ^ = ^ 0 = 9.81 m/sec* (in all compu¬ 
tations g is the absolute acceleration of gravity, not the relative acceleration, 
which takes into account the earth’s rotation. See § 121). 


Sec. 127J Motion of a Particle Thrown at an Angle to the Horizon 


301 


m 0 (v () ) = Rv 0 cosa, whence 

c = Rv 0 cosa. (94) 

The second equation is obtained from the theorem of the change 
in kinetic energy in its differential form (§ 114): 



To compute dA , note that the infinitesimal displacement of 
particle M is composed of the radial displacement dr along v r and 
the lateral displacement rdi p along v ? (§ 71, Fig. 155). Since the 
second displacement is perpendicular to F, and taking into account 
the directions of the force and the displacement, we obtain from 
Eq. (92) 

dA = — Fdr = — rngR * ^, 
and the second equation is 

(£) = **'* (I)' (95) 

where (see § 71) 

„.^ + B .=(*)* + r*($)\ ,96) 


By integrating the differential equations (93) and (95), we can 
determine r and cp as functions of time t, i.e., develop the equa¬ 
tion of motion of the particle. Let us, instead, find its path 
directly. To simplify the computation we introduce a new vari¬ 
able u, assuming 

u = —; —^= — (97\ 

r * dtp /•* dtp * 

Taking into account Eqs. (97) and (93), we obtain 


dr dr dtp 
dt ‘ ‘dtp dt 


du c 
dtp r * 




Substituting these values into Eq. (96), we have 



and Eq. (95), after dividing through by Jtp and computing the 
derivative of v*, takes the form 




du 
dtp * 
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Substituting the expression of c from Eq. (94) and eliminating 
» we Anally obtain the differential equation of the path: 

d*U , a 

*j?+“=Tdbz- (98) 


u* cos* a 


The solution of this equation consists of the general solution 
of the equation without the right side [which coincides with the 
solution of Eq. (62) for 6=11 and the particular solution of the 
equation with the right side, and has the form 


u 



sin 9 + C z cos cp -f- 


g 

cos* a 


9 


which can be verified by direct substitution; C, and C t are the 
constants of integration. 

Now let us choose the direction of the polar axis Ox from 
which the angle cp is measured, such that at cp = 0 the condition 

'4 = 0 wou,d be satisfied (the meaning of this condition will be 
explained further on). Then, as 


du 

d([> 


C, cos <p 


C t sin 9 , 


we obtain C 1 =0, whence, introducing the notation 


o* cos* a 

P = - g -. (99) 

we have pti = pC r cos 9 -f-1. Assuming pC , = — e, where e is a new 
constant of integration, and passing from u to r, we finally obtain 
the equation of the path in the form 


r 


P 

1 — e cos 9 * 


( 100 ) 


We know from analytical geometry that Eq. (100) is the equa- 

tion of a conic section (ellipse, parabola or hyperbola), 'where p 

is the focal parameter and e the eccentricity, expressed in polar 

coordinates whose pole O is one of the foci and whose polar axis 

is coincident with the axis of symmetry of the curve away from 

the apex closest to the focus (which explains our choice of the 
polar axis). 

1 he actual path will depend on the value of the constant of 
integration e which we can find from the conditions at the point 

1 n . ^t Se us denote the size of the unknown angle 

J l 0 Jx by p. From Lq. (9/) and Fig. 293 it follows that at point M 0 

= tana. 
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Then the initial conditions are 


at t = 0, (p = — 


P i du 
’ U W dty 


4 - tan a 
*\ 


From Eq. (100), and passing again from r to u, we obtain 


u 


-^-(1 — ecos <p), 


du e . 

-7- = — sin w. 

dtp p T 


Substituting the initial values and replacing p by its expression 
in (99), we arrive at the equations 


e cos p = 1 


cos* a 


gR 


e sin p 


v\ sin 2a 
'2gR 


( 101 ) 


By dividing these equations and then squaring and adding them, 
we finally obtain 


tan p 


L’l sin 2a 

2 (gR — o* cos* a) * 


( 102 ) 



(103) 


Eq. (102) defines angle p, i.e., the position of the axis of 
symmetry of the path with respect to the point of release Ai 0 . 
Eq. (103) gives the eccentricity of the path. It shows that the 
path of a particle is 

a) an ellipse (e < I), if u 0 < ]/2 gR\ 

b) a parabola (e=l), if v o = f/2 gR; 

c) a hyperbola (e> 1). if v 0 > j/2 gR. 

The velocity v p = V2gR is called the parabolic, or escape , ve¬ 
locity. Assuming R — R 0 = 6.378 km and g = g o = 9.81 in/sec*. we 
obtain v p 11.2 kin/sec. Thus, a body projected from the surface 
of the earth at any angle to the horizon with an initial velocity 
v 0 11.2 km/sec will move in a parabola or hyperbola (ata = 90\ 
in a straight line), receding infinitely away from the earth. Veloc¬ 
ities of this order are essential for interplanetary travel *. If the 
velocity is less than the escape velocity, the body will either fall 
back to earth or become an artificial satellite. 


* The velocity necessary for a spaceship_to escape the combined pull of 

the earth and the sun is greater than V'2g 0 R 0 . and for some directions v a 
is about 16.7 km/sec. 
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The equation of motion of a particle on its path, i.e., its loca¬ 
tion at any instant, can be derived by substituting for r in Eq. 
(93) its expression (100) and integrating the new equation. 

128. Artificial Earth Satellites. Elliptical Paths. At v 0 <^y r 2gR~ 
a body projected from the earth’s surface can become an artifi¬ 
cial satellite if its path (an ellipse) does not pass through the 
earth, i.e., if for every point of the path r^R 0 , or r^ lu =R 0 , 
where R 0 is the radius of the equator. As r ITlJn = OP (see Fig. 293), 
the condition r min = R 0 will be satisfied if point P lies on the 
surface of the earth and, consequently, coincides with M 0 (see 
Fig. 294), i.e., when = But Eqs. (101) show that f}=jt 
only at cc = 0 (or q=jt) and v* o ^gR, since e cannot be negative. 
Consequently, for a body projected from the earth’s surface to 
become an artificial satellite two conditions must be satisfied: 


a 


o. V2 g.R.>v. 
From Eqs. (101) we find that the 


orbit at a = 0 and (3 =ji will be 


* Vg 0 R 0 ■ 

eccentricity 


(104) 
of a satellite 


V. 


HR 


1 . 


(105) 


The velocity v c = y gR, at which e = 0 and the satellite follows 
a circular orbit of radius/?, is called the circular velocity. For a body 

projected from the surface of the 
earth assuming R =R 0 =6,378 km 
and g = g 0 = 9.81 m/sec*, the 
circular velocity v c =5=7^910 m/sec. 
At v 0 > v c , a satellite orbit is an 
ellipse whose eccentricity will in¬ 
crease as v 0 increases (Fig. 294). 

A body projected from the sur¬ 
face of the earth can never become 
an artificial satellite if the angle 
of elevation a=?~0, whatever the 
initial velocity v 0 (even neglecting 
the resistance of the air). That is 
. . why, for instance, it is impossible 

to launch an artificial earth satellite by shooting one from a can¬ 
non. A guided rocket capable of lifting a satellite to a required 
altitude and imparting to it at a point M 0 (Fig. 294) the required 
velocity at an angle U5=0 to the horizon must be used. This 

was just how the world’s first artificial satellites, the Soviet 
sputniks, were launched. 
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Finally, the greater the height H of point M 0 above the surface 
of the earth the less the resistance of the atmosphere and the 
longer a satellite’s lifetime. It will also be noticed that it be¬ 
comes possible to project a satellite into orbit at a^=0. 

The greater the elevation //. the less the circular velocity 

v c — V gR> as S = g 0 Ro!R' an d R =/?„ + //, and consequently 

For example, at H = 0, v c = 7.910 m sec; at tf=500 km. 
v c = 7,620 m/sec; at H= 1,000km, v c = 7.360 m sec. etc. The 
total energy needed to launch a satellite, though, increases with H. 

For, denoting the energy per unit of mass by the symbol T, the 
energy required to boost a satellite to point AJ 0 (neglecting the 

resistance of the air) will be T x ^= 0.5u*, = 0.5 (see Problem 

108, p. 263), and the energy needed to impart the orbital velocity 

will be f t =0.5v‘ c . Hence, the total expenditure of energy per unit 
mass will be 



XoR* 

R, 4- // 


, 2*,J ? 0 //) 

‘ R 0 -\-HJ 


0-5 


R., 4-2 H 
« , -F H 


and will increase as // increases. 

Elliptical Paths. At a>0 and u 0 <K2 g u R 0 , a body 
projected from the surface of the earth will describe an elliptical 
arc and fall back to the ground. Such elliptical paths are trav¬ 
elled by long-range (intercontinental) ballistic missiles. Let us 
find the principal characteristics of such paths. 

Since axis Ox (see Fig. 293) is the axis of symmetry of the 
path, the point of hnpact will be /VI, and the range 5 will be 
equal to the arc AI 0 /VI,, whence 

S = 2tf 0 f5. (106) 

where fi is defined by Eq. (102) and by convention R 0 is the 
mean radius of the earth. 

The greatest height // of the path is, evidently, [(r) f ~ 0 — R | or, 
according to Eqs. (99) and (100), 



cos* a 

(I — e) 



(107) 


where e is defined by Eq. (103). 


9Q6 


Motion of a Body in the Earth's Gravitational Field 


[Ch. 22 


The time of flight T can be found from Eq. (93), which, 
together with Eq. (94), gives- 


dt = — dtp 


R 0 v 0 cos a 


dy. 


Substituting the expression for r from Eqs. (99) and (100) and 
integrating, we obtain 

^ * 
T _ < cos’ a p d(p 


Si 

solving which, we finally have 


-{* 


e cos q?) 


2 9 


2e* cos* a 

- 3 (z sin z), 


Ko6*a v\-*y 


(108) 


where 


2 arctan ^ j tan 


(109) 


With these formulas and knowing v 0 and the angle of elevation 
a, we can find the range 5, the highest point of the path //, and 
the time of flight T. 

From the practical point of view it is important to determine 
the minimum velocity uj*‘ n and the optimum angle of elevation 

a , at which the required range S = 2R$ can be obtained. 

For this we compute the value of v 0 from Eq. (102): 


v 


V 


2RnSn lanP 


sin 2a-f- 2 cos* a tan p * (11®) 

For a given range (or given angle p) the required velocity de¬ 
pends on the angle of elevation a. Angle a enters only into the 
denominator of Eq. (110); hence, v 0 is minimum when the denom¬ 
inator is maximum. Equating the derivative of the denominator 
with respect to a to zero, we find 

cos 2 a — sin 2 a tan 6 = 0 , 


whence cot 2a 


opt 


- sin 2 a tan p = 
tanp, and the optimum angle of elevation is 


a 


opt 


45°-It- . 


(Ill) 

That this value of a op , gives uj ,in can be readily verified by the 

sign of the second derivative. Substituting the value of a t into 
Eq. (110), we obtain 

iinin -- l/oD ~ sin P 






( 112 ) 
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F.qs. (112) and (111) give the least initial velocity and the 
optimum angle of elevation for a required range. The height o> 
the path and the time of flight are computed from Eqs. (107) and 
(108), in which u 0 and a are substituted by their expressions from 
Eqs. (112) and (111). Table I below gives the characteristics of 
some optimum elliptical paths computed from these formulas, 
assuming R 0 — R mcan =6,370 km (the accuracy of all quantities 
in the table is up to 5 units of the last digit). 


Table / 


Angle 

P 

Range 

5 in km 

Necessary 

initial 

velocity 

C ,n j 

i n m/sec 1 

Optimum 
angle of 
elevation 

a »pt 

Height of 
path H 
in km 

Time of flight 

T 

10" 

2,220 

4,300 

40" 

500 

12 min 30 sec 

20° 

4,450 

5,650 

35* 

900 

19 min 10 sec 

30° 

6,670 

6,460 

30* 

1,170 

24 min 50 see 

40° 

8,900 

7,000 

25° 

1,300 

30 min 00 sec 

70' 

15,570 

7,780 

10° 

900 

40 min 10 sec 

90° 

20,020 

7,910 

0’ 

0 ‘ 

42 min 10 sec 


Remember that these calculations refer to motion in vacuo and 
do not take into account the rotation of the earth. In conclusion 
it should be noted that at small ranges (small angle {5) the ellip¬ 
tical arc described by a projectile approaches a parabolic arc 
If we take sin = p and 2R£ = X and in the other equations 
neglect p in comparison with unity, in the limit all these equa¬ 
tions will develop into the corresponding equations of parabolic 
paths (see §108). In particular, from Eqs. (111) and (112) we imme¬ 
diately obtain a„ pl = a*=45 > and v™" 1 = \/ g o X*. 



PART IV 


DYNAMICS OF A SYSTEM AND A RIGID BODY 


Chapter 23 

INTRODUCTION TO THE DYNAMICS OF A SYSTEM. 

MOMENTS OF INERTIA OF RIGID BODIES 

129. Mechanical Systems. External and Internal Forces. A me¬ 
chanical system is defined as such a collection of material points 
(particles) or bodies in which the position or motion of each par¬ 
ticle or body of the system depends on the position and motion 
of all the other particles or bodies. We shall thus regard a mate¬ 
rial body as a system of its particles. 

A classical example of a mechanical system is the solar system, 
all the component bodies of which are connected by the forces of 
their mutual attraction. Other examples of mechanical systems 
are machines, or any mechanism whose members are connected 
with pins, rods, cables, belts, etc., i.e., by holonomic con¬ 
straints. In this case the bodies of the system are subjected to the 
reciprocal compressive or tensile forces transmitted through the 
constraints. 

A collection of bodies not connected by interacting forces does 
not comprise a mechanical system (e.g.,* a group of flying air¬ 
craft). In this book we shall consider only mechanical systems, 
calling them just “systems” for short. 

It follows from the above that the forces acting on the par¬ 
ticles or bodies of a system can be subdivided into external and 
internal forces. 

External forces are defined as the forces exerted on the members 
of a system by particles or bodies not belonging to the given 
system. Internal forces are defined as the forces of interaction be¬ 
tween the members of the same system. We shall denote external 
forces by the symbol F\ and internal forces by the symbol F‘* 

Both external and internal forces can be either active forces or 
the reactions of constraints. The division of forces into external 
and internal is purely relative, and it depends on the extent of 
the system whose motion is being investigated. In considering the 

* Not to be confused with inertia force, which was denoted in the same way 
in § 119. 
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motion of the solar system as a whole, for example, the gravita¬ 
tional attraction of the sun acting on the earth is an internal 
force; in investigating the earth’s motion about the sun. the same 
force is external. 

Internal forces possess the following properties: 

1. The geometrical sum (the principal vector) of all the inter¬ 
nal forces of a system is zero. This follows from the third law 
of dynamics, which states that any two particles of a system 
(Fig. 295) act on each other with equal and oppositely directed 

forces Fl t and Fh, the sum of which is zero. Since the same is 
true for any pair of particles of a system, then 


2^=0 (i) 

2. The sum of the moments (the principal moment) of all the 
internal forces of a system with respect to any centre or axis is zero. 
For if we take an arbitrary centre 0, it is apparent from 

Fig. 295 that m u (F l 't) m„ (Fh) = 0. The same 
result holds good for the moments about 
any axis. Hence, for the system as a whole 
we have 

2m„jf;)=0 or 2«i,(fi) = 0. (2) 

It does not follow from the above, how¬ 
ever, that the internal forces are mutually bal¬ 
anced and do not affect the motion of the 
system, for they are applied to different par¬ 
ticles or bodies and may cause their mutual displacement. The 
internal forces will be balanced only when a given system is a 
rigid body (see § 3). 

130. Mass of a System. Centre of Mass. The motion of a sys¬ 
tem depends, besides the acting forces, on its total mass and the 
distribution of this mass. The mass of a system is equal to the 
arithmetical sum of the masses of all the particles or bodies 
comprising it*: 

M =X m k- (3) 

The distribution of mass is characterised primarily by the lo¬ 
cation of a point called the centre of mass. The centre of mass. 



We shall conventionally denote mass by the same letter At as the moment 
ol a lorce Any possibility of confusion is precluded by the fact that when the 
symbol M denotes moment of a force, it is always provided with a subscript 
(e.ff.. M c , M x , At,) In Chapter 29, however, where the svmbols of moment 
and mass intermmgie frequently, we shall denote the mass of a system by the 
symbol c/ft. " * 
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or centre of inertia , of a system is defined as a geometrical point 
C whose coordinates are given by the equations: * 



M 



_ 2 m k y k 

M 



2 




M 



where m k is the mass of a particle of the system, and x k , y kt z k 
are its coordinates. 

If the position of a centre of mass is defined by its radius 
vector r c , we can obtain from Eqs. (4) the following expression 



2 m k r k 
M ’ 



where r k is the radTus vector of a particle of the system. 

for a body in a uniform gravitational field, the centre of mass 
coincides with the centre of gravity. For, if in Eqs. (74) (§ 53) 
we assume p k = m k g and P = A1g, where g is the acceleration of 
gravity, which is constant for all the points of a uniform field, 
by eliminating g we obtain from Eqs. (74) our formulas (4). 

The concepts of centre of gravity and centre of mass, however, 
are not identical. The concept of centre of gravity, as the point 
through which the resultant of the forces of gravity passes, has 
meaning only for a rigid body in a uniform field of gravity. The 
concept of centre of mass, as a characteristic of the distribution 
of mass in a system, on the other hand, has meaning for any 
system of particles or bodies, regardless of whether a given sys¬ 
tem is subjected to the action of forces or not. 



131. Moment of Inertia of a Body About an Axis. Radius of 
Gyration. The position of centre of mass does not characterise 

completely the distribution of mass 
in a system. For if in the sys¬ 
tem in Fig. 296 the distance h of 
each of two identical spheres A 
and B from the axis Oz is in¬ 
creased by the same quantity, the 
location of the centre of mass 
4 ..... f ... , will not change, though the dis¬ 

tribution of mass will change and influence the motion of the sys- 

tem (all other conditions remaining the same, the rotation about 
axis Oz will be slower). 

Accordingly, another characteristic of the distribution of mass, 
called the moment of inertia, is introduced in mechanics. The 
moment of inertia of a body with respect to a given axis Oz is de¬ 
fined as a scalar quantity equal to the sum of • the masses of the 


Fig. 296. 
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particles of the body, each multiplied by the square of its perpen¬ 
dicular distance from the axis: 

= >*• ( 6 ) 

It will be shown further on that moment of inertia plays the 
same part in the rotational motion of a body as mass does in 
translatory motion, i.e., moment of inertia is a measure of a 
body's inertia in rotational motion. 

By Eq. (6), the moment of inertia of a body is equal to tlie 
sum of the moments of inertia of all its parts with respect to the 
same axis. For a material point located at a distance h from an 
axis, J z = mh t . The dimension of moment of inertia in the tech¬ 
nical system of units is (7) = kgm-sec*. 

The concept of radius of gyration is often employed in calcula¬ 
tions. The radius of gyration of a body with respect to an axis 
Oz is a linear quantity q defined by the equation 

J Z = M Q\ (7) 


where M is the mass of the body. 

It follows from the definition that geometrically the radius of 
gyration is equal to the distance from the axis Oz to a point, 
such that if the mass of the whole body were concentrated in it 
the moment of inertia of the point would be equal 
to the moment of inertia of the whole body. 

Knowing the radius of gyration, we can obtain the 
moment of inertia of a body from Eq. (7) and vice 
versa. 


132. Moments of Inertia of Some Homogeneous 
Bodies. If we divide a body into elements, in the 


limit the sum 
and we obtain 


in Eq. (G) will become an integral 


j.= 


J Id dm. 


6 


( 8 ) 


(V) 


T 


dr 

t 


I 


<y. 207. 


where the integration is over the whole volume of 

the body and h depends on the coordinates of the points of the body. 

Eq. (8) is convenient in computing the moments of inertia of 
homogeneous bodies. Let us examine some examples. 

1 . I h i n Homogeneous Rod of Length / and Mass 
M. Let us find its moment of inertia with respect to an axis Az 
perpendicular to the rod (Fig. 297). If we lay off a coordinate 
axis Ax along AB, for any line element of length dx we have 
h=x and its mass dm = Q l dx, where Q t ==Mjl is the mass of a 
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unit length of the rod, and Eq. (8) gives*: 


i i 

§ x'dm = e, J x'dx = Q , y. 

o o 


Substituting the expression for q 1§ we obtain finally 

(9) 

I 

2. Thin Circular Homogeneous Ring of Radius R 
and Mass M. Let us find its moment of inertia with respect to 
an axis Cz perpendicular to the plane of the ring through its 
centre (Fig. 298). As all the points of the ring are at a distance 

^ h k = R from axis Cz, Eq. (6) gives 

4 = 2 ***/?*=(2 '«*) R* = mr\ 

Hence, for the ring 

J C = MR\ (10) 

It is evident that the same result is ob¬ 
tained for the moment of inertia of a cylin¬ 
drical shell of mass /VI and radius R with respect to its axis. 

3. Circular Homogeneous Disc or Cylinder of Ra¬ 
dius R and Mass M. Let us compute the moment of inertia 
of a circular disc with respect to an axis Cz perpendicular to it 
through its centre (Fig. 299a). Consider an elemental ring of ra¬ 
dius r and width dr. Its area is 2 zxrdr, and its mass dm = Q.2nrdr, 

V/ ^ 1 

where 0 ,= —} is the mass of a unit area of the disc. From Eq. 
(10) we have for the elemental ring 



dJ c = r*dm = 2nQ t r*dr, 


and for the whole disc 


4 = 2*0, ] r*dr = -1 no t R\ 


Substituting the expression for Q t , we obtain finally 


J C =±MR\ 


(ID 


* Here and further on, J A denotes the moment of inertia with respect to an 
axis through A perpendicular to the plane of the cross section in the diagram. 
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• It is evident that the same formula is obtained for the moment 
of inertia J z of a homogeneous circular cylinder of mass M and 
radius R with respect to its axis Cz (Fig. 2996). 

4. Rectangular Lamina. Cone. Sphere. Omitting the 
computations, here are the equations of the moments of inertia 
of several bodies (the student is 
invited to deduce these formulas 
independently): 

a) uniform rectangular lamina 
of mass M with sides of length 
a and b (the x axis is coinci¬ 
dent with side a, the y axis 
with side b ): 


1 


* 3 


±Mb\ 


J y =±Ma\ 




b) uniform right circular 
cone of mass M and base radius 
R (the z axis is coincident with the 


Fig. 299. 


c) uniform sphere of mass 
cident with a diameter): 

J Z = 0.4MR 1 . 


axis of the cone): 

«/* = 0.3 MR*. 

M and radius R (the z axis is coin- 


The moments of inertia of non-homogeneous and composite bod¬ 
ies can be determined experimentally with the help of appropri¬ 
ate instruments. One such method is given in § 155 


133. Moments of Inertia of a Body About Parallel Axes. The 
Parallel-Axis (Huygens’) Theorem. In the most general case, the 
moments of inertia of the same body with respect to different axes 
are different. Let us see how to determine the moment of inertia 
of a body with respect to any axis if its moment of inertia with 
respect to a parallel axis through the body is known. 

Draw an axis Cz through the centre of mass C of a bodv and 
an axis Oz, parallel to it (Fig. 300), denoting the distance be¬ 
tween the two axes by the symbol d. By definition we have 

where h k is the distance of an arbitrary point B of the body from 

? 2 " a , nd is tJle dis * ance of Hie same point from axis Cz 
It follows from &Bae that 

bk = h'\-\-d t — 2 dh ' k cos a k . 
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Let us draw from point C, as the origin of a coordinate system, 
axes x and y perpendicular to Cz, such that x intersects with 
axis 0z x . It is evident that Cx\\ae. Denoting the coordinates of 
point B as x k , y k , z k , we obtain: 

h' k cosa k = x k and hi = h'l-\- d *— 2 dx k . 

Substituting this expression of h k into the expression for Joz, . 
and taking the common factors d* and 2 d outside the summation 
signs, we have 

Joz, = 2 nl k h '* + (2 m k )2 tn^c k . 

The first summation in the right side of the equation is equal 
to J Cz , and the second to the mass Af of the body. Let us find 

the value of the third summation. 
From Eq. (4) we know that, for 
the coordinates of the centre of 
mass, 2 > a a-* = A1.v c . But since 
in our case point C is the origin, 
x r =0 , and consequently 2 m***=0. 
We finally obtain 

Joz t =J C z + Md*. (12) 

Eq. (12) expresses the paral¬ 
lel-axis the orem enunciated 
by Huygens*: The moment of iner¬ 
tia of a body with respect to any 
axis is equal to the moment of iner¬ 
tia of the body with respect to a 
parallel axis through the centre of 
mass of the body plus the product of the mass of the body and 
the square of the distance between the two axes. 

It follows from Eq. (12) that Joz l '^>J (:z . Consequently, of all 
the axes of same direction, the moment of inertia is least with 
respect to the one through the centre of mass. 

I he parallel-axis theorem can also be used to determine the mo¬ 
ment of inertia of a body with respect to a given axis Oz t , if its 
moment of inertia with respect to any parallel axis Az z and the 
distance d l and d 2 of each axis from the body’s centre of mass 
are known. Hence, knowing J AZj and d t , we obtain J Cz from Eq. 


* Christian Huygens (16—^>-1695), celebrated Dutch mechanic, physicist and 
astronomer. He developed the first pendulum clock. In this connection he stu¬ 
died the vibrations of the compound pendulum (see § 154) and introduced the 
concept of moment of inertia of a body. 
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(12) and, applying the same formula, determine the required mo 
ment of inertia J 0z 1 


Problem 122. Determine the moment of inertia of a slender rod 
spect to an axis Cz perpendicular to it through its centre of mass 

Solution. Draw an axis Az through end A of the rod Nee Fie 
Cz is not shown in it). Then, by Eq. (12), 1 


with re- 
297; axis 


In our case d = 
Eq. (9). Hence, 


J C = Ja- AM*. 

, where / is the length of the rod, and J A is found from 

J c=\ Ml' -{W=1 W . 


Problem 123. Determine the moment of inertia of 
to an axis Az, through its generator (see Fig. 299b). 
Solution. From the parallel-axis theorem, Jaz, 

d ~R. and from Eq. (11) J Cz = ~ MR *. 

Substituting these expressions, we obtain 


a cylinder with respect 
= Jfg -f- Mil*. In our case 


Jai, = y mk ' + mk '=-j a, «'- 


Chapter 24 

THEOREM OF THE MOTION OF THE CENTRE OF MASS 

OF A SYSTEM 


134. The Differential Equations of Motion of a System Sun 

pose we have a system of n particles. Choosing any particle of 
mass m k belonging to the system, let us denote the resultant of 

all the external forces acting on the particle (both active forces 

and the forces of reaction) by the symbol Fl and the resultant 

o all the internal forces by Fi If the particle has an acceler¬ 
ation w k , then, by the fundamental law of dynamics. 


m k w h = F e * + F*. 

,Similar results are obtained for any other 
for the whole system, we have 


particle, 


whence. 


m,W, —-|- F'\ 


m n W„ = F’„-\ r F J n . ) 
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These equations, from which we can develop the law of motion 
of any particle of the system, are called the differential equations 
of motion of a system in vector form. Eqs. (13) are differential be¬ 
cause w k = In the most general case the forces in the 

right side of the equations depend on the time, the coordinates 
of the particles of the system, and their velocities (see §§ 99 and 
107). 

By projecting Eqs. (13) on coordinate axes, we can obtain the 
differential equations of motion of a given system in terms of the 
projections on these axes. 

The complete solution of the principal problem of dynamics 
for a system would he to develop the equation of motion for each 
particle of the system from the given forces by integrating the 
corresponding differential equations. For two reasons, however, 
this solution is not usually employed. Firstly, the solution is too 
involved and will almost inevitably lead into insurmountable 
mathematical difficulties. Secondly, in solving problems of mechan¬ 
ics it is usually sufficient to know certain overall characteris- 

«r 

tics of tlie motion of a system, without investigating the motion 
of each particle. These overall characteristics can be found with 
the help of the general theorems of systems dynamics, which we 
shall now study. 

The main application of Eqs. (13) or their corollaries will be 
to develop the respective general theorems. 


135. Theorem of the Motion of Centre of Mass. In many cases 
the nature of the motion of a system (especially of a rigid body) 
is completely described by the law of motion of its centre of mass. 
To develop this law, let us take ttie equations of motion of a 
system (13) and add separately their left and right sides. We ob¬ 
tain 



m k w 


h 




1 et us transform the left side of the equation. For the radius 
vector of the centre of mass we have, from Eq. (5), 

taking the second derivative of both sides of this equation with 
respect to time, and noting that the derivative of a sum equals 
the sum of the derivatives, we find 




m k w 


k 


Mw c , 



or 
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where w c is the acceleration of the centre of mass of the system. 

As the internal forces of a system give (see § 129) >^* = 0. by 

substituting all the developed expressions into Eq. (14). we obtain 
finally 

Mw c = ^F' k . (16) 

Eq. (16) states the theorem of the motion of the centre of mass 
of a system. Its form coincides with that of the equation of mo¬ 
tion of a particle [§ 100, Eq. (3)| of mass m-=M where the act¬ 
ing forces are equal to F' k . We can therefore formulate the the¬ 
orem of the motion of the centre of mass as follows: 
The centre of mass of a system moves as if it were a particle of 
mass equal to the mass of the whole system to which are applied 
all the external forces acting on the system. 

Projecting both sides of Eq. (16) on the coordinate axes, we ob¬ 
tain 


d * x c _ 


l _c _v-* 

4 


•t'yr 






-- V FU. (16') 


These are the differential equations of motion of the centre of 
mass in terms of the projections on the coordinate axes. ' 

The theorem is valuable for the following reasons: 

1) It justifies the use of the methods of particle dynamics. It fol¬ 
lows from Eqs. (16') that the solutions developed on the assump¬ 
tion that a given body is equivalent to a particle define the law 

of motion of the centre of mass of that body. Thus, these solutions 
have a concrete meaning. 

In particular, if a body is being translated, its motion is com¬ 
pletely specified by the motion of its centre of mass, and conse- 
quently, a body in translatory motion can always be treated as 
a particle of mass equal to the mass of the body. In all other 

cases, a body can be treated as a particle only when the position 

of its centre of mass is sufficient to specify the position of the 
body. 

2) The theorem makes it possible, in developing the equation 

of motion for the centre of mass of any system, to ignore all un¬ 

known internal forces. This is of special practical value. 

|; i6 The Law of Conservation of Motion of Centre of Mass 
I lie following important corollaries arise from the theorem of the 
motion of centre of mass: 

1) Let the sum of the external forces acting on a system be 

o • 
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It follows, then, from Eq. (16) that w c = 0 or v c = const. 

Thus, if the sum of all the external forces acting on a system is 
zero, the centre of mass of that system moves with a velocity of 
constant magnitude and direction, i.e., uniformly and rectilinearly. 
In particular, if the centre of mass was initially at rest it will 
remain at rest. The action of the internal forces, we see, does not 
alTect the motion of the centre of mass. 

2) Let the sum of the external forces acting on a system be 
other than zero, but let the sum of their projections on one of 
the coordinate axes (the x axis, for instance), be zero: 

2n,=o. 


The first of Eqs. (16'), then, gives 



or 


dx r 

lit 


v Cx --const. 


Thus, if the sum of the projections on an axis of all the external 
forces acting on a system is zero, the projection of the velocity of 
the centre of mass of the system on that axis is a constant quanti¬ 
ty. \n particular, ii at the initial moment v Cx — 0, it will re¬ 
main zero at any subsequent instant, i.e., the centre of mass of 
the system will not move along the .v axis (.v f . = const.). 

I lie above results express the law of conservation of motion of 
the centre of mass nf a system. Let us examine some cases of its 
application. 

a) .Motion of the Centre of Mass of the Solar Sys¬ 
tem. Since in practice the attraction of the stars can be neglect¬ 
ed, we may assume that there are no external forces acting on 
the solar system. Hence, in the first approximation, its centre of 
mass i> in uniform rectilinear motion through space. 

b) Action of a Force Couple on a Body (see, for exam¬ 
ple, big. 43). If a force couple ( F , F') starts acting on a body, 
the geometrical sum of these external forces will be zero 
(/*-; F - 0). Consequently, if the centre of mass C of a system 
was initially at rest, it must remain at rest after the couple is 
applied. I bus. no matter to w hat part of a free rigid body a co¬ 
uple is applied, the body will start rotating about its centre of 
mass (see §19). 

c) At ot ion on a Horizontal Plane. In the absence of 
trietion a person would be unable to walk along a horizontal 
plane with the help of his muscular effort (internal forces) alone, 
as the sum of the projections on any horizontal axis Ox of all 
the external forces acting on the person (the force of gravity and 
reaction of the plane) would be zero and his centre of mass would 
not move parallel to the plane (x c = const.). 
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. . If : f f ° r exanipl f* h , e made a ste P forward with his right foot 

at rest^ WiffTfVi S ' P f and his , centre of mass would remain 

at rest. With friction, though, the slipping of the left foot would 

be opposed hy a frictional force directed forward. This would be 

he external force making it possible for the person to move in 
the direction of its action, i.e. t forward 

Something similar takes place in the motion of a locomotive 

or motor car. The pressure of the boiler steam or engine gases 
are an internal force and can- ** K 

not by themselves displace the 
centre of mass of the system. 

Motion is made possible be¬ 
cause the engine transmits a 
torque to the so-called driv¬ 
ing wheels. The point of 
contact B of the driving wheel 
(Fig. 301) tends to slip to 
the left, generating a friction¬ 
al force directed to the right. 





Fig. 301. 


This external force makes the centre of mass of the steam engine or 

r‘° r n n C t ar i, ! f OVC the right. When this force is absent, or when 
d ls n . ot sufficient to overcome the opposition to the rotation of 
the driven wheels*, motion does not take place. The driving 
wheels will slip without any forward motion. 

2) Braking Braking is effected by pressing a brake shoe to 
a drum connected rigidly with a rolling wheel. The frictional 

and e ^ eve ?P in £ between the shoe and drum is an internal force 
and alone it cannot alter the motion of the centre of mass, i e ’ 

it cannot stop, say, a train or car. The friction of the shoe on 
the drum however, retards the rotation of the wheel around its 
axis and thereby increases the friction of the wheel on the ra I 

L r p a 5„* h '. Ch ju directed gainst the motion This externa 
rce " 111 retard the motion of the centre of mass of the vehicle 
i.e., produce the braking effect (see Problem 148. § 156). 

f J. 3 , 7 ‘ 4 So,u f tion of Problems. The theorem of the motion of 

of the n, r a C ss°centre if /° d , CV r el ° P lhe c( ' uation of motion 

, U'^ss centre if the external forces are known and 

versely, to determine the principal vector of the external form' 

fs Ct K the ,r quati ° n ° the mass 

_ Ihe f,rst Problem was already studied in particle 


T! ,e s .‘ 0r . qu : e do ? s "°t act «n the driven wheel. Act 


ing on it is a force ap. 


facfAIlh &££ frktionai 0 ' V°^cZ 

directed in the opposite direction ^md opposes the r motion! n ^ *'“ S " h “* * 



320 


Motion of the Centre of Mass of a System 


[Ch. 24 


dynamics. Examples of solutions of the second problem are 
examined below. 

The theorem makes it possible to exclude all the internal 
forces from consideration. This suggests that in investigating a 
system it should be so chosen as to make some of the immedi¬ 
ately unknown forces internal with respect to the system. 

Whenever the law of conservation of motion of the centre of 
mass applies, the theorem makes it possible to determine the 
displacement of any part of the system if the displacement of 
another part is known. 


We have proved that when = 0 and at the initial moment v Cx = 0, 

x r = const. throughout the motion of the system. Let us have a system of 
three bodies of masses m,. /«,. m s . the initial coordinates of whose centres 
are x,, x a . x,. If under the action of any internal (or external) forces the 
bodies perform absolute displacements the projections of which on the x axis 
are £,. £ 2 , £,. the respective coordinates will be **-f-S*. The 

coordinate of the centre of mass x r of the whole system in the initial and 
final positions will then be: 


_ "h*. 4- "»t Vj -f "»a's . 
*C„- M 



”1, (x, 4- £ ,) 4- m t (x , 4- l a ) 4- m 3 {X, 4- l 3 ) 

At 


good for displacements along an axis 



efforts of the men, we consider 
mentioned forces become internal, 
the vertical forces P, p A , p n , 
tial moment v r —0. x c ~ 
all the bodies are governed 


and consequently, 

(17) 
(17') 

centre of mass holds 
the algebraic sum of the products 
of the masses (or weights) of the bod¬ 
ies of the system on the projections 
of the absolute displacements of their 
centres of mass must be zero, if at 
the initial moment v r = 0. In com- 

puting £,. ... attention should 

always be paid to their signs. 

Problem 124. Two men of weights 
p A and p R are seated in the bow 
and stern of a boat of weight P at 
a distance / from each other (Fig. 
302). Neglecting the resistance of the 
water, determine t he direct ion and size 
of the displacement of the boat if the 
men change places. 

Solution. In order to exclude 
from consideration the unknown forces 
of friction of their shoe soles on the 
bottom of the boat and the muscular 


the boat and the men in it as one system, and the 
The external forces acting on the boat are 
and N. Hence. y Fj.. = 0. and, as at the ini- 
const. Consequently, the absolute displacements of 
by the formula (17). 


or 


As v, — const., X(' g = x Ct , 

"»i£. 4 -"'jSj 4-= 0. 

Pili 4- Pili 4- Pilz — O. 

Thus, when the law of conservation of motion of the 

Ox. 
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Denoting the boat and the men in their initial and linal positions, we 
find that the displacement of the boat = x. Furthermore, the absolute 
displacement of the first man is % A = x -\-1, the absolute displacement of the 
second man is BB X , and the projection of the latter displacement on the x 
axis is = —(l — x). Hence, from Eq. (17'). 

Px + p A (x -f /) p R |— (/ — x)\ = 0. 
whence we find the displacement of the boat: 

_ Ph — Pa , 

~ P+P.X+PH * 


If Pp > PA' x > 0. i- e - fl»e boat will move to the right; if Pr<P\. the 
boat will move to the left. If p n = p A , the boat will remain at rest. 

The procedure mentioned above is important enough to repeat the formu¬ 
lation: in solving problems of this type, the system to be investigated must be 
chosen so that the immediately unknown forces would be internal. 

Problem 125. The centre of gravity of the shaft of the motor in Fig. 
303 is located at a distance AB=a from the axis of rotation. The shaft is 
of weight p, and the weight of all other parts of 
the motor is P. Deduce the law of motion of the 
motor on a smooth horizontal surface if the shaft 
rotates with a uniform angular velocity co. Also 
determine the maximum stress that will be devel¬ 
oped in a bolt D fastening the motor to the sur¬ 
face. 

Solution. In order to eliminate the forces 
rotating the shaft by making them internal, consid¬ 
er the motor with the shaft as a single system. 

1) For the motor standing freely on the plane, 
all the forces acting on it are vertical and. as 
in the previous problem, the law of conservation 
of the motion of the centre of mass parallel to 
axis Ox will apply. Show the motor in an arbi¬ 
trary position, assuming as initial the position in which points B and A arc 
on the same vertical (on the y axis). Then in the arbitrary position ? 5 =.t, 
!/* = x -f- a sin (p. Hence, taking into account that <f = mt . we find from Eq.(17') 

Px -f- P (* a sin <o0 = 0, 

whence 



pa 


P -F P 


sin o)t. 


Thus, the motor will perform simple harmonic motion with an angular 
frequency o). 

2) When the motor is fastened, the horizontal reaction R x of the bolt 
by the first of Eqs. (If/), will be 



where 



Px A + px n 

A 1g 




In this case point A is fixed, and x A = h (A = const.) and x n = h -f a sin tat. 
Differentiating the expression of x c and multiplying it by At, where M is the 
mass of the whole system, we obtain 



<Px c _ P 
dl 2 g 


d 2 x/f _ paui 2 

~dt r ~ 


sin ait. 


11 —uvbi 
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The pressure on the bolt is equal to J R x | in magnitude and opposite in 

direction. Its maximum value will be - ab) -. 

S 

Problem 126. Crank AB of length r and weight p of the mechanism in 
Fig. 304 rotates with a constant angular velocity w and actuates the slotted 
bar and the piston D connected to it. The total weight of the bar and piston 
is P. Acting on the piston during the motion is a constant force Q. Neglect¬ 
ing friction, determine the maximum horizontal pressure of the crank on its 
axle A. 



Solution. In order to eliminate the forces rotating the crank and the 
nlnr 0r 7,f b £' the s,ot ted bar, consider the motion of the system as 
ihc first* o^ Eqs (l6') honzonta l reaction of the axle A by R x , we have from 

d*x c n 
dt* ~ Rx 


M 


where, by Eqs. (4). Mx c = m,*, + m t x 2 . 
In our case 


_ p r p 

m - H ’ - v i =-9 cos to/; "i t = —- . .v 2 = a-f-/-coscoC 


S’ ‘2 
as q=o>/. We finally obtain 




Q + M — r ~Y ( Y + p ) cos 


Hlrp T P }t, p ?r ° n the shaft is equal in n,a gnitude to | R I and oppositely 
directed The maximum pressure will beat 9 = 180° and "will beTqual to 
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Chapter 25 

THEOREM OF THE CHANGE IN THE LINEAR 
MOMENTUM OF A SYSTEM 

138. Linear Momentum of a System. The linear momentum, 
or simply the momentum, of a system is defined as the vector 
quantity Q equal to the geometric sum (the principal vector) of 
the momenta of all the particles of the system (Fig. 305): 

Q = (18) 

It can be seen from the diagram that, irrespective of the veloc¬ 
ities of the particles (provided that they are not parallel) the 
momentum vector can take 
any value, or even be zero 
when the polygon construct¬ 
ed with the vectors ni k v k 
as its sides is closed. Conse¬ 
quently. the quantity Q does 
not characterise the motion 
of the system completely. 

Let us develop a formula 
with which it is much more 

convenient to compute Q and also to explain its meaning. It 
follows from Eq. (5) that 

2 m *r* = Mr c . 

Differentiating both sides with respect lo time, we obtain 




i - r ■ • ~ 




2 


whence we find that 



Q = M v c , (19) 

i.e., the momentum of a system is equal to the product of (he 
mass of the whole system and the velocity of its centre of mass. 

I his equation is especially convenient in computing the momen¬ 
tum of rigid bodies. 

It follows from Eq. (19) that, if the motion of a body (or a 
system) is such that the centre of mass remains motionless, the 
momentum of the body is zero. Thus, the momentum of a body 
rotating about a fixed axis through its centre of mass is zero 
(the polygon in Fig. 305 is closed). 

If, on the other hand, a body has relative motion, the quan¬ 
tity Q will not characterise the rotational component of the 

ii* 
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motion about the centre of mass. Thus, for a rolling wheel, 
Q — Mv c , regardless of how the wheel rotates about its centre 
of mass C. 

We see, therefore, that momentum characterises only the trans¬ 
lator y motion of a system , which is why it is often called linear 
momentum. In relative motion, the quantity Q characterises only 
the translatory component of the motion of a system together 
with its centre of mass. 


139. Theorem of the Change in Linear Momentum. Consider 
a system of n particles. Writing the differential equations of 
motion (13) for this system and adding them, we obtain 

From the property of internal forces the last summation is zero. 
Furthermore, 

2 m k w k = ~ (2 m k v k ) = ‘§, 
and we finally have 

dT ( 20 ) 


Eq. (20) states the theorem of the change in the 
linear momentum of a system in differential form- 
7 he derivative of the linear momentum of a system with respect 
to tune is equal to the geometrical sum of all the external forces 
acting on the system. 

In terms of projections on cartesian axes we have 


(1Q X 

dt 





Let us develop another expression 'or the theorem. I.et the 

momentum of a system be Q 0 at time t = 0, and at time / let 

it be (?,. Multiplying both sides of Eq. (20) by dt and integrat¬ 
ing, we obtain b 


t, 

Q,-Q.='2'j l F' k dt, 

0 

or 

£» — = ( 22 ) 

aS pl! e /o n ow a i St ,°u th ?, rightgivethe pulses of the external forces, 
hq. (22) states the theorem of the change in the linear 

momentum of a system in integral form: The change 
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in th , e ! it \ e l ar momentum of a system during any tune interval is 
cquo to the sum of the impulses of the external forces acting on 
the body during the same interval of time. * 

In terms of projections on cartesian axes we have 


= 2 ^. | 


(23) 


Let us show the connection between this theorem and the 
theorem of the motion of centre of mass. As Q = by substi 

tUtlng d 0 thlS ex ' ,ress ' on int0 E( l- (20) and taking into account 
= - we obtain Mw c = '£F’ i . i.e., Eq. (16). 


that 


Consequently the theorem of the motion of centre of ma<s and 
the theorem of the change in the momentum of a system are in 
effect two forms of the same theorem. Whenever the motion of a 
rigid body (or system of bodies) is being investigated, both theorems 
may be used, though Eq. (1G) is usually more convenient 

.or a f continuous medium (a fluid), however, the concept of 
centre of mass of the whole system is virtually meaningless, P and 
he theorem of the change in the momentum of a system is used 
n the solution of such problems. This theorem is also verv useful 

sU)n n ( V § eS I42) 1,n8 16 1C ° ry ° f impact (C,,a P ler 31 ) y nd jet propul- 

The practical value of the theorem is that it enables us to 
exclude fiom consideration the immediately unknown internal 

paruclei of a"l!qu^. "' e rCCi, ’ r ° Cal f ° rCCS ‘ aCti "« bet —> <>’* 

, d 40 ’. The Law of Conservation of Linear Momentum The 
following important corollaries arise from the theorem of tie 
change in the momentum of a system- 

be‘zero'-' ““ SUm ° f a " ll ' C cx,cmal forcPS °n a system 

32*1=0. 

It follows from Eq. (20) that in this case <? = const Thus 
// the sum of alt the external forces acting on a system is zero the 
momentum vector o, the system is coni,an, "/ magmtuZ’mn, 

2) Let the external forces acting on a system be such 
the sum ol their projections on any axis Ox is zero: 
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It follows from Eqs. (21) that in this case Q x = const. Thus, 
if the sum of the projections on any axis of all the external forces 
acting on a system is zero, the projection of the momentum of that 
system on that axis is a constant quantity. 

These results express the law of conservation of the linear momen¬ 
tum of a system. It follows from the above that internal forces 
are incapable of changing the total momentum of a system. Let 
us consider some examples. 

a) Recoil. If a rifle and the bullet in its barrel are consid¬ 


ered as one system, the pressure of the gases during the shot will 
be an internal force incapable of changing the total momentum 
of the system. Therefore, as the gases acting on the bullet impart 
to it a certain momentum in the direction of the muzzle, they 
must at the same time impart an identical momentum to the 
rille in the opposite direction, and the rille “kicks”. This is the 
phenomenon of recoil well known in artillery. 

b) Propeller propulsion. A rotating propeller or screw 
1 brows back a certain mass of air (or water) along its axis. If 
this backward-moving mass and the moving aircraft (or ship) are 
considered as one system, the forces of interaction between the 
propeller and the medium are internal and cannot change the 
total momentum of the system. Therefore, the flowback of air 
(water) causes the aircraft (or the vessel) to receive a correspond¬ 
ing forward velocity, such that the total momentum of the system 
remains zero, since it was zero before motion began. 

fhe action of oars or paddle-wheels is of the same nature. 

c) Reaction Propulsion. In a reaction-propelled vehicle 
(e g., a rocket), the gaseous products of combustion of a fuel are 
ejected with a high speed from the rear end (or the nozzle of a 
jet engine). I he pressure caused by the gases is an internal force 
.uni it cannot change the total momentum of the rocket-combus- 


tinn products system. But as the ejected gases possess a certain 

backward-directed momentum, the rocket receives a corresponding 

magnitude of this velocity will be deter¬ 
mined in $ 142. 


Note that in propeller propulsion motion is imparted to, say, 
an aircraft b\ throwing back the particles of the lluid in which 
it is moving. In a vacuum such propulsion is impossible. In reaction 
propulsion, motion is imparted by the ejection of a working fluid 
produced in the engine itself (the products of combustion), and 
motion is possible both in the air and in vacuum. 


141. Solution of Problems. The theorem of the change in 
linear momentum is usually employed in studying the motion of 
a medium (a liquid or gas). Application of the theorem eliminates 
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all the internal forces from the consideration. Therefore, the inves¬ 
tigated system should be so chosen that all or part of the imme¬ 
diately unknown forces would be internal. 

The law of conservation of momentum is conveniently used in 
cases when the velocity of one part of a system has to be deter¬ 
mined from the change in the translator)' velocity of another 
part of the system. In particular, the law is widely used in the 
theory of impact. 





Problem 127. A bullet of weight p fired horizontally with a velocity u 
hits a box of sand standing on a truck (Fig. 306). What velocity will the truck 
receive as a result of the impact if its weight 
together with the box of sand is P' J 

Solution. Consider the bullet and the 
truck as one system. This enables us to exclude 
the forces generated when the bullet bits the 
sand. The sum of the projections of the exter¬ 
nal forces on the horizontal axis Ox is zero. 

Consequently. Q v = const.. or 0., x = Q tx . where 
Q, is the momentum of the system before the im¬ 
pact, and Q t , after the impact. As the truck was 

motionless before the impact. Q„ x = ^-u. 

A 


///A 


~3L 


Fig. 3U6. 


Th After the impact the truck and bullet are moving with the same velocity w . 

Q '* = —g~ v - 

and equating the right sides of the expressions for Q ox and Q tx , we obtain 


V = 


p + p 


u. 







mzzz 







z 



mu/zle velocity of the shell is u. 

Solution. To exclude the 
unknown forces developed by the 
pressure of the gases, consider the 
shell and the gun as one system. 

Neglecting the resistance to the 
recoil during the motion of the 
shell in the bore, we find that the 

plied external forces on the axis Ox is zero (Figl^SOZj^Vlence S Q Ji'const* 

nient Sl '° l Sy!tem " K,tionk ’ bS «?■. = »)•' Io? any mol 

If the velocity of the recoiling parts at the final instant is v. then the ab¬ 
solute velocity of the shell at that moment is u-\-v. Consequently, 


Fig. 307. 


Q x = - 


V 


P 


+ frK d-Cv) 


o 


(a) 



328 


Change in the Linear Momentum of a System 


[Ch. 25 


whence we find 



P 

p + P 



If we knew the absolute muzzle velocity u a of the shell, we could have 
substituted u ax for u x -\-v x in equation (a), whence 



The minus sign in both cases means that v is in the opposite direction of a. 

Note that in calculating the total momentum of a system the absolute ve¬ 
locities of its parts should be considered. 

Problem 129. Force of a Jet of W a t e r. A jet of water of diameter 
d = 4 cm is discharged from a nozzle with a velocity «= 10 m/sec and impinges 

normally against a fixed vertical wall (Fig. 
308). Neglecting the compression in the jet, 
determine the force of the water on the wall. 

Solution. To exclude the internal forces 
of interaction of the water particles between 
each other at the time of impact, apply the 
first of Eqs. (23) 

q.*-«<>*= 2 s ** <«> 

to the part of the jet filling the volume abc at 
the given instant. Let us calculate for this 
volume the difference Q lx — Q 0K for a certain 
time interval During this interval, the vol¬ 
ume of water will occupy configuration a,b,c,, and 
the value of Q x will decrease by mu, where m 
is the mass of volume aa t . The liquid filling 
volumes bb A and cc, moves normally to axis Ox and therefore does not 
increase the value of Q x . As we have only Q x decreasing, 

Qux - Qox = — "*"• 

Reaction /? of the wall will be the only external force acting on the given 
volume and giving a projection on axis x. Assuming R=const., we obtain 



and equation (a) gives 



mu = Rt t . 

Now compute m. As the displacement aa l =ut i . 



where y is the weight of a unit volume, and consequently, — is the mass of 

a unit volume of the liquid. Substituting this value into equation (b) and ta¬ 
king into account that lor water y = 1,000 kg/m a , we finally obtain 

K = u*= 12 .8 kg. 

g 4 b 

The pressure of the water on the wall is equal to this value. 
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142. Bodies Having Variable Mass. Motion of a Rocket. In 
classical mechanics, the mass of every particle or po.mt of 
a moving system is considered to be a constant. In some cases, 
however, the number of particles in a given system or body may 
change with time (particles may be discharged from a body or 
added to it from outside). As a result the total weight of a given 
body will change. We have already examined problems involving 
the addition or subtraction of finite masses (Problems 127 and 
128 in the previous section, and Problem 94 in $ 103). In this sec¬ 
tion we shall examine another case of considerable practical im¬ 
portance, when the process of separation of particles from, or their 
addition to. a body takes place continuously. A body whose 
mass M changes continuously with time thanks to the addition of 
particles to it or their ejection from it. is said to have a variable 
mass* For a body having variable mass 

M = F(t), 

were F (/) is a continuous function of time. 

To such bodies belong rockets and jet aircraft, whose masses 
decrease more or less continuously as the fuel burns out. 

If we can neglect the size of a moving body as compared with 
the distance travelled, it can be considered as a particle having 
variable mass. 

Let us develop the equation ol motion for a rocket whose mass 
continually decreases, considering it as a particle having variabie 
mass in the sense described 
above. Let u denote the ve¬ 
locity relative to the rocket 
of the burned gas issued from 
the rocket. To exclude the 
forces ejecting the gas and 

to make them internal, let Iig. JU'J. 

us consider at any instant / 

the system consisting of the rocket itself and a particle issuing 
from it during a time interval dt (Fig. 309). The mass p of this 
particle is equal in magnitude to the quantity dM by which the 
mass of the rocket changes during the interval dt . As Ai is a de¬ 
creasing quantity, dM<^ 0. and consequently p = |dAf| = — dM. 

For til is system, Eq. (20) may be written in the form 

dQ —Fdt, (24) 

where F e is the geometrical sum of the external forces acting on 
the rocket. 

• Variable mass as treated here has nothing in common with variable 
mass as treated in the mechanics of the theory of relativity. Here it is due 
to the change in the number of particles in a given body. 
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If the velocity v of the rocket changes by dv during the time 
interval dt, the momentum of the system will receive an incre¬ 
ment M dv. The ejected particle will receive during this time an 
additional velocity u , and the momentum of the system will inc¬ 
rease by U[i = — adM. Consequently, dQ = Mdv — udM. Substi¬ 
tuting this expression into Eq. (24) and dividing through by dt, 
we obtain 

M W = Fe + “™- ( 25 ) 

Eq. (25) states in vector form the differential equation of mo¬ 
tion of a particle having variable mass, known also as Meshcher- 
sky's equation.* 

Smce the dimension of the second component in the right side 
of Eq. (25) is that of force, denoting it by the symbol <I>, we may 
write the equation in the form 

M~ = F‘ + *. (26) 


Thus, the so-called reaction effect is produced by an additional 
force <I>, called the reaction force, or thrust , acting on a moving 
rocket. 

I he quantity — is equal in magnitude to the mass of the fuel 

burned out in a unit of time, i.e., the per-second expenditure of 
fuel G scc . Thus, taking into account the sign. 


whence 


d\\ 

dt 



sec* 


® = — uG see, (27) 

i.e., the thrust is equal to the product of the per-second expendi¬ 
ture of fuel and the relative velocity of the exhaust gases and is 
directed opposite to that velocity. 


«-iih*2i l rh oTi! e r Se / eS w t f»,' VOU,d be e * act ifthe e J ectcd Policies did not interact 
S‘? ch .? Iher , (a f. lf ,h . cy were pellets fired in rapid succession, for example). 
Actually, though, the exhaust gases are discharged in a continuous stream and 

fl!oht a L t, ^t«T Xer - t |i reC | , f^°- Ca n° rC ! S on . each other - Therefore, in atmospheric 
flight a rocket will additionally be subjected to a force p a in the direction 

0 j| s , I 1 v ° t ; on an , d a fo f ce the opposite direction, where a is the area 

? 8 * Xlt n< ? zz l e » P\ i ls l * ie Pressure of (he exit gases over that area, and 

rn I? 7 °. SP K m P re » sur e- A* P K > Pa. the thrust will be larger than given 
by Eq. (27) by the amount (p K — p a ) or (for flight in vacuum, p a = 0).' This 

, Y: ‘'Ysbchersky (1859-1035). An outstanding Russian scholar of me¬ 

chanics. Eq. (25) was lirst developed by him in a work written in 1897. 
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is taken into account by the introduction in place of u of some effective ve¬ 
locity u e greater than « (for instance, at t/= 1,900 msec. u e = 2.200 msec). 


Let us develop the equation of motion of a rocket subjected to 
the thrust force alone, considering F' = 0 and the escape velocity 
u of the gases to be constant. If we direct the x axis in the di¬ 
rection of the motion (see Fig. 309), then v x =v , u x = —u, and. 

assuming F = 0. Eq. (25) in terms of the projections on the x 
axis takes the form 



dM 



or dv 



dM 
At • 


Integrating and assuming that at the initial moment the mass 
M=M 0 and the velocity v-—v 0 and is directed along Ox, we 
obtain 

u = t- 0 + «ln^-». (2*) 

Let us denote the mass of the rocket with all its equipment 
(the payload) by M f and the mass of the fuel Af t . Then, evidently 
= M r -{- /Vf,. and after the fuel is burned out 
the total mass of the rocket will be equal to 
M r . Substituting these values into Eq. (28). we 
obtain Tsiotkovskif s formula* for the velocity 
of a rocket when the fuel is completelv burned 
out (the velocity at the end of the so-called boost 
stage): 


Table l 


V 1 = V ° + «ln(l +XT 


(29) 


-'h Al r 

cd a 

1 

0.69 

2 

1.10 

3 

1.39 

4 

1.61 

5 

1.79 

10 

2.40 

20 

3.00 


This result is strictly accurate for conditions 
of vacuum and absence of any force-field It 
follows from Eq. (29) that the final velocity of 
a rocket depends on 1) its initial velocity v ; 

2) the relative velocity a of the exhaust gases; 

3) the relative fuel stock M, M,. known as Tsiolkovsky’s number, 
is very interesting to note that the velocity of a rocket at the 

end of the boost stage does not depend on the performance of the 

t C m / . mo l or ' l e :\ 0,1 t [! le s t ,eed with which the fuel is burned. 
I able 1 offers an idea of the dependence of v x u on At, M (at v =0) 

The practical-importance of Tsiolkovsky’s formula is that it 
points to the possible ways and means of developing the high velo¬ 
cities necessary for space flight. For this we must increase M, M 
u, and v 0 , the more effective being the increase of u and v 0 . The 

* Konstantin Eduardovich Tsiolkovsky (1857-1935). a celebrated R„«i an 
M^lWin the "jouTnal P “ 1,lishcd in 
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increase of u and M f !M r is connected with the type of fuel and 
the rocket design (for big liquid-propellant rockets MJM =3 to 4, 
u = 2,000 to 2,500 m/sec). It is possible to increase v 0 by using 
a compound (multistage) rocket. As each stage burns out its fuel, 
it is separated automatically from the last stage, which thus re¬ 
ceives an additional (initial) velocity. 

Such multistage rockets were used for the Soviet sputnik and 
lunik launchings and the space flights of Yuri Gagarin and Her¬ 
man Titov. 

Chapter 26 

THEOREM OF THE CHANGE IN THE ANGULAR 

AIOMENTUM OF A SYSTEM 


143. Total Angular Momentum of a System. The concept' of 
the angular momentum, or moment of momentum, of a material 
particle was introduced in § 116. The total angular momentum of 
a system with respect to any centre O is defined as the quantity K 0 

equal to the geometrical sum of the angular 
momenta of all the particles of the system 
with respect to that centre: * 

Ko = 2 ™ 0 (m*©*). (30) 

The angular momenta of a system with 
respect to each of three rectangular coor¬ 
dinate axes are found similarly: 

= 2 "> x (m h v k ), K„ = 2 m y 

Kz = 'Zm,(m k v k ). (31) 

By the theorem proved in § 43, /C v , K , 
are the respective projections of vec- 
_ tor K a on the coordinate axes. 

, understand the physical meaning of K, let us compute the 
angular momentum of a rotating body with respect to its axis 
o! rotation. If- a body rotates about a fixed axis Oz (Fig 310) 
the linear velocity of any particle of the body at a distance hi 
from the axis is w h k . Consequently, for that particle m 2 {m k v k ) = 

==m k v k h,t = m k (ofr k . Then, taking the common multiplier w outside 
of the parentheses, we obtain for the whole body 

_ Kz = 2 m z = (2 ,n khl) <0. 

We shall usually call the total angular momentum of a system just the 
angular momentum ol that system. y * 
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The quantity in the parentheses is the moment of inertia ol the 
body with respect to the z axis (§ 131). We finally obtain 

K, = J t o). (32) 

Thus, the angular momentum of a rotating body with respect to 
the axis of rotation is equal to the product of the moment of iner¬ 
tia of the body and its angular velocity. 

In the general case, vector K 0 for a rotating body is not equal 
in magnitude to K z or directed along axis Oz, since K u has two 
more components. K x and K v , which are not zero. If, however, 
the axis of rotation coincides with a body’s axis of symmetry, 
the momenta of symmetrically located points (see Fig. 31U) will 
be equal in magnitude and oppositely directed, and the sums of 
the moments of these momenta with respect to the x and y axes 
will vanish (K x = K y = 0). Consequently, in this case vector K„ 
will be directed along the axis of rotation and will be equal m 
magnitude to AC, i.e., to J. o>. 

If a system consists of several bodies rotating about the same 
axis, then, apparently, 

K* == ^w u) i +A*< | > 2 + - • .-\-J ‘ (32') 

The analogy between Eqs. (19) and (32) will be readily noticed: 
the momentum of a body is the product of its mass (the quantity 
characterising the body’s inertia in translator)- motion) and its 
velocity; the angular momentum of a body is equal to the product 
of its moment of inertia (the quantity characterising a body’s 
inertia in rotational motion) and its angular velocity. 

Just as the momentum of a system is a characteristic of its 
translator)' motion (see § 138), the total angular momentum of a 
system is a characteristic of its rotational motion. 

144. Theorem of the Change in the Total Angular Momentum 
of a System (the Principle of Moments). The principle of moments, 
which w'as proved for a single particle (§ 116), is valid for all 
the particles of a system. If, therefore, w ; e consider a particle of 
mass m k and velocity v k belonging to a system, wc have for that 
particle 

£\ m o ("**®*)l = m 0 (Ft,) + m u {F\), 

where Ft, and Ff are the resultants of all the external and inter¬ 
nal forces acting on the particle. 

Writing such equations for all the particles of the system and 
adding them, we obtain 

I 2 m o ("'*«*) I = 2 *) +2 «<, 
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But from the properties of the internal forces of a system (§ 129), 
the last summation vanishes. Hence, taking into account Eq. (30), 
we obtam finally 


d_Ko 

dt 


Em 0 {Fl). 



TIiis equation states the following principle of moments 

for a system: The derivative of the total angular momentum of a 

system about any fixed centre with respect to lime is equal to the 

sum of the moments of all the external forces acting on that system 
about that centre. 

Projecting both sides of Eq. (33) on a set of fixed axes Oxyz 
and taking into account the theorem proved in § 43, we obtain 


dKx 

dt 



(/>). 


dK v 

dt 


Z m y(Fl). 


dKj 

dt 




(34) 


Equations (34) express the principle of moments with respect to 
any fixed axis. 

The following principle (which we present without proof) is im¬ 
portant: Eqs. (33) and (34) are also valid for a system of moving 
coordinate axes, but only if their origin coincides with the centre 
°i ' uass °f the system and is in translatory motion together with it. 

I he theorem just proved is widely used in studying the rotation 
of a body about a fixed axis, and also in the theory of gyroscopic 
motion and the theory of impact. This, however, is not all. It was 
proved in the course of kinematics that the most general motion 
ol a body is a combination of a translation together with some 
pole and a rotation about that pole. If the pole is located in the 
centre of mass, the translatory component of the motion can be 
investigated by applying the theorem of the motion of centre of 
mass, and the rotational component, by the theorem of moments, 
t his indicates the theorem’s importance in studying the motion of 

hee bodies (a flying aircraft, shell or missile) and, in particular, 
in studying plane motion (§ 156). 

The principle of moments is also convenient in investigating the 
rotation of a system, because, analogous to the theorem of the 
change in linear momentum, it makes it possible to exclude from 
consideration all immediately unknown internal forces. 


H5 The Uw °f Conservation of the Total Angular Momentum. 

llie iollowing important corollaries can be derived from the prin¬ 
ciple of moments. v 

1) Let the sum of the moments of all the external forces acting 
on a system with respect to a centre O be zero: 
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It follows, then, from Eq. (33) that K n = const. Thus, if the 

sum of the moments of all external forces acting on a system taken 
with respect to any centre is zero, the total angular momentum uf 
the system with respect to that centre is constant in magnitude and 
direction. Application of this result for the case of planetary mo¬ 
tion was considered in § 116. 

2) Let the external forces acting on a system be such that the 

sum of their moments with respect to any fixed axis Oz is zero: 

2X(/>)=o. 

It follows, then, from Eqs. (34) that /<. = const. Thus, if the 

sum of the moments of all the external forces acting on a system 
with respect to any axis is zero, the total angular momentum of 
the system with respect to that axis is constant. 

These conclusions express the law of conservation of the total 
angular momentum of a system. It follows from them that internal 
forces cannot change the total angular momentum of a system. 

Rotating Systems. Consider a system rotating about an 
axis Oz which is fixed or passes through the centre of mass By 
Eq. (32), K z = J 2 oy, and if V m,(F'h) = 0, then 

J x i) = const. 

* • 

This leads us to the following conclusions: 

a) If a system is non-deformable (a rigid body), then 7, = const. f 
whence cu = const. That is, a rgid body will rotate about a fixed 
axis with a constant angular velocity. 

b) If a system is deformable, it will have particles which, under 
the action of internal (or external) forces, may move away from 
the axis, thereby increasing J z , or approach the axis, thereby de¬ 
creasing J z . But as J : o» = const., the angular velocitv of the system 
will decrease as the moment of inertia increases, and increase as 
the moment of inertia decreases. Thus, the action of internal 
torces can change the angular velocity of a rotating system, as the 
constancy of K z does not, in the general case, mean the constancy 
ot 0). 

Let us consider a few examples. 

a) Experiments with Zhukovsky’s Platform. The 
law of conservation of angular momentum can be demonstrated 
visually by means of a simple instrument known as “Zhukovsky’s 
platform.” It represents a circular horizontal disc supported by 
step ball bearings so that it is free to rotate with negligible fric¬ 
tion about a vertical axis z. For a person standing on the plat¬ 
form, £ m z (FI) = 0, and consequently. J t w = const. If. now, the 
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person stretches out his arms and twists himself to start rotating 
about the vertical axis and then lowers his arms, J z will decrease 
and, consequently, the angular velocity will increase. This trick 
of increasing angular velocity is widely employed by ballet dancers, 
in turning somersaults, etc. 

A person standing motionless on the platform (K z — 0) can turn 
in any direction by merely extending one arm horizontally and 
sweeping it in the opposite direction. His angular velocity will 
be such that the total quantity K z for the system will remain zero. 

b) Riding a Swing. When a person rides a swing, the pres¬ 
sure of his feet (an internal force) cannot by itself make him swing 
higher. For this, in the upper left-hand position A 0 of the swing, 
the person must squat down. When the swing passes through the 
vertical, he stands up quickly. This brings the mass closer to the 
axis of rotation z. the quantity J, decreases, and the angular ve¬ 
locity to jumps. The increase in g> will carry the swing higher 
than the initial height A 0 . In the upper right-hand position, when 
(0 = 0, .the person again squats (which, evidently, will not influ¬ 
ence the value of to), and passing through the vertical he stands 

I, P again, etc. As a result the amplitude of the swing will in¬ 
crease with each swing. 

Hie forced vibration of the swing is called parametric , as it is 
induced not by a periodically alternating force (§ 126) but as a 
result of a change in the parameters of the system: its moment of 
inertia and the position of its centre of gravity. 

e) Rotation of a Gun Shell in the Barrel. If we con- 
sider a gun barrel and a shell in it as a single system, tiie pres¬ 
sure of the gases when the gun is fired will be an internal force which 
cannot change the angular momentum of the system, which was 
zero before the shot. Therefore, if the grooves in the bore make 
the shell rotate, say, to the right, the barrel will tend to rotate 

S0 tha ‘ , at any instant ^ hcM « sllcll = J b;lrrel (o bar[c| . This 
rcl ‘V lon ls opposed by the trunnions of the gun carriage, and an 
additional force is brought to act on them. 

d) Reaction Moment of a Propeller. The rotor of a 
helicopter not only drives the air downwards (see § 140, exam- 

II, y’ , a ^ so imparts a rotation to the mass being swept down, 
the total angular momentum of the mass of the driven air and 
the helicopter must be zero, as initially the system was motion¬ 
less and the forces of interaction between the rotor and the air 
are internal. Therefore, the helicopter will start rotating in the 
opposite direction of the rotor. The turning moment acting on the 
helicopter is called the reaction moment , or reaction torque. 

In order to prevent the reaction rotation of a single-rotor heli¬ 
copter, it is provided with an auxiliary torque-control rotor 
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mounted on the tail boom. In a multiple-rotor helicopter the ro¬ 
tors are made to revolve in opposite directions. 

The reaction moment can be used for the experimental deter¬ 
mination of the torque developed by an aircraft engine, since the 
two quantities are equal in magnitude and the reaction moment 
can be measured by mounting the engine on a suitable balance. 

146. Solution of Problems. The principle of moments is con¬ 
venient in studying the rotation of bodies (§ 153) or the motion of 
systems including rotating and translating bodies (Problem 133). 

The law of conservation of angular momentum makes it pos¬ 
sible to determine the change of the angular velocity (or the angle 
of rotation) of any part of a system if the displacement or the 
velocity of the other portion of the system is known. In solving 
such problems, all immediately unknown internal forces and ex¬ 
ternal forces intersecting with, or parallel to, the axis of rotation 
can be ignored. 

Problem 130. Two discs having moments of inertia J t and ./ z are mounted 
on a shaft as shown in Fig. 311. If the shaft is twisted and then released, find 
the dependence between the angular velocities and the angle of turn of the 
discs in the ensuing torsional vibrations. Neglect 
the mass of the shaft. 

Solution. To exclude the unknown elastic 
forces which cause the discs to vibrate, consider 
both discs and the shaft as a single system. The 
external forces (the reactions of the bearings and 
the force of gravity) intersect with axis x. whence 

y.m x . (F'j) — 0. and K x = const. But since at the 311. 

initial moment K x = 0. during the whole of the 

vibration we must have K x = 7,oj, -f- 7„o) s = 0 (the angular momentum of the 
system with respect to the x axis equals the sum of the angular momenta of 
each disc with respect to the same axis). We find from this that 

o, = —o> 2 and Ch = j qv 

where <p, and cp, are the angles through which the discs were twisted, meas¬ 
ured from the initial position (the latter result is obtained by integrating the 
first equation). & 

Thus, the vibrations will be in opposite directions, and the angular ampli¬ 
tudes will be inversely proportional to the moments of inertia of the discs. 
The stationary, or nodal, cross section of the shaft lies closer to the disc 
whose moment of inertia is larger. 

Problem 131. A governor All with a moment of inertia J, consists of two 
symmetrically placed weights of mass m, each attached to two springs as 
shown in Fig. 312. and it rotates about a vertical axis Oz. At time t =0 
the governor receives an angular velocity o> 0 . and each weight starts to“oscil- 
late in damped vibration about its respective centre C at a distance l from 
axis Oz. Neglecting friction and considering the weights as particles, determine 
ihe dependence of the angular velocity oj of the governor on the position of 
the weights. 
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Solution. To exclude the unknown elastic forces of the springs, consider 
the governor and the weights as one system. Then 2 m, </•!) = <>. and 
K z = const. At time / o = 0, the displacement x = 0 and K z0 = z + 2m/*) (D 0 . 
At any arbitrary instant /, K z = [J z -f- 2m (/ -j- at) 1 ] to. As K Z = K Z0 , 

J z + 2ml* 

10 - J z + 2m(l+xY ° ) °- 

Consequently, when x > 0, to < <o 0 . and when x < 0, to > <o 0 , i.e., the angular 
velocity changes about a mean value c> 0 . When the vibrations of the weights 
dampen with time, x tends to zero, and to to u) 0 . 




Problem 132. A track is laid along the circumference of a disc of radius R 
and weight P. Standing on the track is a toy spring-wound car of weight p. 
The disc rotates together with the car about a vertical axis Oz with an angu¬ 
lar velocity to 0 (Fig. 313). Determine how the angular velocity of the disc will 
change if at some instant the car will start moving in the direction of the 
rotation with a velocity u relative to the disc. 

Solution. To exclude the unknown frictional forces between the wheels 
ol the car and the disc, consider both as one system. The moments of the 
external forces acting on the system with respect to the z axis are zero. Con¬ 
sequently, A. = const. Considering the disc to be homogeneous (J Z = Q.SMR 2 ) 
and the car as a particle, we have 




When the car starts moving its absolute velocity will be u a = u-{-co/?, 
where to is the new angular velocity of the disc. The angular momentum ol the 
car about the z axis will be nw a R = m (uR -f- to/? 1 ), and lor the whole system 
we have 

K zl = 0.5— R s u) + (uR + R*u). 

& 


whence o> = - , rsp + - ± 


As K z — const., K zt — K zo 

The angular velocity of the disc, we see, decreases. If the car travels in the 
opposite direction, tu will increase. 

Note that in calculating K z the absolute velocities of all moving points of 
the system were taken. 

Problem 133. Wound on a drum of weight P and radius r (Fig. 314) is a 
string carrying a load A of weight Q. Neglecting the mass of the string and 
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iriction, determine the angular acceleration of the drum when the load falls 
if the radius of gyration of the drum with respect to its axis is n 

Solution. Applying the theorem of moments with respect to axis 0. 

W6 I13VC ' 

dK °= X 


(It 

The moving system consists of two bodies, conse¬ 
quently 

Ko ^drurn ~“f~ ^Injd - 

The load is in translatory motion, and we consider it 
as a particle. Its velocity is v = or. The drum rotates 
about a fixed axis, consequently. 

^load = ~~ Vr= ~g A20> ' ^ drum = J O w — ~ (?*<*>. 


(a) 


and 


K o=(Qr* +/V) 


0 ) 


Substituting this expression for K 0 into equation (a). 



whence 


Qr'±P Q * do> n 
U dt ~ vr * 




Q'K 


Qr 2 + Pq* ’ 


Chapter 27 

THEOREM OF THE CHANGE IN THE KINETIC ENERGY OF 

A SYSTEM 


147 Kinetic Energy of a System The kinetic enermj of a suslem 

L aS a SCa ' ar , qu , antity T equa ' < he arithmetical sum of 

the kinetic energies of all the particles of the system: 




m k v k 


2 • (35) 

Kinetic energy is a characteristic of both the translator and 
rotational motion of a system, which is why the theorem of the 
change in kinetic energy is so frequently used in problem solutions 

act eristics Q andT If T ar f the P™ious| P y introduced cha" 

. risucs y ana is that kinetic energy is a scalar auantitv 

and essenl'aiiy a positive ° ,,e . It , therefore, does not depend on 

the directions of the absolute motions of parts of a system and 

does not characterise the changes in these directions. 

Another unportant point should be noted. Internal forces act 

n the parts of a system in mutually opposite directions. For this 
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reason, as we have seen, they do not change the vector para¬ 
meters Q and K 0 . But if, under the action of internal forces, the 
speeds of the particles of a system change, the quantity T will 
change too. Consequently, the kinetic energy of a system differs 
further from the quantities Q and K 0 in that it is affected by the 
action of both external and internal forces. 

If a system consists of several bodies, its kinetic energy "is, 
evidently, equal to the sum of the kinetic energies of all the 
bodies: 

r=27v 


Let us develop the equations for computing the kinetic energy 
of a body in different types of motion. 

1. Translatory Motion. In this case all the points of a 
body have the same velocity, which is equal to the velocity 
of the centre of mass. Therefore, for any point v k = v c , and 
Eq. (35) gives 


or 


T — V 

7 trans- Z. 


m k V c 


=4(Z «*) 



T 


trans 




Thus, in translatory motion, the kinetic energy of a body is equal 
to half the product of the body’s mass and the square of the velocity 
of the centre of mass. The value of T does not depend on the di¬ 
rection of motion. 

2. Rotational Motion The velocity of any point of a body 
rotating about an axis Oz (see Fig. 310) is u k = iah k , where h k is 
the distance of the point from the axis of rotation, and co is 
the angular velocity of the body. Substituting this expression into 
Lq. (35) and taking the common multipliers outside the paren¬ 
theses. we obtain 


T 


rotation 


_ vVAt 


*> 



The term in the parentheses is the moment of inertia of the 
body with respect to the axis z. Thus we finally obtain 


T 


rotation 


T Jj*. 



i.e., in rotational motion, the kinetic energy of a body is equal to half 
the product of the body’s moment of inertia with respect to the axis 
of rotation and the square of its angular velocity. The value of T 
dues not depend on the direction of the rotation. 
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fh . ! an f A L° ,on ' n p,ane motion, the velocities of all 
f S , of a body are at any instant directed as if the body 
\ere rotating about an axis perpendicular to the plane of motion 

^T^5rH^by tl ^: n ^r aneous ccnlre of2ero ve,oci,y ' p 

T~. = — J plo \ 


plane- 2 * / ^ a) > (37') 

where J p is the moment of inertia of the 

body with respect to the instantaneous axis 

of rotation, and to is the angular velocity 
of the body. 3 

The quantity J p in Eq (37') is variable, 
as the position of the centre P continuously 
changes with the motion of the body. Let 



us introduce instead of J p a constant moment of inertia / 
with respect to an axis through the centre of mass C of the body 

By the narallel-axis thonr^m /x iq j\ r > ..... . • 

d = PC. 


paraHel axis theorem. <§ 133)" ~/;=Y r + Md\ where 
Substituting this expression for J p intoTfq. (37') and 

taking into account that point 
P is the instantaneous centre 
of zero velocity and therefore 
ai(l = il) PC = u c , where cy is the 
velocity of the centre of mass 
we obtain finally 



O* T 


Plane 


Y Muc + y J c"> 


2 v c u/ • (38) 

Thus, in plane mol ion, the 
kinetic energy of a l,oily is equal 
to the kinetic energy of transla¬ 
tion of the centre of mass plus 
the kinetic energy of rotation rel- 

a x u a* * ^ alive to the centre of mass 

4. The Most General At o t i o n of a Body Takin*' tln> 

centre o mass C as the pole (Fig. 316), the most general motion 

n thi dy | ,S 3 c . on,b,nal,on °f 3 translation with the velocity v 
of the pole and a rotation about the instantaneous axis 'CC' 
through the pole (see § 88). Then as shown in The course of 

?hp Ui i S% i e V ? ,0clty V/i of any P° int of the body is equal 
1 i ? geometrical sum of the velocity v c of the pole and the 

\elocity v h oi the point in its rotation with the body about axis CC: 

. A « 


V 


= Vc + V‘. 


SrM °' ,hC m0St - 
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In magnitude v’ k = mh k , where h k is the distance of the point 

from axis.CC' and w is the absolute angular velocity of the body 
about that axis. It follows from this that* 

v\ = v\ = ( v c + v k ) % = vc-{- v'k -f- 2v c ■ v'k- 

Substituting this expression into Eq. (35) and taking into 
account that v' /t = (oh k , we find 

T = T (X m ‘) V ' C + Y + 

where the common multipliers have been taken outside the 
parentheses. 

In this equation the term in the first parentheses gives the 
mass /VI of the body, and the term in the second parentheses 
gives the moment of inertia J cc of the body with respect to the 
instantaneous axis CC'. In the last term 2 m k v‘ k = 0 as it repre¬ 
sents the linear momentum of the body in its rotation about 
axis CC', which passes through the centre of mass (see § 138). 

Therefore we finally have 

T = ~2 (38') 

Thus, in (he most general motion of a body, the kinetic energy 
is equal to the kinetic energy of translation of the centre of mass 
of the body plus the kinetic energy of rotation about an axis 
through the centre of mass. 

If the pole is not taken in the centre of mass, but in another 
point A, such that axis AA' does not pass through the centre 
of mass, then for this axis and we cannot develop 

an equation of the form (38') (see Problem 136). 

In computing kinetic energy, it is important to remember that 
all the equations contain the absolute velocities of the respective 
particles or bodies. Characteristic mistakes are pointed out in Prob¬ 
lems 135 and 136. 


Problem 134. Find the kinetic energy of a uniform cylindrical wheel of 
mass M rolling without slipping, if the velocity of its centre is v c (Fig. 317). 


* In vector analysis there exists the concept of the scalar, or dot. product 
of two vectors u and v . which is equal to the product of their magnitudes 
and the cosine of the angle ci between them: a-v = uv cos a. It follows, then, 
that v —v v — vv cos 0° — tr, j.e., the scalar square of a vector is equal 
to the square of its magnitude. This result has been employed here# 
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Solution. The wheel is in plane motion. By Eq. (38), 


T' — 9 Mi’c "b ~7) J c *'- 


As the body is a uniform cylinder, we have (see § 132) J r = 0.5 UR* 
where R is the radius of the wheel. On the other hand, since point B is the 
instantaneous centre of zero velocity of the wheel, 
v c — <oBC = uiR, whence o> = v r R. 

/i i ^ expressions into the equation, 

we find ‘ 


7'=T A,l ’’ + b'' /?! b = T Al1 ’’- 

Problem 135. When body A in Fig. 318 translates 
with a velocity u. body B moves in the slots of body 
A with a velocity v. If angle « is known, deter¬ 
mine t he kinetic energy of body B 



Fig. 317. 


=° B +V (s« S T <j4). b Th"n' m0,i0n b ° dy ° iS 3 ,r3 " slalio " With a velocity 

^ = ~2 M v * — ~2 ^ “b yl ~b 2//u cos a). 

A characteristic mistake in problems of this type is to ren .r.i n.e l, 

ZIZsl thC b0dy aS the SUin 0f lhe — of the *rela° i ve^and 'transport 

T — 7'rel 4- Tu — ~ ,\\v* AIm*. 

and thus, it will be noticed, the component Muu cos a drops out of the solution. 


■'yyyy//////////////''- 


'///////// 






Fig. 319. 

Thus, in the most general case of relative motion, the total kinetic energy of a 
motion” eqUU ‘ e SUm ° U,e hmeliC ener & es °l ,/s relative and transport 

Problem 136. A mechanism consists of a part which is translated with a 

Th^rnH , an,, | a , r0d - Al { of le "8‘h ' mass M hinged at ,1 (Fig Jim 
Iherod rotates about axis A with an angular velocity to. Determine the kinet¬ 
ic energy of the rod if angle a is given. 1 

Solution. Ihe rod performs plane motion, and by Eq (38) 

1 — y A,u * "b J c-w*. 

The velocity of point C is compounded of the velocities u and v rv „ where 
m magnitude v icI =oj y. Consequently (see Fig. 319), v [ : =« , + i/J c| -)-2uy fc| cosa. 
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The angular velocity of the rod about C is the same as about A , as to does 
not depend on the location of the pole (see § 77). Furthermore, it was shown 

in Problem 122 (§ 133) that J c = -LmI s , 

Substituting all these expressions, we obtain 

7 = y M (“* + 0)2 T + ua,/ cos a ) + Ml ! b) s = ~ Mu * -f- -1 A1 /*a>* -f- 

+ M/oju cos a. 

A common mistake in this type of problem is to assume that 

T = T trails 4- T rotation = ~ Mu 2 -j- 2- J A ( 0 * = 2 Ala* -f~ MPtO*. 

This is wrong because, as previously shown, the formula T = 7Vans -f- ^rotation 
is valid only when the axis of rotation passes through the centre of mass, 
which is not the case in this problem. 


148. Theorem of the Change in the Kinetic Energy of a System. 
The theorem proved in § 114 is valid for any point of a system. 
Therefore, if we take any particle of mass rn k and velocity u k be¬ 
longing to a system, we have for this particle 


"V'ii 

2 


m k v lo 

2 




where v, {0 and v ki denote the particle’s velocity at the beginning 
and the end of the displacement, and A\ and are the sums 

of the work done by all the external and internal forces acting 
on the particle through this displacement. 

If we write similar equations for all the particles of a system 
and add them up, we obtain 


or 


v-. m kv\ x ^ m k v\ 0 

2-2 2-2 




r.-r^S^j+Si, (39) 

where T 0 and 7, denote the kinetic energy of the system at the 
beginning and the end of the displacement. 

This equation states the following theorem of the change 
in kinetic energy: The change in the kinetic energy of a system 
during any displacement is equal to the sum of the work done by 
all the external and internal forces acting on the system in that 
displacement . 

For an infinitesimal displacement of a system the theorem takes 
the form 

dT = dA c + dA i , (40) 
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where dA L and dA‘ denote the elemental work done by all the 
external and internal forces acting on the system. 

Unlike the previously proved theorems, in Eqs.’ (39) and (40) 

the internal forces are not ignored. For, if F[ z and F.', are the 
lorces of interaction between points B t and B z of a system (see 

Fig. 320), then Fj 2 -f- Ft, = 0, but at the same time point B may 
be moving towards B z . and point B z towards B x . The work done 
by each force is positive, and the total work will not be zero. 
An example is the phenomenon of recoil (Problem 128. Fie. 307) 
The internal forces (the pres¬ 
sure of the gases) acting on 
the shell and the recoiling 
parts do a positive work. The 
sum of this work is not zero, 
and it changes the kinetic 
energy of the system from 
7 0 = 0 at the beginning of 
the shot to T. = T, n - ... -U 

1 recoil at tile end of the shot. 

The Case of Non-Deformable Systems. A non-defor- 

mable system is defined as one in which the distance between 
the points of application of the internal forces does not change 
during the motion of the system. Special cases of such s\stems 
are a rigid body and an inextensible string. 

Let two points B x and B z of a non-deformable system (Fig. 320) 

be acting on each other with forces F\ x and Ft. IF’,. —_ F‘ ) um\ 

let their velocities at some instant be v, and Their displace- 

i a ,me ! nterval dt Wl11 be ds x = v x dt and ds t = v dt 
directed along vectors and z, 2 . But as line B X B 2 is non-defor- 

nf d vpri ' 0 ows , froni U ? e laws of kinematics that the projections 

of vectors v, and v t , and consequently of the displacements ds 

RR'-rB°\ he *™ tion *■*. will bi equal. Ye!: 

«,in i 1 **i Then the e,cmentaI "’°rk done by forces F',. and Ft, 
w be equal in magnitude and opposite in sense, and their sum 

of a system 0 .’ ^ h ° dS ° f 3 ,nternaI forces in any displacement 

,/iYY/° n ,Y l,de fr0 !" t,lis that the sutn of the work done by all 
takes”lhe a form rCft ° ° non ~ de f ormabie Sl ^ tcm is ^ro t and Eq (39) 

T x -T 0 = ^A%. (4I ) 

Both the external and internal forces in Eqs. (39)-(41) include 
the reactions of constraints. If the constraints on which the bodies 
of a system move are smooth, then as shown in § 114, the work 
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done by the reactions of these constraints in any displacement 
of the system is zero and the reactions will not enter into Eas 
(39)-(41). m * 

Thus, in applying the theorem of the change in kinetic energy 
to frictionless systems, all the immediately unknown reactions of 
the constraints will be excluded from the'problem. This is where 
its practical value lies. 

Note that all the foregoing theorems made it possible to exclude 
the internal forces from the equations of motion, but all the exter¬ 
nal forces, including the immediately' unknown reactions of the 
external constraints, entered into the equations. 


149. Some Cases of Computation of Work. Work done by forces 
is computed from the equations developed in §§112 and 113 
Let us consider several more cases. 

1) W o r k Done by Gravitational Forces Acting on 
a System. The work done by a gravitational force acting on a 


particle of weight ,, k will be p k (z ka — z ky ) where e 4o and 


hi 



Fig. 321. 


are 

the coordinates of the initial** and 
final positions of the particle (see 
§ 113). Then the total work done by 
all the gravitational forces acting on 
a system will be. by Eqs. (74) in § 53, 

A = 'I i PkZk* — 'ZP k z k x = 

== P ( Z Co z cx) == ± Ph c . 

where P is the weight of the system, 
and h c is the vertical displacement 
of the centre of gravity (or centre 
of mass) of the system.* Thus, the 
work done by the gravitational forces 


_ 1 • . , w/ C> I X./I LI J 

/, n ” tl ° n , a s ,y stem ls computed as the work done by their resultant 
/ in the displacement of the centre of gravity (or the centre of mass) 
of the system. 

RnH, V n, rk 1 Don . e , by Forces Applied to a Rotating 
Body. The elemental work done by the force F applied to the 
body in Fig. 321 will be (see § 112) 

dA — F.ds = F.hdy, 

Slt Rnt rf ff = 7 /id< m W t ,e . r u the angle of rotat 'on of the body. 

‘ ,2 1 e . V h , ? e / nt that Oh^tnAF). We shall call the quantity 
- m z (F) the laming moment, or torque. Thus we obtain 

dA=M z d([>. (42) 

i.e., the elemental work, in this case, is equal to the product of 
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the torque and the elemental angle of rotation. Eq. (42) is valid 
when several forces are acting, if it is assumed that M. = y m ,(F ). 
the work done in a turn through a finite angle (f wilTbe* 


Vi 


J M z d(p, 


(43) 


and, for a constant torque (M g = const.), 

A=M 2 v x . 


(• 11 ) 


011 b ° dy ' % s a force col, P |e lying in a plane normal 
to Oz then evidently, M z in Eqs. (42)-(44) will denote the mo¬ 
ment of that couple. 

Let us see how power is determined in this ca^e (see 
From Eq. (42) we find “ s 

uv _ dA Mjdif . A 

xv = dt=-^dr = M '<»- 

Thus, the power developed by forces acting on a rotating body is 
equal to the product oj the torque and the angular velocitu of the 
body. For the same power, the torque 
increases as the angular velocity decreases. 

.3) Work Done by Frictional 
Forces Acting on a Rolling Body. 

A wheel of radius R (Fig. 322) rolling 
without slipping on a plane (surface) is sub¬ 
jected to the action of a frictional force 
F { , which prevents the slipping of the 
point of contact B on the surface. The ele¬ 
mental work done by this force is dA = 

— r tt dsu. But point B is the instanta¬ 
neous centre of velocity (§81), and v n = 0. 

As ds /t = v H dt, ds J{ = 0, and for every 
elemental displacement dA = 0. Fig. 322 . 

Thus, in rolling without slipping, the 
work done by the frictional force preventing slipping is zero in 

L. , . 1 I* I I • _ K | reason, the work done 

by the normal reaction N is also zero. 

The resistance to rolling is created by the couple (N, P) of moment 1/ — k\ 
where k is the coeificient of rolling friction (see § 40). Then by Fq. (42). and 

taking into account that the angle of rotation of a rolling wheel is d^ = 
we obtain ^ 





kNdip = — — \'ds c , 
K 


(45) 


w'here ds c is the elemental displacement of the centre C of the wheel. 
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If N = const., then the total work done by the forces resisting rolling will be 


»roll=-*Afq> X = --Ns c . 


(45') 


As the quantity k!R is small, rolling friction can, in the first approximation, 
be neglected as compared with other resisting forces. 

150. Solution of Problems. The theorem of the change in ki¬ 
netic energy is useful when a moving system is non-deformable. 
In this case the theorem makes it possible to exclude from con¬ 
sideration all immediately unknown internal forces and, if there 
is no friction, also all the immediately unknown reactions of exter¬ 
nal constraints. 

In the case of a deformable system, the theorem gives a solu¬ 
tion only if the internal forces are known. If they are not known 
(Problems 124, 128, etc.) the energy theorem is insufficient to 
obtain a solution. 

Eq. (41) is convenient in solving problems where the given and 
required quantities include: 1) the acting forces, 2) the displace¬ 
ment of the system, 3) ti e velocities of the bodies (linear or an¬ 
gular) at the beginning and the end of the displacement. The acting 
forces must be constant or dependent only on the displacement 
(distance). 

It is also very important to bear in mind that the kinetic 
energy theorem can be used to develop the differential equations 

of motion of a system and, in particular, 
to find the accelerations of moving bodies. 
For this write Eq. (41), differentiate both 
sides with respect to time, and eliminate 
the velocity (see Problems 139 and 140). 
For arbitrarily acting . forces the equa¬ 
tions are more conveniently written in the 
form (40), i.e, in differential form (see 
Problems 141 and 148). 

Problem 137. A rod AB of length / is hinged 
as shown at point A (Fig. 323). Neglecting friction, 
determine the minimum velocity o> 0 that must be 
imparted to the rod so that it would swing into a horizontal configuration. 

Solution. The given and required quantities include (o 0 , <o, = 0, and 
the displacement of the system as defined by angle B 0 AB V Therefore, the prob¬ 
lem is best solved by applying Eq. (41): 

T,-T, = ^A\. (a) 

Denoting the weight of the rod by P, compute all the quantities in the 
equation. From Eqs. (37) and (9) we find 



r 


t _ 


i p 
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Since in the final configuration the velocity of the rod is zero, T x = 0. The 
work is done only by force P, and A* = — Ph c = - P ~ . Substituting these 
values into equation (a), we obtain 


whence 






Problem 138. Two pulleys A and D are connected by a belt (Fig. 324) 
When the motor is switched off. pulley A of radius R. has an angular veloc¬ 
ity w 0 . The total weight of the pulleys is P. and of the belt p. A brake 


Fig. 32-4. 



shoe is applied to pulley A with a force Q to stop the rotation; the coefficient 

rln i ie n/ 0e 0 ? ^ p u U ey ' S ^ Neglecting friction in the axles and 

considering the pulleys to be homogeneous discs, determine how many revo¬ 
lutions pulley A will make before stopping. } 

revolutions' A'"* WC shal1 USe (4,) to determine the required number of 


7 \ - 7 *, = 2 


(a) 


In computing kinetic energy, it should always be remembered that the ki¬ 
netic energy of a system equals the sum of the kinetic energies of all the compo¬ 
nent bod tes From the conditions of the problem. T x = 0, and T a ~ T . 4- T » 4- T 
Taking into account that the initial velocities of all the “points If the beli 

v b0 w 0 R = ay, where w and r are the initial angular velocity and the 
radius of pulley B, we find from Eqs. (37) and (II): 

Ta== '2 (§« = < = 


- _ 1 P 2 I P 
b 2 g v bo—2 1T R 




The last equation follows from the fact that all the points of th* l, u 
with the same speed. Finally, as P A J r p H = P> we ob E °' lllc be,t n,ove 


t R '< 


Now compute the work done by the forces In thu 4 . , , 

gravity is zero, as the centres gravity of itapulfc^'and' U.eTeTt “dT ^ 
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change their position during the motion. The force of friction F {r = fQ, and 
the work done by it is^found from Eq. (44): 

A u = -(fQR)<p x =-fQR-2nN. 

Substituting all the found values into equation (a), we obtain finally 

• r (P + 2p)/?o>; 

— 8 jt gfQ 

Problem 139. A cart is drawn with a constant force Q=16 kg up an in¬ 
clined plane making an angle a = 30° with the horizontal (Fig. 325). The 

platform of the cart weighs P = 18 kg, and 
Q each of its uniform wheels weighs p = 2 kg. 
Determine: 1) the linear velocity v x of 
the cart, when it has travelled a distance 
1 = 4 m, if i>o = 0; 2) the acceleration of 

the cart. The wheels roll without slipping. 
Neglect the rolling friction. 

Solution. 1) Let us use Eq. (41) to 
determine v x : 

T,-T,= '2 i A‘ k . (a) 

In our case 7’ o = 0 and T x — 7’, 1 | al f OIII1 -f- 
47’ wh e.|- The cart is in translatory motion, and 
the kinetic energy of a uniform rolling wheel was calculated in Problem 134. Thus, 

r 1 =4|- t .; + 4(|.|„:)=l ( p+ 6 pK. 

Work is done by force Q and the force of gravity P, = (P -f- 4p). The work 
done by the frictional forces preventing slippage and by the normal reactions 
is zero (§ 149). Making the necessary computations, we find 

A (Q) = Q/; .4 (P.) = - (P -f- 4p) h c = - (P + 4p) l sin a. 

Substituting these expressions into equation (a), we obtain 



whence 


^ (P -f 6p) v] = IQ — (P + 4p) sin a] l, 

, = =2.8 m/sec. 


(b) 


2) To determine the acceleration let us consider the quantities v x and / 
in equation (b) as variables. Then, differentiating through with respect to time, 
we have 

i (P + 6p) k^ = IQ - (P + 4p) sina| 

But — =v, and t ~=w, and, eliminating v, we have 

g= °- 98 m/sec *- 

Note the use of the theorem of the change in kinetic energy to determine 
the acceleration. 
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Problem 140. One end of a string passing over a pulley O (Fig 326i is 
wound on a cylinder of radius R and weight P; attached to the other end is 
a load D of weight Q. If o C o = 0. determine the velocity v r of the centre C 
of the cylinder after it has travelled a distance s, and the acceleration w r of 
the centre. The coefficient of rolling friction of the cylinder is k. the radius 
ol gyration of the cylinder with respect to 
its axis is q. Neglect the mass of the string n 

and the pulley. - ~h\0 

Solution. 1) We use Eq. (41) to de- J CSJ 

termine the velocity v c : ' / 1 /V \ 

T- 7*0 = 2 A 0 * fa) ( C - J 

In our case T 0 = 0 and T = r cv i -f T D . V / fll^ 

From Eqs. (36). (38). and (7). H 

Td= Y^ v * d ' 7 ’«y* = P 5 " ' 


-T + )»• 

As point B is the instantaneous centre 


Fig. 326. 


of zero velocity. and o D =u A = 2v c . Consequently. 


r = l[ 4(? + P ( 1 + |l)l 


The forces doing work are Q and the couple (N. p). As v n = 2v r the 

displacement of load D is h = 2s. and A(Q) = Q-2s. The work done by the 

forces opposing the rolling can be found from Eq. (45'). as /V = P = const, 
i ntn, 

2 K = 2Qs - ± Ps. 

Substituting the found expressions into equation (a), we obtain 

2 -LHQ + p( , +^-)]4 = (2Q--i- P ) s . (b , 

whence 

r / '2(U2QR-k P) Rs 

V 4Q/e*H-/>(^*4- 0 ij* 

2) As in the preceding problem, to determine w c differentiate both sides of 

equation (b) with respect to time. Taking into account that— =t , r we 
finally obtain lil 

(2 QR-kP)R 


W C = 


4Q/?* + P(K*4-q*) 


moment ot the spring where a is S the .ngte S^.tton of gear / 



352 


Change in the Kinetic Energy of, a System 


[Ch. 27 


with respect to the crank. Neglecting friction, determine the period of vibra¬ 
tion of the crank if it is disturbed from its position of equilibrium. The mech¬ 
anism works in a horizontal plane. 

Solution. We shall define the position of the crank by the angle <p 
measured from its equilibrium position. To exclude the unknown reaction of 
axis C from the computation, consider gear 1 and the crank as a single system 
and develop the differential equation of its motion from Eq. (40). 

First compute the kinetic energy T of the system in terms of the angular 
velocity <o fr of the crank (as we are developing the law of motion of the crank). 
We have: ’ 



T’cr 4“ T’gear 




^Cf-ear^gear 



Considering the crank as a homogeneous rod and the gear as a uniform disc, 
and taking into account that the point of contact is the instantaneous centre 

of zero velocity of gear 1, we have 



v c = iO CI l, 


Jr — 


iO 


_ V C_ 


1 P 

2 g r 
l 


gear 


— 0 ) 


cr 


Note again that Eq. (38). which is used 
to compute T ReaT . contains the absolute an¬ 
gular velocity of the gear, not its relative 
velocity of rotation with respect to the crank. 
Substituting all the determined quantities 
into equation (a), we finally obtain 


T = -±- g (2Q + 9P) /V cr . 


(b) 


Now let us compute the elemental work. 
In this case no external forces do any 

work, therefore, dA e = 0. The elemental work done by the elastic force of 

the spring (an internal force) in turning the gear through an angle a about 

the crank is d A‘= — Ai[ v da = — cada (the minus sign indicates that the 

moment is directed opposite the direction through which the gear is turned). 
As we are seeking the law of motion of the crank, let us express angle a in 

terms of cp. As a^b = a^b , Ry=.ra, whence 

/ — r 

a =- <f and 


a 

~R 


1 

r 


... (I — r)* . 

dA‘ = — c - - L (pd<p. 


Writing now the equation dT = dA‘, we have 

^ (2Q H- 9 P) l*<D cr d<* ct = -c 1’ cp di p. 

Dividing through by dt and taking into account that = and 


dt 


^^ = ^ 7 . we finally obtain the differential equation of motion oi the system 


in the lorm 


£? + *’<P = 0, 
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where 



6 gc (/ — rf- 
(2Q + 9P) /V 2 • 


The equation is a differential equation of harmonic motion (§ 123). When 
moved from its equilibrium position the crank will perform simple harmonic 
motion the period of which will be 


T 



/ 


2 Q -f 9P 
0 gc 


This problem shows the great opportunities for investigating the motion cf 
a system provided by the theorem of the change in kinetic energy. 


151. Field of Force. Potential Energy. Amongst the forces 
which may act on a particle in its interaction with other bodies 
are also forces dependent only on the position of the particle, 
i.e., its coordinates x, y, z. For such forces it is convenient t> 
introduce the concept of field of force, or force field. A field of 
force is defined as a region of space in any point of which a par¬ 
ticle experiences a force of certain magnitude and direction. An 
example of a force field is the gravitational field of planets or 
the sun. 

If the work done by the forces of a field in the displacement 
of a particle depends only on the initial and final positions of 
the particle, and does not depend on the path followed by the 
particle, the force field is said to be conservative, and the forces 
acting in that field are called conservative forces. Examples of 
conservative forces are the Newtonian forces of gravitation and 
elastic forces (§ 113). 

When the work done by a force depends on the path or the 
velocity of the particle to which it is applied, the force is said 
to be non-conservative, or dissipative. To such forces belong fric¬ 
tion and the resistance of a medium. 

For conservative forces we can introduce the concept of poten¬ 
tial energy as a measure of the capacity of a particle for doing 
work by virtue of its position in the force field. In order to com¬ 
pare different “capacities for doing work", we must agree on the 
choice of a zero point 0, in which we assume the capacity to do 
work to be zero (the choice of the zero point, as of any initial 
point or origin, is arbitrary). The potential energy of a particle in 
any configuration AI is defined as the scalar quantity II equal to 
the work done on the particle by the forces of a field in the passage 
from configuration M to the zero configuration: 

n = ^UJOr 

It follows from the definition that potential energy is dependent 
on the position coordinates of the part ic le AI, i.e., that 


12 — 2^84 



354 


Change in the Kinetic Energy of a System 


[Ch. 27 


11 = 11 (x, y, z). To find II (x, y, z), we must calculate A (MO) by 
the equations of § 112. If it proves impossible to determine the 
work A lMO) without knowing the path MO or the equation of 
motion along that path, then the acting force is not a conservative 
force. 

Here are some examples. It follows from the results obtained 
in § 113 that for the force of gravity, assuming the zero point 

to be at the origin of a coordinate system 
and directing axis Oz vertically up, we 
have (§ 113, section 1) 

n = pz, 

where p is the weight of a particle in a 
gravity field. 

For the elastic force of a spring which 
can be extended only in the direction of 
axis Ox, and choosing the zero point at 
the end of the unextended spring, we have Al in — x, A/ fin = 0. 
Therefore, from Eq. (40) in § 113, 

n =y cx 't 

where c is the stiffness factor of the spring. 

Let us find the expression of work in terms of potential energy. 
If a particle is moved in a conservative force field from a posi¬ 
tion /II, to a position M , (Fig. 328), then, as the work does not 
depend on the path, we will have A lMl0) = A lAl20) . But, 

by definition, /l (mo) = n,, and A {Ml0) = U t . Hence, 

- 4 cji..«..=n,—n,. (46) 

Thus, (he work done by a conservative force is equal to the 
difference between the potentiat energy values of a moving particle 
in its initial and final positions. It is evident that the work done 
by a conservative force in the displacement of a particle along a 
closed circuit (n 2 = II,) is zero. 

Let us demonstrate in conclusion how to determine the force acting in any 
point of a field of force if the function IT ( x . tj, z) is known. For this let us 
compute the elemental work dA performed in the displacement of a particle 
from a point A1 (x, y, z) to a point M t (x -j- dx. y-\-dy, z-\-dz). From Eq. (46) 
we have 

dA = — dU (x, y, z), 

as in calculating work we must take the difference between II and II,, and the 
differential is the difference between the increased function, i.e., n„ and the 
initial value of II. 



1 

Fig. 328. 
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Substituting dA by its analytical expression (§ 112), and computing c/11 as 
a differential function of three variables x, y, z, we have 

from which, equating the factors of dx, dy, and dz, we find 

f _ d n P _ an _ an 

F *~ dx ' F y~ dy' F z ~~ ~dz ' M7) 


Eqs. (47) make it possible, knowing n (x, y. z), to determine the projections 
of a force acting in a conservative force field, and consequently the force 
itself. In particular, for the gravitational and elastic forces considered abo\e 
we obtain, as could be expected, 

F x = F y = 0. F r =-^ = -p, 



Sometimes in defining a field of force, the function U ( x , y, z) = — IT (x, y. z) 
called a force function, is introduced in place of FI. For this function 
dA = dU, and equations of the type (47) do not contain any minus signs. 


152. The Law of Conservation of Mechanical Energy. Let us 
assume that all the external and internal forces acting on a 
system are conservative forces. Then, for any particle belonging to 
the system, the work done by the applied forces is 

^ k = n * 0 

and for all the external and internal forces 

2^=I n *,-E n * 1 =n„-n 1 , 

where n=2n,, is the potential energy of the whole system. 
Substituting this expression of work into Fq. (39), we obtain 

7\-7\ = n 0 -n„ 

or 

T\ + U| = T 0 -f- n o = const. 

Thus, in the motion of a system subjected to the action of only 
conservative forces , the sum of the kinetic and potential energies of 
the system remains constant for any configuration. This is the law of 
conservation of mechanical energy, which is a particular case of 
the general physical law of conservation of energy. The quantity 
T -f-II is called the total mechanical energy of the system. 

If the acting forces include dissipative forces, such as friction 
the total mechanical energy of the system will decrease during 
its motion due to transformation into other forms of energy e g 
thermal energy. 


12* 
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The whole meaning of the foregoing law becomes apparent when 
it is considered in connection with the general physical law of 
conservation of energy. However, in solving purely mechanical 
problems, the theorem of the change in the kinetic energy of a 
system can always be immediately applied. 

. Example. Consider a pendulum (Fig. 329) displaced through an angle q? 0 
irom the vertical and released from rest. Then, in its initial position. IT„ = Pz 0 
and T 0 = 0, where P is the weight o? the pendulum and z is the coordinate 
oi its centre cf gravity. Consequently, neglecting all resisting forces, in any 

configuration we shall have IT -f-7' = n d , or 

+ y Ja<»* = P*o- 

Thus, the centre of gravity of the pendulum 
cannot be higher than position z„. When the 
pendulum swings down, its potential energy de¬ 
creases and its kinetic energy increases; during 
an upward swing the potential energy increases 
and the kinetic energy decreases. 

It follows from the previous equation that 

. 2P, 

io i = T -(z 0 — z). 

J A 

Thus, the instantaneous angular velocity of 
a pendulum depends only on the position occu¬ 
pied by its centre of gravity and is always the same for any given configura¬ 
tion. Such relations occur only during motion under the action of conservative 

forces. 

Due to Iriction in the axis and the resistance of the air (non-conservative 
forces), the above relationships do not actually hold; the total mechanical energy 
of a pendulum decreases with time, and its vibrations are damped. 



Chapter 28 

SOME CASES OF RIGID-BODY MOTION 

153. Rotation of a Rigid Body. Let us consider the application 
of the general theorems of dynamics to some problems on the 
motion of absolutely rigid bodies. Since the investigation of trans- 
latory motion of a rigid body is reduced to particle dynamics, 
we shall begin with rotational motion. 

Let there be a system of given forces Ff, Ft . F e n acting on a 

rigid body with a fixed axis of rotation z (Fig. 330). Also acting 
on the body are the reactions R A and R r of the bearings. To 
exclude these immediately unknown forces from the equations of 
motion, we make use of the theorem of moments with respect to 
axis z (§ 144). As the moments of forces R A and R B with respect 
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to the axis are zero, we have 


where 




= 2X (Ft)- 


We shall call the quantity M e z the turning moment, or torque. 
Substituting the expression /( z = .//o into the foregoing equation, 
we obtain 



/ ( l!l 

2 dt* 



(48) 


Eq. (48) is the differential equation of the rotational motion of 
a rigid body. It follows from the equation that the product of the 
moment of inertia of a body with respect to 
its axis of rotation and its angular accelera¬ 
tion is equal to the turning moment: 

(4S') 

Equation (48') shows that, for a given 
torque M\, the greater the moment of 
inertia of a body, the less the angular 
velocity, and vice versa. Thus we see that 
in rotational motion the moment of inertia 
of a body actually plays the same role 
as mass in translatory motion, i.e., it is 
the measure of a body’s inertia in rotation¬ 
al motion (see § 131). 

Eq. (48) can be applied: 1) to develop 
the equation of rotation of a body cp=/(0 or to tind its angular 
velocity co if the applied torque is known, 2) to determine the 

torque M e z if the law of motion, i.e., cp =/(/), is known. In 
solving the first problem it should be borne in mind that in the 

general case M z may be a variable dependent on t, <p, and <o = '^ 

Instead of Eq. (48), rotational motion may be investigated with 

the help of the theorem of the change in kinetic energy: T _ T = A c 

where T and A* are found from Eqs. (37) and (43). ‘ ° 

Note the following special cases: 

1) If M z = 0, w== const., i.e., the rotation is uniform ; 

2) If M z = const., e = const., i.e., the rotation is uniformlu 

variable. ' J 

Eq. (48) is analogous in form to the differential equation of 
rectilinear motion of a particle (§ 104); therefore the methods of 
integration are also analogous (see Problem 143), 

12*_a*84 
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Eq. (48) is most conveniently used in problem solutions when 
a system consists only of a single rotating body. If a system has, 
besides a rotating body, other moving bodies (as, for instance, in 
Problems 133, 138, and others), the equation of motion is more 
conveniently developed with the help of the general theorems or 
the methods which will be described below in §§ 160 and 167. 


common 


In solving problems of the type 133 on p. 338 with the help of Eq. (48) a 
mistake is to write the equation in the form J n e = Qr. Actually. 

though, acting on the drum is not the force 
Q but the tension in the string F, which 
is not equal to Q, and Eq. (48) takes the 
form J 0 e = Fr. To solve it, F must be 
found additionally from the equation of 
motion of the load A, which makes the 
computations longer. 

Problem 142. A wheel of radius R and 
weight P rotates on its axis 0 with an angu¬ 
lar velocity o>„ (Fig. 331). A brake shoe 
is applied to the wheel at some instant with 
a force 0. The coefficient of friction of 
the shoe on the wheel is f. Neglecting fric¬ 
tion in the axle and the weight of the 
spokes, determine in how many seconds 
the wheel will stop. 

Solution. Writing Eq. (48) and considering the moment positive in the 
direction of the rotation, we have 



Fig. 331, 


, di0 rn 

J oai = -f Qr ' 


(a) 


as the iorce of friction F = fQ. From this, integrating, we obtain 



J o w — — fQ r t -E 


According 
and linally 


to the initial conditions, at / = 0, w = w 0 , consequently Cj =J 0 (o k , 



At / =/„ when the wheel stops, w = 0. Substituting this expression and 

p 

taking into account that for the rim (a ring) Jo =—^ we obtain 

& 

t — J O fa> o — Pr(a » 

1 “ fQr “ fQg * 


If we want to determine the number of revolutions of the wheel until it 
stops, it is more convenient to apply the theorem of the change in kinetic 
energy without integrating equation (b) again. 

Problem 143. A vertical cylindrical rotor whose moment of inertia with 
respect to its axis is J z (Fig. 332)' is made to revolve by an applied torque M\. 
Determine how the angular velocity o> of the rotor will change during the 
motion it (o n = 0 and the moment of the resisting force of the air is propor¬ 
tional to 0 ). i.e., A/ ie3 =/ui). 
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S^lution.Jhe d-frer-en!, 31 equation (48) of the rotation of the rotor has 
the form (assuming the moments in the direction of rotation to be positive) 

Separating the variables and assuming j- = n, we have 

J z 
do) 


— P 


= — ndt. 


Af t — fuo 
whence, integrating, we find 

In (M t — pw) = — nt -f- In C. 

As, at t = 0, io=0, then C = M t , and 

M 1 — fi(t» 

M, 

or 


In 


= — nt. 


M, - pto _ t 





And finally we obtain 


Fig. 332. 


w = — * (1 — e~ nt 


) 


The angular velocity of the rotor increases with 
the limiting value <.>, iin = . 

r 


time and tends towards 


I 54 The Compound Pendulum. Any rigid body free to oscil- 
l ate about a fixed horizontal axis under the action of gravity is 

caHed a compound , or physical , pendulum. Let 
Fig. 333 denote a cross section of a pendulum 
normal to the axis of support through the 
centre of mass C of the pendulum, and let us 
introduce the notation P for the weight of the 
pendulum, a for the distance OC from the centre 
of mass to the axis of suspension, and J 
for the moment of inertia of the pendulum 
with respect to the axis of suspension. We 
shall specify the position of the pendulum bv 
the angle (p that OC makes with the vertical. 

11 , 0 (Jevelo P the equation of motion of the 

pendulum, we shall employ the dilTerential equation of rotational 

to the positive direction of angle cp), and Eq. (48) takes the form 



Fig. 333. 


°dp — 


— Pa sin <p 


12 


» * 
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Dividing through by J Q and introducing the notation 

Pa —h* 

j — R ’ 

J O 

we obtain the differential equation of motion of the pendulum in 
the form 

^- + * s sinq) = 0. 

The equation is of the same form as the differential equation 
for a simple pendulum (§ 124), and we conclude that the oscil¬ 
lation of a compound pendulum is of the same type as of a simple 
pendulum. 

Considering only small oscillations and assuming approximately 
sincp = (p, we obtain the differential equation for small oscillations 
in the form 

■^+* !< P = 0. 

This is the differential equation of simple harmonic motion, 
consequently, like a simple pendulum, a compound pendulum 
making small oscillations is in simple harmonic motion. The 
period of small oscillations is 

(49) 


T 

compound 


2n 


2 » v'k- 


Comparing Fq. (49) with the formula for the period of small 
oscillations of a simple pendulum 

^simple === » 

we find that for a length 

_Jqg _ £o 

~ Pa Ala 


/ 


(50) 


the period of oscillation of a simple pendulum Is equal to that of 
an equivalent compound pendulum. 

The length of such a simple pendulum whose period of oscil¬ 
lation is equal to that of a given compound pendulum is called 
the equivalent length of the compound pendulum. The point K 
which lies at a distance OK = l t from the axis of support is called 
the centre of oscillation, or the centre of percussion, of the com¬ 
pound pendulum (see Fig. 333). 

Noting that, from the parallel-axis theorem, J 0 = J c -\-Ma s , 
we can transform Eq. (50) to the form 



( 50 ) 
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It follows from this that OK is always greater than OC = a, i.e., 
that the centre of percussion of a compound pendulum is always 
located below its centre of mass. 


We see from Eq. (50') that KC--J r 'Ma. Therefore, if the axis 
sion passes through point K. the equivalent length /, of the resulting 
will, by Eq. (50'), be 


L = KC + 


_ Jr _ Jc 

AI ( KC) ~~ Mu 



of suspen- 
pendulum 


Consequently, points K and 0 are interchangeable, i.e.. if the axis of suspension 
passes through K. the centre of percussion will be at O (as /. = /,). and the 
period of oscillation will not change. This property is employed in the so-called 
inverted pendulum which is used to determine the acceleration of gravity. 


155. Determination of Moments of Inertia by Experiment. One 
of the methods of determining the moment of inertia of bodies 
by experiment is based on the application of Eq. 

(49) for the period of small oscillations 

Let it be required to determine the moment 
of inertia with respect to an axis Oz of a connect¬ 
ing rod of weight P (Fig. 334). For this the bodv 
is suspended so that the axis Oz is horizontal, and ^ 
the period of small oscillations T is determined 
by direct observation. Then the distance OC = a 
is found by the method of weighing (see $ 55, 

Fig. 129). Substituting the obtained values into 
Eq. (49), we have 

/ _ PaT 1 
J Oz — 4n z • 

If it is required to determine the moment of 
inertia of a body with respect to an axis Ox 
through its centre of gravity, the body may be suspended by two 
strings so that the axis Ox is horizontal (Fig. 335) and the mo¬ 
ment of inertia J An determined with respect to axis AH (the 
value of a is immediately known). Then the required moment of 
inertia is computed by the parallel-axis theorem: 



^ A It 


Ox 


ah 


— a 
f! 


lo6. Plane Motion of a Rigid Body. The position of a body 
performing plane motion is specified at any instant by the position 

of , an )' P; le a ' ld angle of rotation of the body about that 

pole (§ 77). Dynamical problems are much more simply solved 
il the centre of mass C of a bodv is taken as the pole (Fig 330) 

and the position of the body is defined by coordinates a>. i/’ and 
angle (p. c 
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Let there.be acting on the body a set of external forces 

Ft, Ft, ..., Ft. The equation of motion of point C can be found 
from the theorem of the motion of centre of mass: 

Mw c = 2Fi, (51) 

and the rotation about C is given by Eq. (48), since the theorem 
from which it was developed is also valid for the motion of a 



Fig. 335. 



Fig. 336. 


system about the centre of mass. Finally, after projecting both 
sides of Eq. (51) on the coordinate axes, we obtain 


or 


M w r.x 

= Mw Cy 

H 

II 

J c £ = 

=2>c(«). 

(52) 

l! * x c 
dt 2 

YFL, M = 

11 

M 

•m 

dt 2 

== y^c (Ft) 

(52') 


Eqs. (52) are the differential equations of plane motion of a rigid 
body. With their help we can develop the equation of motion of 
a body if the forces are given, or we can determine the principal 
vector and principal moment of the acting forces if the law of 
motion is known. 

For the case of constrained motion, when the path of the centre 
of mass is known, the equation of motion of point C is more 
conveniently expressed in terms of the projections on the tangent 
t and principal normal n to the path. Then, instead of the equa¬ 
tions (52), we obtain 







= 2>c(^a). 



where q c is the radius of curvature of the path of the centre of 
mass. 
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,^ 0,e ,! ha M" COn f ,, ' ained motion * he right sides of Eqs. (52) or 
(Oj) will additionally include the unknown reactions of the con¬ 
straints. They will have to be determined by developing additional 
equations describing the conditions of motion imposed on the bodv 
by the constraints (see Problem 144 and others). The equations 
ol constrained motion will often be more conveniently developed 
with the help of the theorem of the change in kinetic energy, 
which can be used in place of one of the equations (52) or (53). 

Probiem 144. A uniform circular cylinder rolls down an inclined plane 
w lh° ut shppmg ,F 'g 337). Neglecting rolling friction, determine the acceler- 
atmn of the centre of the cylinder and the limiting friction of impending slip. 

• , S n ° ! u 1 1 ° f n ‘ Lct l . ls 'ufroduce the following notations: a for the angle of 
inclination of the surface. P for the weight of s 

the cylinder. R for its radius, and F for the 
limiting friction of impending slip: let us also 
direct the .v axis along the inclined plane and 
the y axis perpendicular to it. 

As the centre of mass of the cylinder does 
not move parallel to the y axis. w Cy = Q, and 
the sum of the projections of all the forces on 
the y axis is also zero. Thus. 


N = P cos a. 

In writing the last two of the equations (52) 
take into account that w rx = w t: . Neglecting roll¬ 
ing friction and taking the direction of rotation of the 
positive direction of the moment of force, we find 



Fig. 337. 
cylinder 


Mu/, = P sin a — F, 


•' (* 


= PR- 


as the 


(a) 


Equations (a) contain three unknown quantities. w c . e . and F fwe cannot 
consider F=fN here, because this equality is valid only when the point of 

°?/ ' e Sl,rfa , c ?. ; vvhe " ,hcrc ,s no sliding it is possible for Fsr/V 
see § 36). We obtain an additional relationship between the unknown unarm ties 
if we take into account that in pure rolling cr r = «/?. whence. d.JTerentiati, o 
we obtain w ( —t>R Then, remembering that for a uniform cylinder J c = 0 5\\!V 
the second of equations (a) takes the form ’ L . 


' Mu; : = F. 


(b) 


Substituting this expression of F into the first of equations (a), we obtain 


Now from <b) we find 


u>, : — — g sin a. 
F — P sin rz. 


(c) 


< d) 


nni V/'ll!? U n fr,ct,ol, . al I orcc **>at must act on the rolling cylinder if .» is 
takes place when' P °' ' d ° U ' be, ° rC '" at F ' (u "^wnlly . pure rolling 


-3 P sin a < IP cos a 
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or 



tan a. 


If the coefficient of friction is less than this, force F cannot attain the 
value given by equation (d), and the cylinder will slip. In this case Vq and 
(o are not related by the equality v^ = a)R (the point of contact is not the 
instantaneous centre of zero velocity), but now F has a limiting value, i.e., 
F =[N =[P cos a, and equations (a) take the form, 

— wq = P (sin a — t cos a), ~ y R*e = fPR cos a, 

whence 

w c = g (sin a — z cos a); e = -J^ cos a. (e) 


In this case the centre of the cylinder moves with an acceleration w c . 
while the cylinder itself rotates with an angular acceleration e, the values of 

which are determined from equations (e). 

Problem 145. Solve the previous problem taking into account the resistance 
to rolling, assuming the coefficient of rolling friction to be k. 

Solution. In order to give an example of another method of computation, 
let us find k.< c with the help of the theorem of the change in kinetic energy, 
i.e., the equation . . 

H dT = dA e , (a) 


In our case (see Problem 134, § 147), 



Only the force P and the resisting moment perform any work. The work 
done by forces F and N in rolling is zero (see § 149). Then, taking into 
account Eq. (45), we obtain (see Fig. 337, but now with force N shifted by 
the value ft in the direction of the motion): 

dA e = P sin a • ds c — Nds c = P f sin a — cos a ^ ds c . 


Substituting the determined quantities into equations 
through by dt, we have 


(a) and dividing 


3 P_ 

2 e 




k \ 
a — — cos a j 


ds c 

dt 


The last multiplier is equal to v c , and we finally obtain 



sin 


a — 


k 

R 


cos a 



At fc = 0 this formula gives the result of the previous problem. 

The frictional force can now be found from the equation Mwq = P sin a — F, 
which does not change its form. 

Problem 146. A uniform cylinder of weight P and radius r starts rolling 
from rest without slipping from a point on a cylindrical surface of radius R 
defined by angle (Fig. 338). 
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Determine: 1) The pressure of the cylinder on the surface for any angle';; 
2) The law of motion of the cylinder when angle (f 0 is small. Neglect rolling 
friction. 

Solution. 1) Acting on the cylinder in any position is force P. the 
normal reaction /V. and ttie frictional force F. without which rolling is impos¬ 
sible. The path of the centre C is known: a circle of radius R —r. To deter¬ 
mine N we make use of the sec¬ 
ond of equations (53). Directing 
the normal Cn inwards to the 
path, we obtain 

u!. 

M-—— = N — P cos (a > 

K — f 

The quantity v r in this 
equation can be found from the 
theorem of the change in kinetic 
energy (compare with § 118): 

= <b) 

In our case T 0 = 0 and T = 

3 

4 " M v c (see Problem 134). Only force P does any work, consequently. 

^ A'] ( = Ph = P (R — r) (cos <p — cos <J„). 

and equation (b) takes the form 

3 

j M u*. = P (R — r) (cos <p — cos <p„). (c) 



Computing from here Mv r and substituting into equation (a), we obtain 
finally 

p 

W = — (7 cos (p — 4 cos (p 0 ). 

If, for example. <p 0 = 60° and <p = 0°, then N = ^ p. 

2) To determine the law of motion of point C. differentiate equation (c) 
with respect to time. We obtain 


1 T Vc<1 ^f = ~ PiR ~ r) sin<,) ^f- 


dip 


In our case angle. <p decreases when the cylinder moves, and "- r < 0. Then. 


v c — (R - r) 


dip 

~dT 


= -(R- r) - V - • - (R r \ d *V 

n dt * dl ~ U< ~ f) ~dP‘ 


Substituting these expressions into the previous equation, we obtain finally 

4 ^+ 1 ^ 7 s,u<p = 0 * 

If angle (p 0 is small, then, as we can assume that sin cp ^ <p, and 

the equation takes the form 

d 7 cp 

^ + ft’<p=0. 
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where 


__2 g 

3 R — r’ 


Consequently (see § 123), the centre of the cylinder performs simple harmonic 
motion, its period being 





3 (R - r) 
2 g 


Problem 147. The body in Fig. 339 rests at B on a piezcelectric sensor of 
an instrument for measuring pressure, and at A it is attached to a string AD. 

When the system is in equilibrium, AC is horizon¬ 
tal and the pressure at B is Q t . Determine the 
moment of inertia J c of the body with respect 
to an axis through the centre of mass C, if at the 
instant when the string is severed the pressure 
at B becomes Q, and the distance / is known. 

Solution. 1) In the equilibrium position 
QJ = P (l — a), whence 

P~O 0 
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a = 


/. 


2) When the string is severed, the body begins plane motion. Its displace¬ 
ment in the initial time increment can be neglected. Then Eqs. (52), which are 
valid only for this initial time interval, will take the form 


Miv Cx = P — Q,, i o Cy = 0 , 7 c e = Q x a. (a) 

As w Cy = 0, point C starts moving vertically down and point B slides hor¬ 
izontally (assuming the friction in the support to be very small). Erecting 
perpendiculars to the directions of these displacements, we find that the instan¬ 
taneous centre of zero velocity is at point K. Consequently, v c = aoj. Assuming 
a -- const, for the elementary time interval, we obtain, after differentia- 
ling, U' ( = ae. Then the first of equa- ^ t 

lions (a) gives 

P 

— ae = P — Q. 

8 

Determining e from here, 
finally 

' j c = Q^=f- -Qi 

e g P - 

This result can be used for the experimcn- F'g- 340. 

tal determination of moment of inertia. 

Problem 148. The weight of a motor car together with its wheels is P, the 
weight of each wheel is p, and their radii are r (Fig. 340). Acting on the 
r «r (driving) wheels is a turning moment .\f f . The car starts from rest and is 
subjected to the resistance of the air, which is proportional to the square of 
the translatory velocity: R = y.u~. The frictional moment acting on the axle of 
each wheel M/ r . Neglecting rolling friction, determine 1) the maximum veloc- 
jty of the car; 2 ) the sliding friction acting on the driving and driven wheels 
during motion. 

Solut ion. I) To determine the maximum velocity, write the equation 
of motion from Eq. (40); 

dT = dA c + dA'. (a) 
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pnJJlf i it? e , ner ? y -? f ,- he C3r ,S equal lo (he en^gy of *»ie body plus the 
energy ^of the wheels. Taking into account that P is the weight of the whole car 

we d obiaTn° ,r ^ den ° mg the radius of gyration of each wheel by the symbol o, 

7 ’=It-''+ 4 (t^)= 2^( p + 4 ^)"'- 

Of all the external forces, only the resistance of the air does work as we 

al forcpf F an,5 0 ^ ing f re rh Stan h e ' | and in !- his CaS f ,he work •’> the friction- 

al lorc.s F x and f, of the wheels on the road is zero (see § 149). Therefore, 

<IA P = — |Al f *//s c . 

axlJs) e is W ° rk d0nC by ,He intemal forces ( ,he ^rque and the friction in the 

dA ‘ = (Mt - 4M/ r ) d( f' = (A/, - 4 M fr ) ^ . 

we b obtain 118 3,1 exf)rcssions in, ° e Q liati on (a) and dividing through by dt, 

7 [ p + * p £)«* ‘iff = T ( ' W ' - **'/' ~ »‘-c> “if ■ 

ds r 


from which, cancelling out we find 


dt 


(M 


( P + 4 P ?T )»C = 7 - ( Al, - 4 M /r - ,»re* ). 

When the velocity reaches its limiting value, the acceleration w c becomes 
zero. Therefore t-Jl m can be found from the equation 


whence 


M t — 4 — l ir t'c = 0 


v 


I i m i / A41 — 4 A 1 t r 

C - V -pr-* 

This result could have been obtained immediately 


by 
the 


equating the total 
ibove computations 


work done by all the forces to zero. The purpose of . 
was to show how to develop the equation of motion <b) 

2) To determine the frictional forces acting on each wheel, we deduce the 
equations of the rotation of the wheels about their axes. For the driving wheels 
taking into account that the frictional force F, acting on each of 8 them U 
directed forward (see § 13G. Fig. 301). we obtain 


P_ 

n 


Q t e = M, — 2M /r — 2F l r. 


Since in rolling w c = er, we obtain finally 

F _ 0-5AI , — M /r 0 * 

' r a* 

-snsk drivcn " hccK ■* »«*- 


p_ 

a 


Wr. 


(C) 
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whence 




(d) 


We see from equation (b) that when the velocity increases the acceleration 
tv decreases and tends to zero. 

Thus, the frictional forces acting on the driving wheels increase somewhat 
during the acceleration and reach a maximum value when the motion becomes 
uniform (tt> c = 0). If we substitute the value of w c from equation (b), we shall 
readily notice that the last component in equation (c) is much smaller than the 
first, since P^>p. Therefore, for all practical purposes the value of F, changes 
onlv slightly. 

The frictional forces acting on the driven wheels will be greatest at the be¬ 
ginning of the motion, then decreasing till they reach their smallest value 
A/j r /r when the motion is uniform (ta c = 0). 

If the coefficient of friction of the wheels on the road is too small for the 
frictional force to reach the values of F,, or F,. the respective wheels will slip. 

As M t is much larger than Mj n the driving 
wheels are primarily in danger of slipping. 

When the motor is switched off, all the wheels 
become driven, and initially they will all 
be subjected to the frictional force F = Afj r /r. 
The action of brake shoes is equivalent to an 
increase of Af fr acting on the axles, and conse¬ 
quently of the frictional force acting on each 
wheel, and the motor car slows down quicker (see 
§ 136). 

157. Approximate Theory of Gyro¬ 
scopic Action. A gyroscope, or top, is a 
rigid body possessing an axis of mate¬ 
rial symmetry, the body being fixed to 
some point 0 on that axis. In gyroscopic 
instruments, the gyroscope is usually 
supported in a system of concentric 
rings or gimbals (Fig. 341) in such a 
way that, no matter how it is 
turned, its centre of gravity remains motionless. 

Gyroscopes used in engineering have a high angular velocity 
0 ), of spin about the axis of symmetry (axis of spin). This makes 
it possible to neglect in the first approximation the additional 
rotations of the gyroscope due to the motion of its axis, and to 
develop an approximate theory of gyroscopic action. 

The principal angular-momentum vector K 0 of a body rotating 
about a fixed axis of symmetry Oz is directed along the axis of 
spin (see § 143) and is computed according to Eq. (32). The ba¬ 
sic assumption in the elementary theory of gyroscopic action is 
that even if the axis slowly moves, at any instant the principal 
angular-momentum vector K 0 of a gyroscope with respecf to its 
fixed point remains directed along the axis of spin in the same 



/// .vV /<v //’////. 


Fig. 341. 
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direction as vector co, and is equal to J z co,: 

K 0 = K Z = J z u) (51) 

where J 2 is the moment of inertia of the gyroscope with respect 
to its axis of symmetry. The faster the spin of the gyroscope, the 
more valid this assumption. 

Proceeding from this assumption, let us examine the main prop¬ 
erties of the gyroscope. 

1. Free Gyroscope. Consider a gyroscope supported at its 
centre of gravity 0 (see Fig. 341). Then, neglecting friction in 

= 0 and K n = const., 


the axles of the gimbals, we have2 m o(^) 
i.e., the vector of the total angular mo¬ 
mentum is constant both in magnitude 
and direction (see § 145). But as vector 
K a is directed continually along the axis 
of spin, it follows that the axis of a free 
gyroscope remains constantly aligned in space 
with respect to an inertial (stellar) frame 
of reference. This is one of the important 
properties of gyroscopic action which is 
employed in all gyroscopic instruments. 

By virtue of this property, the axis of 
a free gyroscope will rotate relative to 
the earth in the opposite direction of the latter’s rotation. A 
free gyroscope can thus be used to prove the fact of the earth’s 
rotation round its axis. Such an experiment was first carried 
out by Foucault in 1852. 

2 . Action of a Force Applied to the Axis of a Gyr¬ 
oscope. Let a force F whose moment w'tli respect to the cen¬ 
tre O is A1 n =Fh start acting on the axis of a rapidly spinning 
gyroscope (Fig. 342). Then, by the principle of moments (§ 144): 



<lKo 

dt 


M 


o 


d (on) 
or —, ' 


dt 


— M 


O' 


where B is a point on the axis coincident with the end of vector 
Kq. From this, taking into account that the derivative of vector 

OB with respect to time gives the velocity v n of point B, we ob¬ 
tain 

= (55) 

Thus, point B, and with it the axis of the gyroscope, will 
move in the direction of vector M () . We find, therefore, that if a 
force is made to act on the axis of a rapidly spinning gyroscope, 
the axis starts moving not in the direction of the acting force but 
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in the direction of the vector of the moment of the force with re¬ 
spect to the fixed point 0 of the gyroscope, i.e., perpendicular to 
the force *. 

Note that if the gyroscope were made to spin in the opposite 
direction (see Fig. 342), vector and with it vector K 0 applied 
at point 0, would be directed downward, and the lower end of 
the gyroscope would move in the direction of M 0 , i.e., towards 
us, and the upper end in the direction of the page. 

Another important result follows from Eq. (55). When the ac¬ 
tion of the force ends, M n , and consequently v B as well, vanish 

and the gyroscope axis stops. Thus, a gy¬ 
roscope does not retain the motion impart¬ 
ed to it by a force. If the force is of 

\° -C) short duration (an impact), the gyroscope 

axis will practically not change its orienta¬ 
tion. This is the cause of the stability of 
the axis of a rabidly spinning gyroscope. 

3. Regular Precession of a 
Heavy Gyroscope. Let us consider a 
gyroscope whose fixed point O is not coin¬ 
cident with its centre of gravity C (Fig. 
343). In this case continuously acting on 
the axis of spin will be a force P which, 
as just shown, will deflect the axis Oz not downwards (not in the 
direction of angle a increasing), but in the direction of m 0 (P), 
i.e., normal to plane Ozz x . As a result, the axis of spin will 
turn about the vertical axis Oz x , describing a conical surface. 
Ibis motion of the axis of a gyroscope is called precession. 

Let us find the angular velocity o> 2 of the precession. From 



Eq. (55), we should have v 


n 


M 


OC = a, we find that in this case 
hand, v B = (o 2 - BD = m t -OB sin a = o), 
count Eq. (54), 

= J 


O' 

M 


Introducing the notation 
0 = Pa sin a. On the other 
/C G sina, or, taking into ac- 


n 


to,co 2 sin a. 


(56) 


Consequently, sin a = Pa sin a, whence 



Pa 

* 



As (o, is large, the angular velocity of precession is small. As to, 
decreases, o>, increases, a phenomenon which is familiar to anyone 
who has ever seen a spinning top. 

The earth’s axis also perforins motion of precession, due to the 
fact that the earth is not an ideal sphere and also to the incli- 


• How the direction of vector M 0 is determined was explained in § 41. 
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nation of its axis, thanks to which the resultant of the attrac¬ 
tive forces of the sun and the moon does not pass through the 
earth’s centre of mass, producing some moments with respect to 
the centre. The rate of precession of the earth’s axis (the time 
of one complete revolution) is approximately 26,000 years. 

4. The Gyroscopic E f f e c t. Consider a rapidly spinning gy¬ 
roscope supported by bearings A and A' in a gimbal ring which 
in turn can rotate with an angular velocity w 2 (o>,<^g),) about 
axis DU (Fig. 344). Since under such conditions the gyroscope 
axis precesses, point B (the end of 
vector K n ), as in the previous case, 
will have an angular velocity v H de¬ 
fined by Eq. (56). from Eq. (55) we 
conclude that acting on the axis is 
a moment of magnitude 

M Q ■— v B = 7 i o),co 2 sin n. 

This moment is, evidently, created 
by forces Q,Q' with which the bear¬ 
ings A and A' act on the axis. As 
the centre of mass of the gyroscope 
is fixed, these couples form a couple 
whose moment M G must be directed 
the same as the velocity v, { , i.e., 
upward (towards the reader in Fig. 344). 

But then the axis of the gyroscope 
will also press on bearings A and A' with forces N, N' equal in 
magnitude to forces Q, Q’ , but oppositely directed. 

The force couple (/V, AT) is called a gyroscopic couple, and its 
moment the gyroscopic moment. Since in magnitude A/, =AJ 
then ° 

yV, Kyr = ‘ / ^ ) i <,) * sina - (58) 

We deduce from this Zhukovsky’s Rule: If a forced pre¬ 
cession is imparted to a rapidly spinning gyroscope, a couple of 
moment M gyt will start to act on the bearings which will tend to 
move the axis of spin along the shortest path to set it parallel to 
the axis of precession, so that the directions of vectors to, and to 
would coincide. ‘ * 

Besides bringing forces to act on the bearings, the gyroscopic 
effect may cause the body to which the bearings are attached to 
move too, if the motion is not opposed by constraints. 

Consider the following example. If the rotor of a ship’s tur¬ 
bine rotates with an angular velocity to, (Fig. 345) and the ship 
turns with an angular velocity ca 2 gyroscopic forces tV l and TV, 
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will be acting on bearings A and £, directed as shown in the 
diagram*. If AB = l and the moment of inertia of the rotor is 
J , then, by Eq. (58), 


M 


gy r 


Nl = J and N 


J z 0 ),ti)j 


These forces may reach a value of several tons and they must 
be taken into account in calculating the bearings. Through the 

bearings the gyroscopic forces are 
transmitted to the hull, and if the ves¬ 
sel is very light they can cause the 
stern or bow to “dip” during a turn. 
A similar phenomenon takes place 
when a propeller aircraft banks in a 
horizontal plane. 

The gyroscopic phenomena dis¬ 
cussed in this section are used for gyro¬ 
scopic stabilisers, navigation and other 
Fj 345 special instruments. 



An example of a direct action gyroscopic stabiliser is the ship anti-rolling 
gyroscope. This is a heavy gyroscope (Fig. 346) whose axis of spin AA X is 
mounted in a frame the axis of rotation DD, of which is attached t< the ship’s hull. 
When the ship starts to roll and a moment M starts to act on it, a specially 
controlled motor begins to turn the frame with a certain angular velocity 0 ), 



i;?on ( ,V? K L am) - t As res . ult a gyroscopic couple (N, AT) of moment is 

m ? act or \ beann 6 s D and D,, which reduces the roll. When the mo- 
om chap 8 e 5 | ts direction, the motor will reverse the rotation of the frame 

and the couple (A, .V') will also change its sense. 

uw\? l ron<r S> i r °u CO|UC stabi, c iscr ( not a direct-action one, though) is a device 

Pllmlt ic o f he mot,on of a tQ rpedo in the horizontal plane. The stabilising 

thp f«r ee i eyr 0 l C - 0 ? e . (sc f Fig * 341)l whose a *i* ^ coincident with the 

if thp forLa P a d °’ , W V ch ,s dirccted to the target at the launching moment. 

If the torped o departs from its set course by an angle a (Fig. 347), the gy- 

nf th, G S C °f ! C * fo 5 es ?- ,so appear in tbe bear 'ngs due to rolling and pitching 

of the ship. Their directions, of course, are different. 
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roscope axis will continue, by virtue of the property of a free gyroscope, to 
point towards the target and will therefore turn through the same angle with 
respect to the axis of the torpedo. This turn actuates a governor which con¬ 
trols the steering mechanism. The rudder will turn correspondingly and the 
torpedo will return to its course. A similar idea is incorporated in automatic 
pilots, which sense any deflection of an aircraft from its set course and actuate 
the necessary steering assemblies. 

To other gyroscopic navigation instruments belong the gyro-compass, the 
gyro-horizon, the turn-indicator, and others. They are of various design, but 
all of them are based on the properties of the gyroscope discussed here. 


Chapter 29 

D’ALEMBERT’S PRINCIPLE. FORCES ACTING ON 
THE AXIS OF A ROTATING BODY 

158. D’Alembert’s Principle for a System. Consider a system 
of n particles. Let us select any particle of mass ni k and denote 
the resultants of all the external and internal forces applied to 

it by the symbols F and F'k "*. If we add to these forces the 
inertia force Ff =—then according to D’Alembert’s prin¬ 
ciple for a single particle (§ 119), the force system Fk \ F*' 1 , Fh 
will be in equilibrium, and consequently, 

F e k xt + FL nt + Fi = 0. 

Reasoning similarly for all the particles of the system, we ar¬ 
rive at the following result, which expresses D’Alembert’s 
principle for a system: If at any moment of lime to the 
effective external and internal forces acting on every particle of a 
system are added the respective inertia forces, the resultant force 
system will be in equilibrium and all (he equations of statics will 
apply to it. 

We know from statics that the geometrical sum of balanced 
forces and the sum of their moments with respect to any centre 
O are zero; we know, further, from the principle of solidification, 
that this holds good not only for forces acting on a rigid body, 
but for any deformable system. Thus, according to D’Alembert’s 
principle, we must have 

2 (/=*" + F'k"' + Fl) = 0 ; 

2 [m 0 (CC) + m 0 (FC 1 ) + m 0 (, Ft) 1 = 0. 


* We introduce the notation F nt (and F ext ) for internal and external forces 
in this chapter to avoid confusion between internal forces and inertia forces, 
for which the notation F l is retained. 
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Let us introduce the following notation: 

R‘ = yFl- Mo — 2 m 0 (FI). (59) 

The quantities and Mo are respectively the principal vector 
of the inertia forces and their principal moment with respect to a 
centre O. Taking into account that the sum of the internal forces 
and the sum of their moments are each zero (§ 129), we obtain 

2n v ' + /? = 0; 2 m 0 (/=£*')+ Afo = °. (60) 

Use of Eqs. (60), which follow from D’Alembert’s principle, 
simplifies the process of problem solution because the equations 
do not contain the internal forces. Actually Eqs. (60) are equiv¬ 
alent to the equations expressing the theorems of the change in 
the momentum and the total angular momentum of a system, 
differing from them only in form. 

Eqs. (60) are especially convenient in investigating the motion 
of a rigid body or a system of rigid bodies. For the complete in¬ 
vestigation of any deformable system these equations, however, 
are insufficient*. 

For the projections on a set of coordinate axes, Eqs. (60) give 
equations analogous to the corresponding equations of statics (see 
$$ 24 and 48). To u>e these equations for solving problems we 
nni'-t know the principal vector and the principal moment of the 

inertia forces. 

159. The Principal Vector and the Principal Moment of the 
Inertia Forces of a Rigid Body. It follows from Eqs. (59) (see $ 46) 
that a system of inertia forces applied to a rigid body can be re¬ 
placed by a single force equal to R' and applied at the centre O, 

and a couple of moment M‘o. The principal vector of a system, it 
will be recalled, does not depend on the centre of reduction and 

can he computed at once. As F[ = — ni k w b » then taking into ac¬ 
count Eq. (15) ($ !35), we will have:** 

R‘ = — V m k w k — — • ft W c . (61) 

Thus, the principal vector of the inertia forces of a moving body 
is equal to the product of the mass of the body and the acceleration 
of its centre of mass, and is opposite in direction to the acceleration. 


This follows from the reasoning in § 3 when the principle of solidifica- 
lion was examined. See also the remarks on the general theorems of dynamics 
in § 134. 

** To avoid confusion between the symbols for mass and moment, in this 
chapter we shall denote mass by the symbol ^ (see footnote on p. 309). 
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If we resolve the acceleration w r into its tangential and normal 
components, then vector R' will resolve into components 



W c „, R'n — rrw 


Cn 


(61') 


Let us determine the principal moment of the inertia forces for 
particular types of motion. 

1. Transl atory Motion. In this case a body has no rota¬ 
tion about its centre of mass C, from which we conclude that 

2 Mr {PS') = 0, and Eq. (60) gives Af' r = 0. 

Thus, in translatory motion , the inertia 
forces of a riff id body can be reduced to a 
single resultant R through the centre of 
mass of the body. 

2. Plane Motion. Let a body have a 
plane of symmetry, and let it be moving 
parallel to the plane. By virtue of sym¬ 
metry, the principal vector and the result¬ 
ant couple of inertia forces lie, together 
with the centre of mass C, in that plane. 

Therefore, placing the centre of reduction in point C, we obtain 

from Eq. (60) M‘ r = —'2 i ni r (Fk X '). On the other hand (see $ 156), 

from the last of Eqs. (52), '^ t /n c (Fh x, ) = J c e. We conclude from 
this that 

M f c = —J c e. (62) 



Thus, in such motion a system of inertia forces can be reduced 
to a resultant force R' |Eq. (61)1 applied at the centre of mass C 
(Fig. 348) and a couple in (he plane of symmetry of the body 
whose moment is given by Eq. (62). The minus sign shows that 

the moment M' r is in the opposite direction of the angular accel¬ 
eration of the body. 

an Axis Through the Centre of 
a plane of symmetry, and let the axis 
to the plane through the centre of mass. 

n .— - particular case of the previous motion. 

But here w f =0, and consequently, R 1 — 0. 

Ihus, in this case a system of inertia forces can be reduced to 
a couple in the plane of symmetry of the body of moment 


— — — j . 

3. Rotation about 
Mass. Let a body have 
of rotation Cz be normal 
This ease will thus be a 


Mz = — J t e. (62') 

In applying Eqs. (61) and (62) to problem solutions, the mag¬ 
nitudes of the respective quantities are computed and the direc¬ 
tions are shown in a diagram. 
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160. Solution of Problems. D’Alembert’s principle supplies a 
uniform method for developing the equations of motion of any 
constrained system*. It provides simple, graphic solutions of prob¬ 
lems where we have to determine the reactions of constraints when 
the motion of a system is known. In these solutions all the im¬ 
mediately unknown internal forces are excluded from consideration. 
When we have to determine the reactions of internal constraints, 
the system is divided into parts so that the required forces would 
be external. 

D’Alembeit’s principle is also conveniently used to develop the 
differential equations of motion and, in particular, to determine 
the acceleration of moving bodies. 


Problem 149. Two weights P, and P, are connected by a thread and move 
along a horizontal plane under the action of a force Q applied to the first 
weight (Fig. 349u). The coefficient of friction of the weights on the plane is f. 
Determine the accelerations of the weights and the tension in the thread. 




S n 1 u t ion. Denote all the external forces acting on the system and add 
t< them the inertia forces of the weights. As both weights are translated with 
the some acceleration w, then in magnitude 


F[ = — u: and 


FL = —’ ! w. 




i he forces are directed as shown. The Irictional forces are 

F,=fP l . F t = fP t . 

According to D’Alembert’s principle, the force system must be in equilib¬ 
rium. Writing the equilibrium equation in terms of the projections on axis Ox, 
we find 

P,)w = 0, 

w hence 

= (— Q — 

Evidently, the weights will move if / < p . 

I l” *2 

In our force system the required tension in the thread is an internal force. 
To determine it we divide the system and apply D’Alembert's principle to one 


U.' 


:~ f ) e • 
Q 


* D’Alembert’s principle is especially effective when used in combination 
with the principle of virtual work (see § 167). 
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of the weights, say the second (Fig. 3496). Acting on it is force P 2 , (he nor¬ 
mal reaction N 2 , the frictional force F., and the tension T in (he thread. Add 

to them the inertia force F[ and write the equilibrium equation in terms of 
the projections on axis Ox. We have 

T — }P 2 — - 2 w = 0. 

fi 

Substituting the earlier found value of u>, we obtain finally 

QP, 


T = 


P* 



It is interesting to note that the tension in the thread does not depend on 
the friction and, given the same total weight of the system, it decreases with 
the reduction of the second (rear) weight. That is why, for example, in mak¬ 
ing up a goods train it is better to place the 
heavier vans closer to the locomotive. 

Assigning specific values to the quantities of 
this problem, let Q = 20 kg. P x = 40 kg, and 
F 2 =IU kg. Then motion is possible when/< 0.4 
and the tension in the thread is 4 kg. If the weights 
are reversed, the tension in the thread will be 
16 kg. 

Problem 150. Solve Problem 133 (p. 338) with 
the help o! D’Alembert's principle and also de¬ 
termine the tension in the thread. 

Solution. I) Considering the drum and the 
load as a single system, we add to the bodies of the 
system inertia forces (Fig. 350). Load A is in trans- 

latory motion, and for it R 1 = — u,« = — re. The inertia 

fi g 

t J 

can be reduced to a couple of moment Al' 0 equal in magnitude to J a e. — — 

and directed opposite the rotation (see § 159). Writing now lor all the forces 
the equilibrium conditions in the form y irin (F b ) = 0. we obtain 

\M' o \ + R'r-Qr = 0, 



b) 


'orces of (he drum 

P 


or 


from which we find 


P O 

— p*e -4- — /- 2 e — Or = 0, 
fi fi 


e = 


Qur 


/V 4- Qr 1 ’ 


2) Considering now load A separately and adding to the active forces Q and 
T the inertia force R‘, we obtain Ironi the equilibrium conditions that the 
tension in the thread 

T = Q — R‘ = Q ( 1 - r ± ) = 

W S ) 'V 4- Q' r • 

Problem 151. Determine the forces acting on a spinning flywheel t assuming 
its mass to be distributed along the rim. The weight of the flywheel is P. 
its radius r 9 and its angular velocity w. 
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Solution. The required force is an internal one. In order to determine 
it. cut the rim into two and apply D’Alembert’s principle to one portion 
(Fig. 351). We denote the action of the separated half by two equal forces F‘ 

equal in magnitude to the required force F. For 
each element of the rim, the inertia force (a cen¬ 
trifugal force) is directed along the radius. These 
concurrent forces intersecting at O.have a resultant 
equal to the principal vector R‘ of the inertia 
forces directed, by virtue of symmetry, along axis 

Ox. By Eq. (61), R‘ = w c =.^rx c <o* t where u* 

*s the mass of half the rim and x c is the co¬ 
ordinate of the mass centre of the semicircular 

2 r 

arc, which is equal to—(see § 56). Therefore, 

n 





R‘ = 


Pna 9 


The equilibrium conditions give 2 F = R‘, and finally 

Pro>* 


F = 


2n g 


This formula can be used to determine the limiting angular velocity beyond 
which a flywheel made of a specific material may be torn apart. 

Problem 152. A homogeneous rod AB of length / and weight P is hinged 
at A to a vertical shaft rotating with an angular velocity o> (Fig. 352). 
Determine the tension T in the horizontal 
thread securing the rod at an angle a to 
the shaft. 

Solution. Applying D’Alembert’s 
principle, we add to the external forces 
P, T, X,\, and Y.\ acting on the rod the 
inertia forces. For each element of the 
rod of mass Am the centrifugal inertia 
force is Srnio : x. where x is the distance 
of the element from the axis of rotation 
Au. The resultant of these parallel forces 
distributed according to a linear law 
(see $ 28) passes through the centre of 

giavity of triangle ABE, i.e., at a distance 

o 

h — 1 wsct from the Ax axis. As this 

resultant is equal to the principal vector 
of the inertia forces*, then, by Eq. (61). 

R' ~ • ff =. re- io*.v c = — co* sin a 

A ’ ^ 

(here .v r is the co-ordinate of the centre of gravity of the rod). 



nn * u V tnn n ?"I f n m statics « ,at the resu,tanl of any force system, if there is 
?h^’intr?L r t0 the Principal vector of the forces. Therefore, the resultant of 

motion Hn/c \ When the T, e is one ' is e 9 ual to/?'. though in non-translatory 
in this problem ROt necessanl >* P ass though the centre of mass, as is the case 
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Writing now the statics equation rn A (F k ) = 0, we obtain 

Tl cos a — R'h — P ~ sin ct = 0. 

Substituting the values of R‘ and h into this equation, we obtain finally 




sin ct -f- -jj- tan a 





Alternate Solution. The problem can be solved without applying 
the conclusions of § 26. by directly computing the sum of the moments of'the 
inertia forces with respect to centre A by integration. Draw along rod AB an 
axis Al. Acting on each element d$ of the rod. whose co-ordinate is c. there 
is ^an inertia force equal to w 2 xtlm. Its moment with respect to .-1 is 
i/o) xdm. Then the equation of moments gives 

t 


' S } y , n *A = Tl cos a — P ^ sin a — ^ io*yxdm = 0. 


(a) 


O 

Expressing all (he quantities under tlie integration sign 
obtain 


in terms of |, we 


V v ■ ff 

*=fcsma, // = £ cos a, <////=— d|. 


from which we hav 


* i 

\ to* yxdm =oj* sin a cos a \ £*</£ = -L ~ l : 

y / J 3 a 

0 


(o' sm a cos a. 


we obtain for T the same ex- 


f 


Substituting this expression into equation (a), 
pression as in the first solution. 

Problem 153. A homogeneous rod AB of mass ,/r and length / rotates about 

an axis perpendicular to it with an angular velocity id and an angular accel¬ 
eration K (Fig. 353a). Determine the 
stresses generated by the rotation in a 
cross section of the rod at a distance x 
,ror n the axis. 

^oltilion. The required forces are 
internal. To determine them, cut the rod 
n o two and consider the motion of 

353M° n T». D/i ° f ,en S lh a = l —x (Fig. 

1 • ‘ action of the removed por- 

°n AD is replaced by a force applied 

, centred) of the cross section, which 

an (Vi represent by its components P 

S' an ^ a couple of moment M n 

® § 20, Fig. 02). The quantities P, Q, 


_ D\ 


©J 

Li_ 




P" jl 



of 



t>) 


Fig. 353. 


?" d wilF specify’ the required itSses in 
these--** — th w,lich portions AD and l)B act 


section D of the rod, i.e., 

,„esp .... . - *>n one another. To compute 

Pal ,.^ an 'if lcs we usc * D’Alembert’s principle. First let us find the priuci- 
’ s NC 'Ctor R‘ of the inertia forces of portion l)B, and their principal moment 

c^ith respect to the centre of mass C of the portion. The mass rn of 
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portion DB and the coordinate x c =AC of its centre of mass are, evidently. 

l—x _/ + * 

m=—^ x c ——2 ' 

Then, from Eqs. (61'), we find the magnitudes of vectors /?' and /?£: 

K | =m | w c . | = mx c | e | = uv | e | —^— , 


= mw Cn = mxQdi* = w* 


/’- — 
2 / 


Furthermore, from Eq. (62). M l c = — J c e. As in this case (see Problem 122 


ma 


on p. 315) ^c = ”j 2 ^ » then 


i <■ i= 


(/ — x)* . . 

V-J2/-I 8 I- 


The forces /?' and /?', and the moment Af^ are directed as shown in the 

diagram. v , , , 

Thus, all the inertia forces oi portion DB of the rod are replaced by a 

force R 1 applied at C, whose components are RL and R J n , and a 

couple of moment M‘ c . Writ ing now the equilibrium conditions ^,Fkx~ 

V F fcv = 0, Vm£,(/ r ft) = 0 for the active forces and the inertia forces applied 
to portion DB, we obtain 

R'„-P = 0; Q — | A?' | = 0; M D - | M > c \-| Rl ||- = 0. 

From this we find finally that acting at section D of the rod are 1) a ten¬ 
sile force P = R' rl , 2) a transverse force Q = | R\ j. and 3) a couple with a bend¬ 
ing moment 


M d = \ M' c I + I Ri I 4 = !(' - *)* + 3 (/ + *> (' - *)*!• 


or finally 


12 / 


.sr | e | 

M D = —(/ - x)* (2/ -f- x). 


The value of forces P, Q and the bending moment will be greatest, it will 
readily be noticed, at the cross section x = 0. 


161. Dynamical Pressures on the Axis of a Rotating Body. 
Consider a rigid body rotating uniformly with an angular velocity 
about an axle mounted in bearings A and B (Fig. 354). Let us 

find the dynamical pressures X5, Ya, ZS, Xa , Yr exerted by the 
bearings on the axle, i.e., the pressures due only to the rotation 
of the body. Applying D’Alembert’s principle, we add to the re¬ 
quired forces the principal vector and the principal moment of 
the inertia forces and write the equilibrium equations (60) in 
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terms of the projections on the coordinate axes, which rotate to¬ 
gether with the body. In our case these equations (or the corre¬ 
sponding equa tions of § 48) take the form (denoting AB = b): 


xS+a2+#«=o, 

Y D A+Y?,-\-R' y = 0, z3 + /?i = 0, 

— Y%b + M' x = 0, X?,b + At‘ y =0. . 



The last equation /VJi = 0 is an identity and we omit it. 

The principal vector of the inertia forces R‘ = — etw c . At 
(o = const., tlie centre of mass C has only a normal acceleration 
w Cn = h r o) J , where h r is the distance 
of point C from the axis of ro¬ 
tation. 

Consequently, vector R‘ is di¬ 
rected along OC and * 

R‘ x =. tea) 2 h c cos a =. cru) i x c , 


R 


y — -//(i>*/i c sin a 

Rl= 0 , 




where x r and y c are the co-ordi¬ 
nates of the centre of mass. 

• 

In order to determine M' v and 

• 

My , consider any particle of the 
body of mass tn h located at a dis¬ 
tance h k from the axle. For this 
particle, at <i> = const., the inertia 
force has only a centrifugal component F‘ n = m k ta*h kt the projec¬ 
tions of which, like the projections of R 1 , are 

F*a : = m x M*x k , /%,= m k ufy kt rt * = 0. 

Then |see § 42, Eqs. (52)1 



• * 

(^i) = — F 'xy z k = — "**<*> V***. 
rn y (Fl) = F l k X z k = m k <si t x /{ z /l . 

Writing similar expressions for all the particles of the system, 
adding them, and taking the common multiplier id 1 outside the 


* Vector R‘ in the diagram is the principal vector ot the inertia forces, 
not their resultant. Reduced to centres C or O, the inertia forces will give also 
a couple. 
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parentheses, we obtain 

Mi = — (2 "*»</***) “' = — J y y, = (2 (64) 

The quantities 

J XZ = 2 "hVk. Jyz = 2 m »tli Z k (65) 

in Eq. (64) are called the products of inertia. It will be noticed 
from Eqs. (65) that, like the moment of inertia with respect to 
an axis, the product of inertia depends only on the distribution 
of mass in a body. The physical interpretation of the concept 
will be explained further on. 

Substituting all the obtained quantities into Eqs. (63) and omit¬ 
ting all quantities equal to zero, we have 

Xa + A’« -~v c oA Y d a + Y d b =- ,aj c ai*: \ (66) 

X?,b = — J x MY«b = — I 

Equations (66) specify the dynamical pressures acting on the 
axle of a uniformly rotating rigid body , when axis Oz is. taken 
coincident with the axle. 

If there will be acting on the body any forces F% xt Isatisfying, 

of course, the condition ^m ; (Fk X, ) = 0 1, they will produce addi¬ 
tional static pressures defined by Eqs. (66) (§ 48), i.e., as if the 
body were at rest. The total action on the axle, then, will be 
equal to the sum of the dynamical and static pressures. 

162. The Principal Axes of Inertia of a Body. Dynamic Bal¬ 
ancing of Masses. The appearance of dynamical pressures acting 
on an axle depends on the manner in which the mass of a body 
is distributed with respect to the axle. The presence of these pres¬ 
sures is an indication of the dynamic unbalance of the masses. 

Equations (66) suggest that, to eliminate dynamic unbalance, 
we must, first of all, have 

* c = 0. y c = 0 (67) 

i.e.. the axis of rotation should pass through the centre of mass 
of a body. In this case Xa = — X„, and Y A = — Y%, i.e., 

the dynamical pressures will not disappear, but wil 1 make a couple 
which will rotate together with the body and cause the axle to 
vibrate *. 


Such vibrations, besides increasing the wear and tear of the bearings, may 
induce resonance in the parts or bedding of a machine (§ 126), which is very 
undesirable. 
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Thus the dynamic balance (or unbalance) of a body depends 
not only on the position of the centre of mass but on the prod¬ 
ucts of inertia J xz and J as well. This leads us to the physical 
mterpretation of the concept: the products of inertia J , arid j 

are a measure of the degree of dynamic unbalance of a body rotat¬ 
ing about an axis Oz. 

For perfect dynamic balance the additional conditions 


X z 


0, J 


y* 


0 


( 68 ) 


must be satisfied. 

Axis Oz, with respect to which the products of inertia ./ , and 
^ are zero, is called (he principal axis of inertia of the' bodu 
with respect to point O. For example, if plane Oxy is the body’s 
P ane of material symmetry, then Oz will be the principal axis 
ol inertia with respect to point O, insofar as to any particle with 
coordinates x, y, z there is a symmetrically located particle with 
coordmates x, y.—z, and, consequently, the summations in Eqs. 

(65) will vanish. Similarly, Ox will be the principal axis with 
respect to O, if J yx = JgK = 0, etc. 

The principal axis of inertia through the centre of mass of a 
oody is called the principal central axis of inertia. Thus, if the 
p axis is the body’s axis ol material symmetry, then it will be the 
body s principal central axis of inertia, insofar as to any particle 
with coordinates x, y, z, there is a symmetrically located particle 
with coordinates — x, —#/, z, and, consequently, the summations (65) 
win vanish. That simultaneously x c = y c = 0 is known from sta- 

lt follows from the above considerations that the dynamical 
pressures acting on the axle of a rotating body will be zero if the 
axle coincides with the principal central axis'of inertia of the body 
(tor instance, with the axis of material symmetry). This conclu¬ 
sion is also valid for a non-uniformly rotating body. 

The dynamic balancing of masses is an important engineering 
problem which, we have seen, involves the determination of the 
principal central axes of inertia of a body. 

It should not be assumed that only symmetrical bodies possess 
principal axes. It can be proved that there pass through any point, 
including the centre of mass, of any non-symmetrical body three 
mutually perpendicular axes of inertia which are principal axes 
with respect to the given point. 

Let us prove another statement which is no less important in 
practice: any axis passing through a body can be made a principal 

n ral axis of inertia by adding two point masses to the body. 

us have a body of mass . f( , and let the quantities x c , y c . 
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J xz , and J be known and not equal to zero. Let us further add 
4o the body two masses m l and m t at points whose coordinates 
are x lt y x , z, and x t , y z , z 2 . Then, from Eqs. (4) and (65), it 
follows that if 


usX c -[-m l x l -\-m t x 2 = 0, J xz + m l x l z l m z x 1 z l = Q, | 
.vUc + m,y, + m J/t = 0. Jyz + m,y,z l -J r mj/.z t = 0, j 



then for the resulting body we shall have xc = yc = Jxz = Jyz = ®> 
i.e., the Oz axis will be the principal central axis of inertia. 
The problem is solved by choosing the masses m l and m t and 
their positions such that Eqs. (69) will be satisfied. Some of the 
quantities, of course, must be specified in advance. For instance, 
we may specif/ the values of m x% m z and z,, z 2 (but such that 
z 1 =£z 2 ) and find x x , y x% x z% y . from Eqs. (69), etc. 

This method is widely used" in engineering for balancing crank¬ 
shafts, cranks, coupling rods, etc. Final balancing is done on spe¬ 
cial balancing machines. 

When it is necessary to determine the pressures acting on an 
axle, the ready equations (66) are usually not used, and D’Alem¬ 
bert’s principle is applied for 
each specific case. All the forces 
acting on the body are gen¬ 
erally considered and the total 
pressures are found, i.e., the sum 
of the static and dynamical pres¬ 
sures on the axis. 


Problem 154. The axis of rotation 
oi a disc is perpendicular to the plane 
of the disc and passes at a distance 
a from the centre of mass (Fig. 355). 
The disc weighs P and its angular 
velocity is to. Determine the dynami¬ 
cal pressures acting on the axle if 
OA = OB. 

Solution. The Oz axis is the principal axis of inertia with respect to 
point O. since plane Oxij is the plane of symmetry of the disc. Then,-7^ = 

— J y: = 0 . and, from Eqs. (64), Al' o = 0, i.e., the inertia forces are reduced 
to a single resultant through point O along OC (the Oy axis). In magnitude 

I?' = .(r^cH = ~ a w ! , and it will be readily noticed that 







Forces Y n A and Yq remain 
■with the body. 


V D t ,D Fnco* 

Y A-Y B —2g- 

continually in plane Oyz, which rotates together 
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In addition to these pressures, there act the static pressures due to the 
force of gravity P, which can be calculated if the distance AH is known. 

Problem 155. Two equal bars of length l and weight p each are welded at 
right angles to a vertical shaft AB of length b at a distance h from each 
other (Fig. 356). Determine the dynamical pressures acting on the shaft if it 
rotates with a constant angular velocity <•». 

Solution. The centrifugal inertia forces 
in each rod are equal in magnitude: 


F‘. 


c , P l . 

F 2 g 2 0) ’ 


and they make a couple which, apparently, is 
balanced by the couple X n y , x\\. The moments 
o? these couples are equal in magnitude. Con¬ 
sequently, X^b = F[h. whence 


V n _ yD _ 

A ,l — A li — 


F[H 


_ plh 


CO 


b 2 gb 

The couple is continuously in the Ax 2 plane, 
which rotates with the body. 

Let us show that the same result can be 
obtained from Eqs. ( 66 ). In our case, x c — 
l Jc — 6 . and J yy = 0. as the plane Ax 2 is the 
plane of symmetry. The quantity J xg == j\ x -f j\ z , j e .. it is equal to the 
sum of the products of inertia of each bar. For the lo.ver bar. all z k = a, and 
for the upper one all 2 k = a + h. Then from Eq. (65). 



J xz = ( X m k*k) a = mx' L a = — JL a 


P l 



J xz — mx i (" -f T ‘ ll) ‘ 

whence 

j K>== JLl fl . 

* g 2 

Substituting all the expressions 
into Eqs. ( 66 ), we find 

Y n — y n _ 


A 


n 


= — \ D _ P l,t 

“ 2 ab 


(1) 


The reason for the minus sign at 
X r / { is that the forces X\\ in Figs 

D . 351 and 356 are of opposite sense. 

Problem 156. The crankshaft of a one-cylinder gas engine carries two iden¬ 
tical flywheels A and 11 of radius r— 0.5 m as shown in Fig. 357. The crank 
f r ^ s and crankpin are equivalent to a weight of p = 21 kg at a distance of 
J “ ,n from the axis. If a = 0.6 m and b — 1.-1 m, what correction weights 
Pa ^nd p /t placed on the rims of the flywheels will balance the system-' 
ih r * 41 ! u ^ * 0 n * Draw a set of coordinate axes rotating with the body, such 
l fne crankpin would lie in the Oxz plane. This plane, then, will be the 
Plane of symmetry, and, consequently. y c — 0 and. as Oy is a principal axis 
1,1 rc ‘spect to point O, J yz = 0. Furthermore, introducing the notation P for 
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the total weight of the system, we have 

ph r P t 

Xc =-p ’ Jxz = —l' a - 

The latter equality follows from the fact that the product of inertia of a sys¬ 
tem equals the sum of the products of inertia of its components, and the prod¬ 
ucts of inertia J xz of the flywheels and adjacent sections of the cranksha t 
are zero ( O 2 is the axis of symmetry). 

The coordinates of the correction weights, from Eqs. (69), are y A = y B = 0 t 
and the weights themselves must satisfy the equations 

Px c + PAX A -+- Pb x r = 0» J xz + x a*a + ^ x b 2 b = °* 

As the weights are to be placed on the rims of the flywheels, 2,4 = 0 , 
2 ft = b, and x f \ — x B — — r (the equations have no solutions when the sign is posi¬ 
tive, therefore the weights must be at the bottom). Solving the equations, we 
find 

(b — a) h . ah 

Pa— - 7tr~ p = 4.8 kg, P ft = —p = 3.6 kg. 

Addition of these weights balances the system and makes Oz the principal 
central axis of inertia (but not the axis of symmetry). 


Chapter 30 

THE PRINCIPLE OF VIRTUAL WORK AND THE GENERAL 

EQUATION OF DYNAMICS 

163. Virtual Displacements of a System. Degrees of Freedom. 
In the first part of our course we studied the methods of so-called 
graphical statics. In determining the equilibrium conditions of a 
system by these methods we had to consider the equilibrium of 
every body separately, replacing the action of all applied con¬ 
straints by the unknown reaction forces. When the number of bodies 
in a system is large, this method becomes cumbersome, involving 
the solution of a large number of equations with many unknown 
quantities. 

Now we shall make use of a number of kinematical and dynam¬ 
ical concepts to investigate a more general method for the so¬ 
lution of problems of statics which makes it possible to determine 
at once the equilibrium conditions for any mechanical system. 
The basic difference between this method and the methods of geo¬ 
metrical statics is that the action of constraints is taken into 
account not by introducing the reaction forces but by investigating 
the possible displacements of a system if its equilibrium were 
disturbed. These displacements are known in mechanics by the 
name of virtual displacements . 
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Virtual displacements of the particles of a system must satisfy 
two conditions: 1 ) they must be infinitesimal, since if a displace- 
[Heni is finite the system will occupy a new configuration in which 
the equilibrium conditions may be different; 2 ) they must be con- 
sistent with the constraints of the system , as otherwise we should 
change the character of the mechanical system under consideration. 

fh/™ in th f crankshaft mechanism in Fig. 358. a displacement of 

the points of the crank OA into configuration 0.4, cannot he considered as a 
virtual displacement, as the equilibrium conditions under the action of forces 
P and Q will have changed. At the 
same time, even an infinitesimal 
displacement of point B of the con¬ 
necting rod along BD would not be 
a virtual displacement: it would 
have been possible if the slides at 
B were replaced by a rocker (see 
Fig. 188, where Cisa rocker), i.e., 
if it were a different mechanism. 



Thus, we shall define as a 
virtual displacement of u sys¬ 
tem the sum total of any arbitrary infinitesimal displacements of 
the particles of the system consistent with all the constraints actm<r 
on the system at the given instant. We shall denote the virtual 
displacement of any point by an elementary vector 65 in the 
direction of the displacement. 

In the most general case, the particles and bodies of a system 
may have a number of different virtual displacements (not consi¬ 
dering 6s and — bs as being different). For every system, however, 
depending on the type of constraints, we can specify a certain 
number of independent virtual displacements such that any other 
vutual displacements will be obtained as their geometrical sum. 
bor example, a bead lying on a horizontal plane can move in 
man- directions on the plane. Nevertheless, any virtual displace- 
mL ‘i :t bs may be produced as the sum of two displacements bs 
and 6 s 2 along two mutual perpendicular horizontal axes (bs 

== 6 T I * +A5f) - 

1 he number of possible mutually independent displacements of 

“system is culled the number of degrees of freedom of that system. 

‘bus, a bead on a plane (regarded as a particle) has two degrees 

°! freedom. A crankshaft mechanism, evidently, has one degree 

9* freedom. A free particle has three degrees of freedom (three 

independent displacements along mutually perpendicular axes). 

*?. ,ree rigid body has six degrees of freedom (three translatory 

displacements along orthogonal axes and three rotations about 
‘nose axes). 
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164. Ideal Constraints. If a particle has for a constraint 
a smooth surface or curve, the reaction N of the constraint is 
normal to the surface (or curve), and the elementary work done 
by the force N in any virtual displacement of the particle is zero 
(see § 114). It was shown in § 149 that if we neglect rolling 
friction, the sum of the work done by the reaction forces N and 
F\ t in any virtual displacement of a rolling body is also zero. 
The internal forces of any non-deformable system also possess this 
property (§ 14<S, Fig. 320). 

Consider another example. Neglecting friction in the axles and 
along the slides of the crankshaft mechanism in Fig. 358, 
the work done by reaction N n is zero, as point O has no 
displacement, the work done by force N B is zero because N B 
is perpendicular to the possible displacement of point B. 7 he work 

done by each of the reactions N. x and N.\ (N A is the force with 
which the connecting rod acts on the crank, and N,\ is the pres¬ 
sure of the crank on the connecting rod) is not separately zero, 
but the sum is zero, as N a = — Na and they are applied at the 
same point. 

1 et us introduce the following notation: the elementary work 
done by an active force F' 1 in any virtual displacement bs — the 
virtual work — shall be denoted by the symbol 6/1" (6/1" = F°bs cos a, 
where <i is the angle between the directions of the force and the 
displacement), and the virtual work done by the reaction N of 
a constraint, by the symbol 6 /T v . Then for all the constraints 
considered here, 

2>U V = 0. (70) 

Constraints in which the sum of the virtual work produced by 
all tb.e reaction forces in any virtual displacement of a system is 
zero are called ideal constraints. 

We have ^een that to such constraints belong all frictionless 
constraints along which a body slides and all rough constraints 
when a body rolls along them, neglecting rolling friction. 

165. The Principle of Virtual Work. Consider a system of 
material particles in equilibrium under the action of the applied 
forces and constraints, assuming all the constraints imposed on 
the system to be ideal. Let us take an arbitrary particle B k be¬ 
longing to the system and denote the resultant of all the applied 

active forces (both external and internal) by the symbol Ft, and 
the resultant of all the reactions ol the constraints (also external 
and internal) by the symbol N k . Then, since point B k is in equi¬ 
librium together with the system, Ft-\-N k = 0 t or N k = — Ft • 
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v"I Virtual dis P>acement of point B t . the virtual 
work 6 Ah and bA‘ k done by the forces Ft and N„ are eoual in 

we R havc 3nd opposite in sense and therefore vanish *, i. e „ 


6 . 4 * -}- 6 A 'k = 0 . 

in f the same way we obtain similar equations 
he particles of a system, adding which we obtain 

2m;+264* v =o. 

But from the property of ideal constraints 
summation is zero, whence 


for all 


or 


2>4ft* = 0, 
cos a fr ) = 0. 


(70), the second 


(71) 


(71) 

We have thus proved that if a mechanical system with ideal 

te ^&*s??r l .a l r.r«;,f.svv«ws 

°J J . (U the achve forces is equal to zero for any and all virtual 

J | ^ ^ c o i* ^ r r ^ x i«i, a ematically the 

nf^i ^ and sufficient condition for the equilibrium of anv 
mechanical system is expressed by Eq ( 71 ) 1 ' dn> 

( S ee n § a il2 y )! ICal f ° rm thlS COndition can l)e expressed as follows 

(F*xbx„ -f- Flyby K Pl z bz K ) = 0 . (72) 

^?) l * k * 6^/, are the projections of the virtual 

equ P a fn m fh ntS .f ,oi ! lt B >< the coordinate axes. They are 

1 ° th e ,nf,n ' te simal increments to the position coordinates 

what* the'work*done‘bv a,,d ,. has , no di *P la «;incnt. Mere we are considering 
ment of point li k . > t,ng force:> W0U,#J be for any virtual displace- 

Proof, by'ufe'celStfrated l ^ r ' , . n,h,U ‘ d '. try like the present definition, but without 

(1667-1748) In «enefaf fi>rm Tile T‘T’ and mcchanic John Bernoulli 
b y Lagrange in t* 7 «« " • prmc, P ,e was enunciated and proved 

constraints^(co strain is (to pr "! i C . ,p J C V s generalised lor the case of unilateral 
in his works of 1838 1842 Wh,Ch 3 b ° d > can C5capc > b >' M - V - Ostrogradsky 
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of the point in its displacement and are computed in the same 

way as the differentials of coordinates. « f nrrn t{-, e 

The principle of virtual work provides in general form the 
equilibrium conditions of any mechanical system whereas he 
met hods of geometrical statics require the consideration oi tne 

equilibrium of every body of the system separ;ately. Fur }^ I , mor 1 e ’ 
application of the principle of virtual work requires that only 
the P active forces be considered and makes it possible to ignore 
aH the unknown Reactions of constraints, when the constraints 

are ideal. 

166. Solution of Problems. For a system with one 
freedom Eqs. (71) and (72) immediately give the equilibrium 

conditions. ?f a system has several degrees of freedo ™’ 
conditions (71) or (72) must be developed or each of the 
cnl displacements of the system separately , i.e ■ the number or 
equilibrium equations is equal to the number of degrees of freedom 

of a system. 

In problem solutions the number of degrees of freedom of plane 

it has two degrees of freedom, etc. 

For solving problems by the geometrical method we must: 1) draw 
all the act He forces applied to the system under consideration; 

2) impart a virtual displacement to the system and denote by 
vectors 6s the elementarv displacements of the points of appli- 

cation 5 of* the forces, or 'by angles 6^ the elementary ro at.ons 

of the bodies subjected to forces (if a system has seNera 1 de^re 
of freedom, it must be given one of the independent dls P^ ceI ^^ nt th ) ’ 

3) compute the virtual work done by all the active forces in the 
given displacement according to the formulcs 

6A% = FiAs lt or bA a k = m 0 (Fk)Z> 

and write condition (71); 4) establish the dependence between 
the quantities 6s, and 6<f, in Eq. (71) and express all of them 
in terms of one quantity (as the system was given an independent 
displacement, there must always exist a relationship between tne 
displacements 6s, and 6cp,, which can be found). 

When all the quantities 6s, or 6q>, in Eq. (71) are expressed 
in terms of one of them, we obtain an equation from which we 
can find the required quantity or relation. 
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j equmorium eq 

of'all the a[tive r for n ces e o^tLse^xesmidufJ 1 and f . the ^"projections 

**• y*. z* of all the points of apnlica ion of thlT c00rdinat « 

computed, the coordinates beingexnrlssed in‘f e , fore ‘? must be 
parameter (angle for instm-w^ Th Q \ r ? Cf m term 8 of any one 

are found by differlntiating the coordinate 3 "" 1163 6 *V ^ 
to that parameter. LS A *’ ^ k% u ith respect 

ssi*' >, n, 

- t. ■nsisv sin 

'l ' “S' *"“>"« forces Similar- 

if thp „ ctions of constraints can be determined 

their h r c ° rres P ond, ng constraints are removed and 
their reactions are included among the active lorces 

and «* 

‘^S'^r-o/'.’Tf fir • ftu.T-li 

£■» receive the same incremcn A?’w L° rme l b >' thc rods 
Vi-3As. Writing condition (71). we obtain' VC 6 **= ts - and 

/ 5 ^%-<?6s / 1 = 0 or (3P-Q)6 s = 0. 

Whence 0—3p tu„ . .. 

jfifiT f£. S?h ««• m 

-s fr££Kv « »£ fen'll - 

- Q Sin ads* - 2P sin ad* c = o. 
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where 6 s R is the virtual displacement of the point of the beam coincident 
with point B. The point of contact K is the instantaneous centre of zero 
velocity of the roller, therefore v B = 2v c and bs B = 2os c , since os B — v B dt, 
and 5 s c = v c dt. Substituting this expression for ds B into the foregoing equation, 

we obtain finally 

F = (Q P) sin a. 

Problem 159. Find the relation between the moment M of the couple acting 
on the crankshaft mechanism in Fig. 361 and the pressure P on the Piston 

when the system is in equilibrium. I lie 
crank is of length OA=r and the con¬ 
necting rod is of length AB = L 




Solution. Equilibrium conditions (71) give 

AfAcp — P6s b =0 or Mw OA = Pv B , 

since fxp = ix) OA dt, and bs B = v B dt. The solution requires that the relation be 
found between v B and This kinematic problem was solved in Problem 71, 

§ 82. Referring to the result obtained there, we find 

/If = 


= Pr - \sin <p. 

\ y i 2 — r 2 sin* <p/ 


Problem 160. For the reduction gear considered in Problem 91, § 96, find 
the relation between tlie torque Af^ applied to the driving shaft A and the 

resistance moment A1 B applied to the driven shaft B 
when both shafts are rotating uniformly. 

Solution. The relation between Af .i and Af^will 
be the same in uniform rotation as in equilibrium. There¬ 
fore, from Eq. (71) we have 

Af 469.4 — Af = 0 or M a <* a = AfflCO/j, 

as b<p A = (o A dt, and 6<p fl = (o B dt. Hence, referring to 
the result obtained in Problem 91, we find 

=sr Mb =;r = 2 - 8M “- 

w .4 n A 

Problem 161. Find the relation between forces P 
and Q in the hoisting mechanism in Fig. 362, whose 
parts are housed in the box K, if it is known that in 
one revolution of the crank handle AB — l the screw D moves out by h. 
Solution. From Eq. (71) we have 

Plb<p AB — Q 6 s o = 0 . 

Assuming that when the handle is rotated uniformly the screw also moves 
up uniformly, we have 

fty.-i/? _ 

2rt h 



or 


6<PA8 = £ & S D' 
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Substituting this expression for 


fyp/ia 


into the foregoing equation, we obtain 


Note that this simple problem could just not be solved by the methods of 
geometrical statics as the parts of the mechanism are unknown. 

Problem 162. Two beams are hinged together at C and loaded as shown in 
Fig. 363a. Neglecting the weight of 
the beams, determine the pressure on 
support B. 

Solution. Replace the support 
at B by a force which is equal 


is 

in magnitude to the required pressure 
(Fig. 3636). For a virtual displace¬ 
ment of the system Eq. (71) gives 

N r6sr — Pbs E = 0. 

The relation between bs n and bs E is 
found from the proportions 

_ 6s c 
a - ' 

whence 


6s£_ 

b ~ L 



and consequently 


f)S,: = 


N n = 


67 , 

al 2 

Mi 

al z 


&s n . 


P. 



If we used the methods of geometrical statics we would have to consider 
the equilibrium of each beam separately, introduce the reactions of the other 

supports, and then eliminate them from the 
obtain d set of equilibrium equations. 

Problem 163. The epicvclic gear train in 
Fig. 364 (see also § 96) consists of a gear 1 of 
radius r,, an arm AB mounted on axle A inde¬ 
pendently of the gear, and a gear 2 of radius 
r 2 mounted on the arm at B as shown. Acting 
on the arm is a torque Al, and acting on the 
gears are resistance moments M t and Al,, respec¬ 
tively. Determine the values of Af, and Af, at 
which the mechanism is in equilibrium. 

Solution. The mechanism has two degrees 
of freedom, since it has two possible independ¬ 
ent displacements: the rotation of the arm 
AB when gear 1 is at rest, and the rotation of 
gear 1 when the arm is at rest. First consider 
a virtual displacement of the system in which 
gear 7 remains at rest (Fig. 364a). For this dis¬ 
placement Eq. (71) gives 

Af 6cp /1/} — Al,i3<p 1 = 0. 

But when gear l is at rest the contact point 
the instantaneous centre of zero velocity of gear 2, and 
At the same time, v n = <a AH (r, -f- /-,). Hence, 
6 ( f > 2 r * = by ah (r i ~\~r 2 ), and we obtain 



of the gears will be 
consequently v ti = 0 Vi- 
o»,r t = o mb (',+/■*). or 


M t = 


4 - r \ 


M. 


13-2984 
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Now consider a virtual displacement in which the arm AB remains at rest 
(Fig. 3646). For this displacement Eq. (71) gives 

M,6(p, — Af,6(pj = 0. 

But when the arm is at rest 


We finally obtain 


= and At, = — M 2 . 

6<Pi (Oj r t r x 


Af,= 


r \ +'*1 


M t M t = 


fx+r. 


M. 


Problem 164. Determine the relation between forces Q and P at which the 
press in Fig. 365 is in equilibrium if angles a and 0 are known. Neglect the 
weight of the rods. 

Solution. To give an example of the analytical method of solution, let 
us take equilibrium condition (72). Placing the origin of a coordinate system 

in the fixed point A and drawing 
the x and y axes as shown, we 
obtain 

Qi X bx l + Q ix bx t -{- P sy by 3 =0, (a) 

since all the other projections of 
the forces vanish. 

To find bx x , 6x t , 6 y 3 , compute 
the coordinates x t , x x , y, of the 
points of application of the forces, 
expressing them in terms of the an¬ 
gles a and p. Denoting the length 
of each rod by a, we obtain: 
x x = a cos a, x z = a cos a -f- 2a cos P, 

y s = a (sin P sin a), 

differentiating which, we find 

Sx, = — a sin a6a, bx t = — a (sin a6a -j- 2 sin P6P), 
by t = a (cos p6p -f- cos a6a). 

Substituting these expressions into equation (a) and taking into account that 
Q lx — Q, Q ix - = — Q. and P 3y = —P, we have 

2Q sin p6p — P (cos p6pcos a6a) = 0. (b) 

To find the relation between 6a and 6p we make use of the fact that AB= » 
= const. Therefore, 2a (cos a -J- cos P) = const. Differentiating this equation, we 
obtain 

sin a6asin p6p = 0 and 6a = — ^ 6p. 

Substituting the expression for 6a into equation (b), we have 

2 Q sin P — P (cos P — cot a sin P) = 0, 



whence 


p — __, 

cot P — cot a * 


At an angle p very close to a the pressure P will be very large. 
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167. The General Equation of Dynamics. The principle of 
virtual work gives a general -method for solving problems of sta¬ 
tics. On the other hand, D’Alembert’s principle makes it possible 
to employ the methods of statics in solving dynamical problems. 
It seems obvious that by combining both these principles we can 
develop a general method for the solution of problems of dy¬ 
namics. 

Consider a system of material particles subjected to ideal con¬ 
straints. If we add to all the particles subjected to active forces 

F°k and the reaction forces N k the corresponding inertia forces 

Fi l = — m k w k% then by D’Alembert’s principle the resulting force 
system will be in equilibrium. If we now apply the principle of 
virtual work, we obtain 

2 6Ai + 2 Mi + 2 t>Ai'= 0. 

But from Eq. (70) the last summation is zero, and we finally 
obtain 

2MS + 2M* = 0. (73) 

Equation (73) represents the general equation of dynamics . 
It states that in a moving system with ideal constraints the total 
virtual work done by all the active forces and alt the inertia forces 
in any virtual displacement is zero at any instant. 

In analytical form Eq. (73) gives 

2 [(f*« + n») bx, + (FI, + /%,) bij k + (FI, + Fi,) bz,]=0. (74) 

Equations (73) and (74) make it possible to develop the equa¬ 
tions of motion for any mechanical system. 

If a system consists of a number of rigid bodies, the relevant 
equations can be developed if to the active forces applied to each 
body are added a force equal to the principal vector of the inertia 
forces applied at any centre, and a couple of moment equal to 
the principal moment of the inertia forces with respect to that 
centre. Then the principle of virtual work can be used. 

Problem 165. A centrifugal-type governor consists of two balls 4, and 4, 
ol weight p each (Fig. 366). The slide C,C, weighs Q, the governor rotates 
about the vertical axis with a uniform angular velocity <o. Neglecting the 
weight of the rods, determine angle a, if CM,=04, = /, and Ofi.=OB,= 
= B ,C. = B t C t = a. 

Solution. Adding to the active forces p x , p t , and Q , the centrifugal 

inertia forces F l x and F' t (the inertia force of the slide will, evidently, be zero), 

we write the general equation of dynamics in the form (74). Computing the 
projections of all the forces on the coordinate axes, we have 

Px t) x l + p»f>x t — F* t by l f' z t>y a -f Q t bx t =0. la) 


13* 
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We also have: 

Q, = Q; Pl =p,=p; f\ = f; = J- w A = j sin a. 

The coordinates ol the points of application of the forces are 

*, = Xt = l cos a, y 2 = — ij l = l sin a, a:, = 2a cos a. 

Differentiating these expressions, we find 

6x, = 6 x 2 = — l sin a6a; 
6 i/ 2 = — 6 y l = l cos a6a; 
6.t 3 == — 2 a sin a6a. 






'UlSl 1 



Fig. 367. 


Substituting all these expressions into equation (a), we obtain 


^ — 2 pi sin a -f- 2 / 2 to 2 sin a cos a — 2Qa sin 6a 

whence we finally have 


= 0 , 


pi 4- Qa 

cos a = -— -i- g. 


pl : U ) 1 

As cosa^l, the balls will move apart when 

. . pl + Qa 
^ pl S 8 


Angle a increases with to and tends to 90’ when to-*- 00 . 

Problem 166. In the hoist mechanism in Fig. 367, a torque M is applied 
to gear 2 of weight P, and radius of gyration q 3 . Determine the acceleration 
of the lifted load A of weight Q, neglecting the weight of the string and the 
friction in the axles. The drum on which the string winds and the gear 1 
attached to it have a total weight P, and a radius of gyration q,. The radii 
of the gears are r, and /•,, and of the drum r. 

Solution. Draw the active force Q and torque M (forces P x and P t do 
no work) and add to them the inertia force F' A of the load and the couples 

of moments M[ and AV t to which the inertia forces of the rotating bodies are 
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reduced (see § 159). In magnitude these quantities are: 


F', = 


■S.* 

a 




K 


= P i <*• 


The directions of all the vectors are shown in the diagram. W riting Eq. (73) 
for a virtual displacement of the system, we obtain 

— (Q + F‘ a > t>'A - + (M - Al') ftcpj = 0. 

Expressing all the displacements in terms of 6<f,, wc have 




and 



Finally the equation of motion takes the form 


V>A 


1 4-— 

g 



Now express the quantities e, and e. in terms of the required acceleration tv*. 
Taking into account that e, and e 2 are related in the same way as cu, and tu x , 
we obtain 


and finally we have 



An alternate solution of this problem is with the help of the theorem of 
the change in kinetic energy (see § 150). 

Problem 167. One end o! a thread is wound on a uniform cylinder of 
weight p t (Fig. 368). The thread passes over a pulley O. and its other end is 
attached to a load A of weight p t 
which slides on a horizontal plane, 
the coefficient of friction being f. 

Neglecting tlie mass of the pulley 
and the string, determine the accelera¬ 
tion of the load and of the centre C 
of the cylinder. 

Solution. If motion starts from 
rest, the centre of the cylinder C will 
move vertically, and the system has 
two degrees of freedom (the rotation 
of the cylinder with respect to the 
thread when the load is at rest 

and the displacement of the load when 
the cylinder does not rotate). 

Add to the acting forces p x , p t , and and F fr the inertia forces of the cyl¬ 
inder reduced to a principal vector R‘ x and a couple of moment A t' c 

§ 159), and the inertia force F' A of the load. In magnitude 



F', 


P± 

a 


“ m . R'\ = — w c 

o 



Cl r» U ' c ~ U 'A 

2g r 
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The last equality follows from the fact that, if point C of the cylinder 
has a velocity v c , and point B (together with the string) a velocity v B — v A , 

then the angular velocity of the cylinder to = - c ——— [see § 81, Eq. (56)], 

and, consequently, e = ~ Wa ; furthermore, for the cylinder J c = 0,5mr*, 

where r is the ra.dius of the cylinder. 

Now consider a virtual displacement 6 s A of the system in which the 
cylinder does not rotate and is translated together with the load. The couple 

ol moment M‘ c does no work in this displacement, and from Eq. (73) we 
obtain 

< - f/, - F‘ a - R\ + p,)6s A = 0, 


whence, as Fj r = fp 2 , we find 

w c + ^ w A = P, - fPx • (a) 

6 o 

Consider the other independent virtual displacement in which the load A 
remains at rest while the cylinder turns about point B (which in this dis¬ 
placement is the instantaneous centre of rotation) through angle 6cp. For this 
displacement, Eq. (73) gives 

( p , — R[) r 6q> - M‘ c 6<p = 0. 


Substituting the expressions for R[ and M' c , we obtain 

3ic’ c — w A = 2 g. 



Solving equations (a) and (b) simultaneously, we obtain the required accel¬ 
erations: 


iv 


Pi — 3/p 2 
Pi + 


g, 


w c 


Pi ~}~ (- — /) Pi 
Pi + 3 P1 


g- 


The result shows that the motion considered is possible when f ^p,/3p t . 
If the coefficient of friction is greater, load A will remain at rest, the displace¬ 
ment f)s A will not be possible and there will be no equation (a). The motion 
of the centre of the cylinder will be described by equation (b), if in the 
latter tc*, is taken to be zero. Consequently, at f > p t /3p 2 load A will be at 
re^t while the centre C of the cylinder will fall with an acceleration — 

Note that for systems with more than one degree of freedom the method 
for developing equations described in § 150 is useless and the general equation 
of dynamics must be applied. 


Chapter 31 

THE THEORY OF IMPACT 

168. The Fundamental Equation of the Theory of Impact. In 
motion under the action of conventional forces treated hitherto, 
the velocities of the points of a body change continuously, i.e., 
to any infinitesimal time interval there corresponds an infinites¬ 
imal velocity increment. For, if we represent the linear impulse 
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of any force F k in a time interval t in the form Fl v t, where 
Fk V is the average value of this force in the time interval t, the 
theorem of the change in the momentum of a particle acted upon 
by forces F k gives 

m(v x —v 9 )=^JFi v x. (75) 


We see from this that when the time t is infinitesimal (tends 
to zero), for conventional forces the velocity increment \v = v x — 
— v 0 will also be infinitesimal (will tend to zero). 

If, however, the acting forces include very large forces (of the 
order l x), the velocity increment in the small time interval t 
will become a finite quantity. 

The phenomenon in which the velocities of the points of a body 
suffer a finite change in a very small lime interval t is called 
' impact. We shall call the forces developed during impact impulsive 
forces, or forces of impact (denoted F imF ) and the very small time 
interval t during which collision takes place, the implaci time. 

As iYnpulsive forces are very large and change within consid¬ 
erable limits in the impact time, the theory of impact considers 
not the impulsive forces themselves as a measure of the interac¬ 
tion of colliding bodies, but their impulses. The impulse of a 
force of impact 



is a finite quantity. The impulses of non-impulsive forces in the 
time interyal r will be very small and lor all practical purposes 
can be neglected. 

Denoting the velocity of a particle at the beginning of impact — 
the velocity of approach—by the symbol v. and the velocity at 
the end of impact —the velocity of separation —by u, Eq. (75) 
takes the form 

m (w —= (76) 

This equation states the theorem of the change in the momentum 
of a particle during impact: The change in the linear momentum of a 
particle during impact is equal to the sum of the impulses of the 
forces of impact acting on the particle. Eq. (76) is the fundamental 
equation of the theory of impact and it plays the same role in the 
theory of impact as the fundamental law of dynamics mw = F 
does in studying motion under the action of non-impulsive forces. 

Finally, the displacement of a particle during impact is equal 
to v av x. a very small quantity which in practice can be neglected. 
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From the above discussion we conclude: 

1) The action of non-impulsive forces (the force of gravity, for 
example) in the time of impact can be neglected; 

2) The displacement of the points of a body in the time of 
impact can be neglected and the body regarded as motionless; 

3) The change in the velocities of the points of a body during 
impact is defined by the fundamental equation of the theory of 
impact (76). 

# 

169. General Theorems of the Theory of Impact. The following 
theorems are used in investigating impact in a system of particles 
or bodies. 

1. The Theorem of the Change in the Linear 
Momentum of a System in Impact. Consider a system 
of n particles, denoting the resultant impulse of all the external 
forces of impact acting on a particle of mass m k by the symbol 
S£> and the resultant impulse of all the internal forces of impact 
by the symbol S'*. Then, from Eq. (76), we have 

m k {u k —w*) =$* + $*. (77) 

Writing similar equations for all the particles of the system 
and adding them, we obtain 



The summations in the left side represent the moments of the 
system at the end and the beginning of the impact, which we 
shall denote by the symbols Q x and Q 0 . The total impulse of the 
internal forces of impact in the right side of the equation is, by 
the property of internal forces, zero. We thus obtain: 

( 78 ) 

i.e., the change in the momentum of a system during impact is 
equal to the total impulse of all the external forces of impact acting 
on the system. 

For the projections on any coordinate axis x, Eq. (78) gives: 

<?«-<?« = £«*• (79) 

If the geometrical sum of the total impulse of the external 
forces of impact is zero, then, as can be seen from Eq. (78), 
the linear momentum of the system will not change during im¬ 
pact. Consequently, the internal impulses cannot change the 
linear momentum of the system as a whole. 

2. The Theorem of the Change in the Total An¬ 
gular Momentum of a System (the Principle of 
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Moments) During Impact. Reasoning as in the foregoing 
case, let us write Eq. (77) lor a particle of mass ni k in the form 

m k u k = m k v k + Si + S'*. 

The vectors in this equation are applied to a particle which 
remains motionless during the impact. Hence, taking the moments 
of all the vectors with respect to any centre O, we obtain by 
Varignon’s theorem, which is valid for any vector quantities, 

"*0 ('«*«*) = m o ( m h°k ) + m o (S*) + m a (S' ). 

Writing such equations for all the particles of a system and 
adding them, we obtain 

2 m o i"h u k) ~ 2 m o ('«***) = 2 m o (Sk) +2 m o (S'*). 

The summations in the left side represent the total angular 
momentum of system with respect to 0 at the end and the be¬ 
ginning of the impact, which we shall denote K x and K„, respec¬ 
tively. From the property of internal forces, the sum of 
the moments of the internal impulses in the right side of the 
equation is zero. Thus, we finally have 

^. — ^o = 2 m o(S' k ). (80) 

i.e., the change daring impact of the total angular moment am of 
a system with respect to any centre is equal to the sum of the mo¬ 
menta of all the external impulses acting on the system taken with 

respect to the same centre. 

For the projections on any axis x, Eq. (80) gives 

k„ — k«=2>*os;)- (si) 

It follows from these equations that if the sum of the moments 
of all external impulses with respect to any centre (or axis) is 
zero, then the total angular momentum of the system with res¬ 
pect to the centre (or axis) will not change during the impact. 
Consequently, internal impulses cannot change the total angular 
momentum of a system. 

The theorem of the change in kinetic energy is not used to solve the fun¬ 
damental problem of dynamics in the theory of impact as all the particles of 
a body are considered motionless during impact, and instead of the forces of 
impact their impulses are considered. Therefore, it is not possible to calculate 
directly (from the force and displacement) the work done by impulsive forces. 
I.ater on we shall consider only the question of determining the loss in the 
kinetic energy of bodies during impact (§ 173). 

170. Coefficient of Restitution. The magnitude of the impulse 
when two bodies collide depends not only on their masses and 
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velocities before impact, but also on their elastic or plastic prop¬ 
erties, which are characterised by the coefficient of restitution. 

Consider a sphere falling vertically on a fixed horizontal plate 
(Fig. 369). There are two stages in the direct impact that will 
take place between them. During the first stage, known as the 
period of deformation, the velocities of the particles of the sphere, 
which at the beginning of the impact are v (assuming the sphere 
to be in translatory motion) drop to zero. The sphere deforms 

(assuming the plate to be rigid) and its total initial ki¬ 
netic energy ~ Mv 2 turns into the internal potential 

energy of deformation. During the second stage of the 
impact, known as the period of restitution, the inter¬ 
nal elastic forces of the sphere work to restore its 
shape and the internal potential energy turns into the 
kinetic energy of motion of the particles of the sphere. 
At the end of the impact, the velocities of the par¬ 
ticles will be u , and the kinetic energy of the sphere, 

-i- Mu 2 . Actually, however, the mechanical energy of 

the sphere is not restored completely, as part of it 
is spent on giving the sphere some residual deformation and 
on heating it. Therefore, u is always less than v. 

The coefficient of restitution k for direct impact of a body against 
a fixed obstacle is equal to the ratio of the magnitudes of the ve¬ 
locity of separation to the velocity of approach: 



h=~. (82) 

u 

The coefficient of restitution for different bodies is determined 
experimentally. Experiments show that for changes of the veloc¬ 
ity v within small limits the value of k depends only on the 
material of the colliding bodies. 

The limiting values of k are k = 1 for perfectly elastic impact 
in which the mechanical energy of a body is completely restored 
after impact, and k = 0 for perfectly inelastic impact when the 
impact ends with the end of the period of deformation and the 
mechanical energy of a body is lost completely in deformation 
and heating. 

The coefficient of restitution is determined experimentally by 
investigating the free fall of a sphere from a known height H to 
a plate. The height of the rebound h is then measured on a ver¬ 
tical rule (Fig. 370). From Galileo’s formula, 


v = \ 2gH and u = y 2gh, 
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whence 



Coefficients of restitution for some bodies with a velocity of 
approach in the order of 3 m sec are given in the table below . 


Colliding bodies 

k 

Wood on wood . 

1/2 

Steel on steel . 

5,9 

Ivory on ivory. 

8/9 

Glass on glass. 

15/16 



P 

4 



i 

-O 


4 

~ i 

1 

1 

1 



-6. r 

tl 

_ 

j f 


— 

! h 

1 


— 

_ 6 T . 

« 

1 


;. 370. 


171. Impact of a Body Against a Fixed Obstacle. Consider 
a body (sphere) of mass M hitting a fixed plate. The impulsive 
force acting on the body will be the reaction of the plate. Let us 
denote by 5 the impulse of this force during the impact. If the 
normal to the surface of the body at its point of contact with 
the plate passes through the centre of mass of the body (for 
a sphere this is always the case) the impact is called central 
impact. If the velocity of approach v of the centre of mass of the 
body is directed along the normal n to the plate, the impact is 
called direct impact; otherwise it is oblique impact. 

1. Direct Impact. Writing Eq. (79) in terms of the projec¬ 
tions on the normal u (see Fig. 369), and taking into account 
that Q 0 — Mv and Q t = Mu, we obtain 

M (u„ — u„) = S„. 


But in 
quently, 


direct impact u fl = tt, v n = — u, 

M (tt -f- v) = S. 


and S n = S. Conse- 


The second equation necessary to solve problems is given by 
Eq. (82): tt = ku. 

Knowing M, u, and k, we can obtain from these equations the 
unknown quantities u and S. We have 

S = M (ft 4-1) v. 
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We see that the greater the coefficient of restitution k , the 
greater the impulse in impact. This dependence between 5 and k 
was pointed out in § 170. 

In order to determine the average value of the impulsive force 
(the reaction) we must also know the time of impact r, which can 
be found experimentally. 

Example. When a steel sphere of weight p = 1 kg falls from a height 

11=3 m on a steel plate (* = 5/9), we have v = V2gH =5= 7.7. m/sec, and 
u=kv =5:4.3 m,sec. The impulse of impact will be 


S = — o (1 -|- *) =5r 1.2 kg-sec. 

& 

If the time of impact r = 0.0005 sec, the average value of the 
reaction will be 


impulse 


a^ p = t = 2 ’ 400 kg - 


2. Oblique Impact. Let the velocity of approach v of the 
centre of mass of a body make an angle a with the normal to 

a plate, and the velocity of separation u 
an angle p (Fig. 371). Then Eq. (78) in 
terms of the projections on the tangent r 
and the normal n gives 

MK-u,) = 0, M{u n -v n ) = S. 

The coefficient of restitution in this case 
is equal to the ratio of the magnitudes of 
\u rl \ and |u„|, as impact acts only 
along the normal to the surface (we ne¬ 
glect friction). Then, taking the signs into 
— kv„, and finally we have 



account, we obtain u 


u. 


v 


u 


11 


n } 

= — kv 


n* 


s=/WK|(i + *). 


These equations enable us to find the magnitude and direction 
of the velocity of separation and the impulse of the forces of 
impact if the quantities At, v, a, and k are known. In particular, 
noting that u T = | v n J tan a and u. = \u n \ tan fi, from the first 
equation we obtain | //„ | tan p = |nj tan a, whence 



tan a 
tan fi * 


Thus, in oblique impact the coefficient of restitution equals the 
ratio of the tangent of the angle of approach to the tangent of 
the angle of rebound. As 6<1, a<{5, i.e., the angle of rebound 
is always smaller than the angle of approach. 
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172. Direct Central Impact of Two Bodies (Impact of Spheres). 
Impact of two colliding bodies is said to be direct and central 
when the common normal to the surfaces of the bodies through 
their point of contact passes through their centres of mass and 
when the approach velocities of the centres of mass are directed 
along this common normal. An example of direct central impact 
is the collision of two homogeneous balls whose centres moved 
collinearly before impact. 

Let us denote the masses of the colliding bodies by M { and .W 
their approach velocities by u, and v 2 , and their velocities ol 

separation by u x and n .. Draw 
through their centres of mass C, 
and C 2 a coordinate axisC,*, always 
directed from C, to C 2 (Fig- 372). 

For a collision to take place, we 
must have v lx > v tx (otherwise the 
first body will never catch up 
with the second); furthermore we 
shall have u lx ^u tx , since a body 
hitting another body can never 
overtake it. 

Assuming that Al,, M t , v lx , v tx , 
and ft are known, let us find u t 
and u 2 . For this let us apply the 
theorem of the change in linear 

momentum to the colliding bodies. Fig. 372. 

If we consider them as a single 

system, the forces of impact will be internal, and 2Am P 
As a result, Eq. (79) gives Q lx = Q ox , or 




M l u, x + M t u, x = M l v lx + M,v tx . (83) 

The second equation is obtained from the expression for the 
coefficient of restitution. When two bodies collide the impulses of 
the forces of impact depend only on the relative velocity of the 
bodies, i.e., on the difference v xx — v tx . Therefore, for two collid¬ 
ing bodies, taking into account that always u lx >u tx and u lx ^u tx , 
we obtain 



The set of equations (83), (84) makes it possible to solve the 
problem. The impulse of the forces of impact can be found by 
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(85) 


writing Eq. (79) for one of the bodies, the first, for instance. Then 

= = — S, x . (85) 

Let us consider two limiting cases. 

a) Perfectly Inelastic Impact (k = 0). In this case, 
from Eqs. (84) and (83) we find 


0). In this case, 


“ix 


( 86 ) 


_ ,, _ MiVix-h M : v tx ( 86 ) 

Af. + M, * 1 ' 

After impact both bodies move with the same velocity. The 
impulse of the forces of impact acting on the bodies is 


— S 


Af,Af s 
M t + M a 


(v lx —v tx ). 


b) Perfectly Elastic Impact (^=1). 
Eqs. (83) and (84) we obtain 


In this case, from 


“«X 


2 AL , 

V ' x At. 4- At. 


V *xh 


2 Al, 


u tx — v tx J r Mi _j_/vi s ( t, **‘ 

The impulse of the forces of impact is 


(87) 




- s lx 


2.VI, Al, 

Mi + M a 




We see that for perfectly elastic impact the impulse is double 
the impulse in perfectly inelastic impact. 

In the special case when M t = M t we obtain from Eqs. (87) 

, u lx = v ix , u tx =v lx . Thus, in perfectly 

/ elastic impact two bodies of equal mass 

/ / | \ exchange their velocities. 


"////////, 


/ oc 


fi \ 






/ / Problem 168. Two balls of masses Al, and 

/ Al, are suspended as shown in Fig. 373. The 

first ball is pulled back through an angle a and 
3q i £° l romres *- After impact, the second ball 

"-f" swings away through an angle p. Find the co- 

efficient of restitution for the balls. 

Solution. The conditions of the problem 
Fig. 373. make it possible to find the velocity of 

approach v t of the centre of the first ball 
and the velocity of separation u 2 of the centre of the second ball. From the 
theorem of the change in kinetic energy in a displacement B 0 B t , we find for 
the first ball 


Fig. 373. 


y M l v* t = P l h = Al l gl (1 — cos a). 
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where / is the distance of the centre of the ball from the point of suspension 
Hence, 


Similarly, we find that 


u, = 2 \ Ul sin y . 
u 2 = 2 'Kl'7 sin -&• . 


Since in our ca>e u 2 = 0, Eqs. (83) and (84) give 

Af 4“ Af 2 U 2V = A1|V|X> u tx U IX = kv lx . 
Eliminating u lx and noting that v lx = v t and u 2x = u s , we obtain 

M,u,(l +A) = (A1 I +Al,)u f . 


and finally we have 


( A I , -f- Ain) M 


l ___ v ,,, l | . - - c . - - 3 _ J __ 


AJ,U, 


(Af, -f- AIj) sin 4>- 

.. • a 

Af, sin 


- I. 


173. Loss of Kinetic Energy in Perfectly Inelastic Impact. 
Carnot’s Theorem. It follows from the reasoning in $ 170 that in 
inelastic impact the colliding bodies lose kinetic energy. Tins loss 
is greatest in the case of perfectly inelastic impact. Let us calcu¬ 
late the amount of kinetic energy lost by a system of two bodies 

in perfectly inelastic impact. . .. 

Considering the colliding bodies to be in translatory motion 

and denoting their common velocity after impact by u, we obtain 
for the kinetic energy of the system at the beginning and the end 

of impact 

( 88 ) 

Let us 


r„ = |(/M.u;,+Ai,«y. = 

The kinetic energy lost in impact will be T l) — T x 
write this difference in the form 

T 0 — T l = T 0 — 2T l + T l . 

As, from Eq. (86), 

(A4, -f- M t ) u x = M x v lx -f- AI t u IX , 

2 T, = (M. + A4,) = (M t v lx + M t v tx ) u x . 


(#9) 


then 


(90) 

Substituting into the right side of Eq. (89) the expressions ’or 
T 0 and T t from formulas (88), and for 2 T x the right side of Eq. 
(9°0), we obtain 

T, — T, = ]■ (M,v' lx +M,v) x — 2M,u lx u x 2M t v, x ii x -\- 
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or 



(^i* — u *)' + y M, (v tx — u x y. 



The differences ( v tx — u x ) and ( v sx — u x ) give the velocity lost 
by each body as a result of the impact. From Eq. (91) follows 
Carnot’s* theorem: The kinetic energy lost by a system of 
bodies in a perfectly inelastic impact is equal to the kinetic energy 
the system would have had if its bodies moved with the lost, veloc¬ 
ities. 

Let us consider the special case of collision with a body ini¬ 
tially at rest. In this case u t = 0 and 


then 





M t v t 

M.H-AV 


or 


7\ = y< M * + AI ’ )wt= 4 


M\ v? M, M x v\ 

M t +M t At, -}- M x 2 • 



_ M, 

~ M t -h Af t 




Eq. (92) gives the energy left in a system after impact. Let 
us consider two interesting extremes. 

a) Mass of Hitting Body Is Much Greater than 
Mass of Hit Body (M,^>M,). In this case we may consider 




and Eq. (92) gives T, ==T 0 . Thus, even if impact is perfectly ine¬ 
lastic, there is practically no loss of kinetic energy and the system 
moves after impact with practically the same kinetic energy it had 
at the beginning of the impact. 

In practice this is of importance, for example, in hammering 
nails, driving piles, etc. Clearly, the mass of the hammer should 
be much greater than the mass of the nail (Fig. 374a). 

b) Mass of Hit Body Is Much Greater than Mass 
of Hitting Body (/Vl 2 :|>At,). In this case we may consider 

M t + Al 2 


* Lazare Carnot (1753-1823), an outstanding French mathematician and 
mechanic and a prominent public figure in the French Revolution. 
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and Eq. (92) gives 7,^0, i.e., practically all the kinetic energy 
is lost on detormation and at the end of impact the bodies may 
be considered motionless. 

In practice this is of importance in forging, riveting, etc. In 
these cases, therefore, the combined mass of forging and anvil (or 
rivet and support) should be much greater than the mass of the 
hammer (Fig. 374b) 



174. Impact with a Rotating Body. Consider a body rotating 
about an axis z (Fig. 375). Let an impact impulse 5 be applied 
at any instant to the body. Then, from Eq. (81), we ha\e 

K lz -K oz = rn z (S), 

as the moments with respect to the z axis of the impulse leac- 
tions Sa and S B in the bearings are zero. If at the beginning of im¬ 
pact the body had an angular velocity o) 0 , and 
at the end of impact its angular velocity be¬ 
came ojj, then /< oz = 7.<i > 0 and K lz = J and we 
obtain 

J z (o) l — <o 0 ) = m z (S) (93) 

or 

<0, = + sap.. (93-) 

Eq. (93) gives the change in the angular veloc¬ 
ity of a body due to impact. It follows from 
the equation that the change in the angular ve- Fig. 375 
locity of a body during impact is equal to the ratio 
of the moment of the impulse of impact to the moment of inertia 
of the body, both moments taken with respect to the axis of 
rotation. 

Centre of Impact. Impact gives rise to impulsive reac¬ 
tions at the points of support of an axis, which may lead to 
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greater wear and tear of machine parts (especially bearings, shafts, 
etc.), and even to their complete breakdown. Let us determine 
the conditions in which impact with a body mounted on a shaft 
will not cause impulsive pressures in its bearings. 

First of all, the masses of the body should be dynamically 
balanced with respect to the plane in which impact takes place, 
for example this plane can coincide with the plane of symmetry 
of the body*. Consider a body having a plane of symmetry Oxy 
and mounted on an axis AB perpendicular to that plane and 
free to rotate in bearings A and B (Fig. 376). Draw an axis Oij 
through the centre of mass C of the body and denote the distance 
OC = a. 

Let us assume that the body was at rest at the beginning of 
impact (ok = 0). This assumption does not alter the final result. 

The impulse 5 of the forces of 
impact in the plane of symmet¬ 
ry develops impulsive reactions 
Sa andS B in the bearings. Then, 
from Eq. (78), we have 

Q,-(? 0 = 5 + 5^ + 5 b . (94) 


In our case Q o = 0andQ,= 
= Mu c , where u c is the veloc¬ 
ity of the centre of mass C of 
the body at the end of impact. 
From Eq. (94) we see that the 
conditions Sa =S h = 0 can be 
satisfied when S=Mu c . 

It follows from this that the 
impulse 5 should be parallel to 
Ihe velocity u c , i.e., perpendicular to OC (to the y axis). Fur¬ 
thermore, as the vectors are equal, their magnitudes must be equal. 
Hence 

S = Mu c = Alaojj. 

But, by Eq. (93'), 





y 



* For the sake of simplicity, the case is considered when a body has a plane 
of symmetry Oxy perpendicular to its axis z. The results, however, are all 
valid for any case when there is no symmetry, but impact is in the plane Oxy 
through a point 0 with respect to which axis a is the principal axis of inertia 
of the body. 



Sec. 174) 


Impact with a Rotating Body 


411 


Substituting this quantity into the previous equation, we obtain 



Eq. (95) defines the distance h from the axis at which the 
impulse of impact must be applied. 

Thus, in order to prevent the generation of impulsive reac¬ 
tions in the points of support of an axis z fixed in a body the 
following conditions are necessary: 

1) that the impact be in the plane Oxy perpendicular to the 
axis 2 , Oxy being the plane of symmetry of the body (or the axis 
or rotation z should be the principal axis of inertia with respect 
to its point of intersection with that plane, i.e., with respect to 
point 0); 

2 ) that the impact be directed perpendicular to the plane 
through the axis of rotation Az and the centre of mass C of the 
body; 

3) that the impulse of impact be applied at a distance 



from the axis (on the same side of the axis as the centre 


of mass). 

The point K through which will pass the impulse without 
causing impulsive reactions in the points of support of the axis 
is called the centre of impact. 

Note that, from Eq. (95), the centre of impact coincides with 
the centre of percussion of a compound pendulum. Therefore, as 
was shown in § 154, h^>a. i.e., the distance from the axis to 
the centre of impact is greater than to the centre of mass. If the 
axis of rotation passes through the centre of mass, then a = 0 
and h = oo. In this case the centre of impact is in 
infinity, and any impact will be transmit¬ 
ted to the axis. 

When impact in the plane of symmet¬ 
ry Oxy does not pass through the centre 
of impact, impulsive reactions S\ and S n 
appear in the bearings. When the bearings are 
located symmetrically, S,\=S lf , and these 
quantitiescan be obtained from Eq. (94). 



Applications of the above results are III us- p: ^77 

trated by the following examples. 8 ‘ 

I. In designing a pivoted gunlock hammer 
(Problem 109) or a pendulum impact-testing machine the axis of rotation 
should be so chosen that the point of impact should coincide with the centre 
of impact with respect to the axis. 
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2. In working with a hammer, you should hold the handle so that the 
hitting end would be the centre of impact with respect to your hand. Failure 
to do this results in a characteristic "sting”. 

3. In order not to "sting” your hand when you hit something with a stick 
(Fig. 377) the blow should be dealt with the point which is the centre of im¬ 
pact with respect to your hand. If we consider the stick to be a homogeneous 
rod of length / and the axis of rotation to be at the end in your hand, then 

l , 1 XA,2 A , _ J Z _ 2 / 

a — 2 * Jz ~ 3 Ml ’ and 1 ~Ma 3 l ' 

Thus, in the case shown in Fig. 377, the blow should be dealt with a 
point of the stick two-thirds of the total distance away from the hand, or 
one-third of the distance from the opposite end. 

Problem 169. At the beginning of impact with the firing pin B of a gun- 
lock, a pivoted hammer AD (Fig. 378) has an angular velocity co 0 . Determine 
the acceleration ot the firing pin at the end of impact and the impulsive pres¬ 
sure on axis A, if the masses M and rn of the hammer and firing pin, the 
moment of inertia J A of the hammer with respect to axis A, and the distances 

a and b are all known. Point C is the cen¬ 
tre of mass of the hammer. 

Solution. Let us denote the impulses 
acting on the hammer and the firing pin 
during impact by 5, and S 2 . Then, taking 
into account that S 1 =S 2 = S and t'/* = 0, 
we obtain tor the hammer [by Eq. (93)] 
and for the firing pin [by Eq. (79)]: 

J A iu i — (i) 0 ) = — Sb, mu B = S. (a) 

/ 

The moment Sb is taken with a minus 
sign because it is directed opposite to the 
rotation of the hammer. Moreover, since for 
point D of the hammer v D = io 0 b and 
u D = U) l b (v D is the velocity of approach, 
and u D the velocity of separation), equation 
(84), which gives the coefficient of resti¬ 
tution for direct impact, gives 

UD — U B~ — k ( U D — V B)> 
or w,6—= — kio 0 b. 



Substituting into this equation the expressions of to, and S from equations (a), 
we obtain the velocity of the firing pin at the end of impact: 


_j A b(\+k) .. 

Ur ~ J A + mb* °* 

To determine the impulsive reaction S.\ of the axis on the hammer, we 
write Eq. (94) in terms of the projections on the axes Ax and Ay. Taking into 
account that 


Qox = ^ v Cx = AJto 0 a, Q lx = Mu Cx = Mto,a, 



we obtain 


Ma (io, — o>„) — — 5 -j- 5,4*, S A y — 0. 
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But from equation (a) 

S = mu n , 




Substituting these 
we obtain finally 


values into equation ( b) and replacing ay by its expression,. 


c _ J a — Mab 

J A + mb* 


mb (1 -f- k) o> 0 . 


We see from this that at 6 = -^-, i.e., when point D is the centre of 

Aid 

impact, 5,4 = 0. When Mab < Jj, we have Sa* > 0, i.e., the impulsive pres¬ 
sure on the hammer is directed to the left and the pressure on the axis to 
the right. At Mab > J A , the pressure on the axis is directed to the left. 
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projections of 174 
separation 399 
translation 162 
uniform rotation 165 
Velocity diagram 182 
Velocity-time relationship 135 
Vertical fall 281 
Vibration. 284 

amplitude of 133. 285 
angular frequency of 286 
centre of 134 
circular frequency of 286 
damped 289 
damped forced 294 
forced 291. 297, 366 
free 293 

frequency of 286 
natural 29 3 
parametric 336 
period of 134, 286, 291 
phase of 285 
steady-state forced 285 
undamped forced 292 
Virtual 

displacement 386 
work 388 
Weight 121, 279 

Work 251, 346. 388 

done by a conservative force 354 
done by an elastic force 255 
done by a force 251 
done by friction 256 
done by gravity 255, 346 
Wrench 107 

Zero member 86 
Zhukovsky's platform 335 




TO THE READER 


The Foreign Languages Publishing House 
would be glad to have your opinion of the 
translation and the design of the book. 

Please send all suggestions to 21, Zubov¬ 
sky Boulevard, Moscow, U.S.S.R. 



TT 



Printed in the Union of Soviet Socialist Republics 




